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Preface 



Meditationis est perscrutari occulta; contemplationis est admiran perspicua.... Admiratio 
generat quajstionem, quasstio investigationem, investigatio inventionem. 

— Hugo de S. Victore. 

This Thesis is the result of four years of research at the Department of Theoretical Physics 
of the University of Zaragoza. It is devoted to study some aspects concerning a special class 
of systems of ordinary first order differential equations which have the remarkable property of 
admitting a superposition rule. That is, that the general solution of such systems can be writ- 
ten in terms of a certain number of particular solutions and some constants related with initial 
conditions. We will cali them Lie systems, by reasons to be explained later. We will be mainly 
concerned with the general geometric structure of such systems, and as an illustration we will 
analyze some problems from rather different branches of science, as they are one-dimensional 
quantum mechanics and geometric control theory, from this new perspective. There will appear 
as well other related problems to which we will pay some attention. 

These two fields of application are not the only possible ones, but just representative of how 
general and powerful the theory is. Along this Thesis we will suggest other possible applications 
or further developments of the ones treated, in the hope we would be able to study them in the 
future, but that have not been treated here for reasons of time and space. 

We would like to introduce now the reader to the origins and some history of Lie systems. 
The first considerations go back to some works by Vessiot and Guldberg [151,327] in 1893, who 
wondered about whether it would be possible to characterize the systems of ordinary differential 
equations which have a "fundamental system of integráis". In the same year, Lie solves this 
problem [231] by means of a theorem which we will refer to as Lie Theorem. Some years later, 
in 1899, Vessiot treats again the problem [328] in a review article that contains some of the 
properties of this class of systems, which we will study later in this Thesis. Needless to say, they 
were made precise to the extent allowed by the concepts and terminology known at that time. 

In spite of being a quite popular problem by those years, it seems that the subject disap- 
peared from the literature until very recent years, or at least we have not been able to find a 
reference in the subject after the mentioned work by Vessiot in 1899 until the last quarter of last 
century. However, at the same time, it seems that some of the ideas concerning Lie systems 
have been incorporated into the mathematical culture at some point in time. For example, in 
the contributed article [60] it is explained some of the basic characteristics and properties of Lie 
systems, putting as an example the Riccati equation, but essentially, no references are given to 
this respect. Likewise, in [157] it is suggested that the theory of systems obeying Lie Theorem 
are worth having a new look from the modern differential geometric perspective. 
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Indeed, it is not until the late seventies that Lie systems will attract the attention of theoret- 
ical and mathematical physics, and in a rather indirect way. In 1977 Crampin, Pirani and Robin- 
son [96] established certain relations between differential equations with solitonic solutions and 
the theory of connections in principal fibre bundles, continuing this work in later articles [94,95]. 
After, an article by Sasaki [292] developed the contents of the previous ones. All these works 
attracted the attention of Anderson [11], who noticed the possible relation with the oíd results by 
Lie et al. and therefore, the interesting applications that kind of systems might have in physics. It 
is seen the need of classification of systems of Lie type and more specifically, of the correspond- 
ing superposition formulas. To this line of research incorpórate several authors like Anderson, 
Winternitz, Harnad and collaborators, giving rise to a number of papers dealing with the men- 
tioned classification problem to our days [13, 34-36, 152, 153, 271, 272, 277, 278, 303, 304, 334- 
336]. 

Notwithstanding, in spite of these great efforts of classification of Lie systems and their 
superposition rules, their actual applications in practice are not very numerous. However, some 
applications are given in [282, 309], where certain superposition formula is used to solve nu- 
merically certain matrix Riccati equations arising in control theory. Moreover, the problem of 
classification of Lie systems and their superposition formulas deal with those systems which are 
somehow indecomposable into simpler ones. In addition, the common geometric properties to 
Lie systems have scarcely been explored or used. Some exceptions are, for example, [72,260], 
apart from certain specific situations which appear along the development of the mentioned clas- 
sification problem. 

On the other hand, maybe it is worthwhile to say some words about our own interest in the 
subject, how we got involved in it, and how we have developed it during these years. 

From the previously mentioned works [72,260], which treated certain geometric aspects of 
Lie systems, and taking as an illustrating example the simplest nonlinear Lie system, Le., the 
Riccati equation, it seemed to be a promising line of research the further study of the geometry 
of Lie systems. In this sense, these works are natural precursors of this Thesis, whose author 
began his research work by that time. 

Almost simultaneously, we carne across a short article by Strelchenya [314], in which it was 
claimed that a new case of integrability of the Riccati equation was found. What we found most 
interesting in this paper was a rather surprising way of transforming a given Riccati equation 
into another one by means of certain transformations on the coefficients of the original equation, 
constructed from the entries of an invertible 2x2 matrix-valued curve. About two years later 
we found out that Calogero [61] had used similar transformations before also in connection with 
transformations of the Riccati equation. We wondered about the possible geometric structure 
and meaning of such transformations, if any, and decided to investígate them. This was another 
starting point for all the work presented here. 

We found that such transformations had a group theoretical origin, since they determine 
an affine action of the group of GL(2, R)- (or SL{2, K)-) valued curves on the set of Riccati 
equations. We interpreted the meaning of the results given in [314], and moreover, we were 
able to interpret some well-known integrability conditions and properties of the Riccati equation 
from this new group theoretical viewpoint [75]. Motivated by these results, we wondered then, 
in collaboration with Grabowski, about the common general geometric structure of Lie systems, 
and in particular about the question of how and when a certain Lie system can be reduced to a 
simpler one. The results of this research are given in [71]. 

We were also interested, from the beginning of this research, and motivated by a previ- 
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ous work [73], in certain problems of one-dimensional quantum mechanics where the Riccati 
equation plays a fundamental role. The first is the factorization method initiated by Schródinger 
[295-297] and others, and later developed by Infeld and Hull [168, 175, 176]. Other related 
subjects are the technique of intertwined Hamiltonians, the Darboux transformation in super- 
symmetric quantum mechanics [93,236] and the problems of shape invariance [139], the latter 
being exactly solvable problems by purely algebraic means. While studying the literature on 
these subjects, we noticed that several aspects could be improved and generalized, some open 
problems solved, and certain fundamental questions clarified. These are the subjects of [76-78]. 

Some time later, in collaboration with Fernández, we realized that a previously introduced 
finite-difference formula [128] could be explained in terms of the affine action on the set of Ric- 
cati equations developed in [75]. Moreover, we were able to explain the problem of intertwined 
Hamiltonians in one-dimensional quantum mechanics by this technique, and we could even gen- 
eralize the Darboux transformation theorem [104, 174] to a previously unknown situation. The 
results are given in [68]. 

Inspired by the results obtained so far, we wondered about whether it would be possible to 
understand Lie systems in terms of connections in (trivial) principal bundles and associated ones. 
This is in fact so, and a first step in this direction is given in [80]. The subject is further developed 
at the end of Chapter 2. In this way we recover the association of the concepts guessed somehow 
by Anderson, but in a more general setting. However, the relations with nonlinear evolution 
equations possessing solitonic solutions still remain to be clarified. As a further application of 
these ideas, we have shown in [80] how the solutions of certain Lie systems can be used to treat 
either the classical or the quantum versión of time-dependent quadratic Hamiltonians. A further 
step in this direction is taken in Chapter 6. 

There exist as well other subjects in systems theory, specifically in control theory, where Lie 
systems appear in a natural way, but their properties are scarcely used or known. Moreover, it has 
become clear in nonlinear control theory the great importance and usefulness of treating problems 
by using concepts and methods of differential geometry. To this respect, control systems on Lie 
groups have been introduced, or other nonlinear control systems which turn out to be of Lie 
type, see, e.g., [55,58,59, 182-187, 190,220,255,258,268]. However, most of the times these 
systems appear as not related amongst themselves, and it seems that the researchers in that fields 
do not know their relation with Lie systems. Then, this was the motivation for studying all these 
problems from our new perspective. Our first results to this respect have been reported in [79], 
and a further development of these ideas is the body of the third part of this Thesis. 

In summary, this Thesis is aimed to give an unified perspective of these and other further 
proposed problems, with the basis of the Lie Theorem, by making use of the modern concepts of 
differential geometry, like the theory of Lie groups and Lie algebras, homogeneous spaces, and 
connections on principal and associated fibre bundles. 

We have briefly sketched the (chrono)logical order in which we have worked out the ma- 
terial presented here. However, the order in the presentation may differ, mainly for the sake of 
simplicity in the exposition. The organization of the Thesis is as follows. 

In the first part, we will develop the general geometric structure of Lie systems. We will 
start with the introduction of the concept of Lie system and the Theorem characterizing them, 
given by Lie, along with some examples. It will follow a study of the case of the Riccati equation, 
which is the simplest nonlinear ordinary differential equation admitting a superposition formula 
in the mentioned sense. This example will be a motivation for the more general geometric study 
which is carried out next. It will be derived the general geometric structure, Le., how all Lie 
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systems are associated in a canonical way to another ones formulated on certain Lie groups. We 
develop then two ways to deal with the problem of solving Lie systems on Lie groups. One is 
a generalization of a method originally proposed by Wei and Norman [331, 332]. The second 
is a reduction property of Lie systems into another ones when particular solutions of systems 
associated to the former ones are known. Afterwards, we give a formulation of Lie systems 
in relation with the theory of connections on principal (trivial) fibre bundles over R and the 
associated ones. This approach allows us to generalize the concept of Lie system to certain 
kind of partial differential equations, in relation to principal (trivial) fibre bundles over arbitrary 
manifolds and their associated ones. 

The second part deals with the applications we have developed in one-dimensional quantum 
mechanics. The equivalence between the factorization method and shape invariant problems will 
be described in detail, and then we review the classical factorization method, finding that the 
properties of the Riccati equation as a Lie system allow us to understand better, and to generalize 
the results previously known. Moreover, these results can be classified by means of criteria 
of geometric origin. Afterwards, we will solve the problem of finding a whole class of shape 
invariant potentials, which was thought to be the best candidate to enlarge the class of potentials 
of this type, but have not been found before. We analyze next the concept of partnership of 
potentials, and in this case the properties of the Riccati equation play also a fundamental role. 

With the aid of the techniques developed in the first part of this Thesis, we study the above 
mentioned finite-difference formula and the associated algorithm, and this gives us the key to be 
able to generalize the classical Darboux transformation method [174] for homogeneous linear 
second-order differential equations of Schródinger type, to a previously unknown situation. At 
the same time we give, for all these techniques, a group theoretical foundation. We are able to 
interpret the problem of intertwined Hamiltonians in this setting, giving a new geometric insight 
into the problem. Moreover, with the new techniques we obtain, sometimes new, potentials for 
which one eigenvalue and the corresponding eigenfunction are known exactly by construction. 

After this, we study Hamiltonian systems, both in the classical and quantum framework, 
whose associated evolution law can be regarded as a Lie system. We specifically study the case 
of having time-dependent quadratic Hamiltonians and some special subcases of them. 

The third part is focused on the application of the theory of Lie systems in geometric control 
theory. We will establish relations between previously unrelated systems, mainly in two ways. 
On the one hand, it will be shown that different control systems are closely related since they 
have the same underlying Lie algebra. On the other hand, it will be shown how some systems 
can be reduced into another ones by the reduction procedure explained in the first part. The 
examples treated will illustrate the use of the theory in practical situations, showing the technical 
difficulties which could arise in specific examples. 
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PARTI 



GENERAL THEORY OF LIE SYSTEMS 



Chapter 1 



The concept of Lie system and study of the Riccati 
equation 



Time evolution of many physical systems is described by non-autonomous systems of differential 
equations 

^-=X%x), i = l,...,n, (1.1) 

for instance, Hamilton equations, or Lagrange equations when transformed to the first order case 
by doubling the number of degrees of freedom. 

The Theorem of existence and uniqueness of solutions for such systems establishes that the 
initial condition x(0) determines the future evolution. It is also well-known that for the simpler 
case of a homogeneous linear system the general solution can be written as a linear combination 
of n independent particular solutions, xm, . . . , xr n \, 

x = . . . ,x(„),fci, ...,k n ) = ki X(i) H h k n x {n) , (1.2) 

and for each set of initial conditions, the coefficients can be determined. For an inhomogeneous 
linear system, the general solution can be written as an affine function of n + 1 independent 
particular solutions: 

x = F(x(i),. . . ,x (n+1 ), fci, ...,k n ) 

= x w + fci(x (2) - x (1) ) + . . . + k n (x (n+1) - x (1) ) . (1.3) 

Under a non-linear change of coordinates both system become non-linear ones. However, the 
fact that the general solution is expressible in terms of a set of particular solutions is maintained, 
but the superposition function is no longer linear or affine, respectively. 

The very existence of such examples of systems of differential equations admitting a super- 
position function suggests us an analysis of such systems. We are lead in this way to the problem 
of studying the systems of differential equations for which a superposition function, allowing to 
express the general solution in terms of m particular solutions, does exist. 

The characterization of these systems admitting a (non-linear) superposition principie is due 
to Lie in a very celebrated Theorem [231]. A particular example, the simplest non-linear one, 
is the Riccati equation. This equation plays a relevant role in many problems in physics and 
many branches in mathematics, as well as other Lie systems do (see, e.g., [72,73], the excellent 
review [335], and references therein). 
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1.1 Lie Theorem 

The characterization of non-autonomous systems (1.1) having the mentioned property that the 
general solution can be written as a function of m independent particular solutions and some 
constants determining each specific solution is due to Lie. The statement of the theorem, which 
can be found in the book edited and revised by Scheffers [231], is as follows: 

Theorem 1.1.1 (Lie Theorem). Given a non-autonomous system ofnfirst order dif- 
ferential equations like (1.1), a necessary and sufficient conditionfor the existence of a function 
F : W 1 such that the general solution is 

x = F(x w ,...,x^ m y,k 1 ,...,k n ) , 

with {x( a ) | a — 1, ... , m} being any set of particular solutions of the system and k\, . . . , k n , n 
arbitrary constants, is that the system can be written as 

r ] T i 

— = Zl (t)e i (x) + --- + Z r (t)r(x), i = l,...,n, (1.4) 

where Z\, . . . , Z r , are r functions depending only on t and £ m , a = 1, . . . , r, are functions of 
x = (x 1 , . . . , x n ), such that the r vector fields in W l given by 

^^¿ríí 1 a = l,...,r, (1.5) 

i=l 

cióse on a real finite- dimensional Lie algebra, Le., the vector fields are linearly independent 
and there exist r 3 real numbers, f a/3 7 , such that 

r 

[FW,y(«] = ^/^ 7 yW. (1.6) 

7=1 



The number r satisfies r < m n. In addition to the proof given by Lie, there exists a recent 
proof which makes use of the concepts of the modern differential geometry, see [69]. 

From the geometric viewpoint, the solutions of the system of first order differential equa- 
tions (1.1) are the integral curves of the í-dependent vector field on an n-dimensional manifold 

M 

¿=i 

in the same way as it happens for autonomous systems and true vector fields [67]. The t- 
dependent vector fields satisfying the hypothesis of Theorem 1.1.1 are those which can be written 
as a í-dependent linear combination of vector fields, 

r 

X(x,t) = Y,Zc t {t)Y {a Kx), 

a=l 

where the vector fields cióse on a finite-dimensional real Lie algebra. They will be called 
Lie systems (or, sometimes, Lie-Scheffers systems). Lie systems have a relatively long history 
which dates back to the end of the XIX century; we refer the reader to the Preface for a brief 
account of it. We will be mainly interested in the common geometric structure of Lie systems 
and how it can be used to obtain information of interest in applications. 
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1.2 Examples of Lie systems 

We have mentioned before that the general solution of homogeneous and inhomogeneous linear 
systems of differential equations can be obtained in the way expressed in Theorem 1.1.1. They 
are, of course, examples of Lie systems: For the homogeneous linear system 

dx i ™ 

— =Y,A l 3 {t)x3, i = l,...,n, (1.7) 

we have m = n and the (linear) superposition function is given by (1.2), and for the inhomoge- 
neous linear system 

— =^A i j (t)x^+B i (t), i = l,...,n, (1.8) 
j=i 

we have m = n + 1 and the (affine) superposition function is (1.3). Let us identify the Lie 
algebras associated to these systems, according to Lie's Theorem 1.1.1. 

The solutions of the linear system (1.7) are the integral curves of the í-dependent vector 

field 

X=J2A i j (t)xi— i , (1.9) 

¿,.7=1 

which is a linear combination with í-dependent coefficients, 

n 

X=Y j A i j {t)X ij , (1.10) 

i,3 = l 



of the n 2 vector fields 

d_ 

dx 



X H =xd —ii i,j = l,...,n. (1.11) 



Taking Lie brackets, we have 

[Xij, Xki] = 



'— x l — 

dx i ' dx k 



óx K ox l 



í.e., 

[X ih X kl ] =S il X kj -8 k >Xn . (1.12) 

Thus, the vector fields X^, with i, j — l,...,n, cióse on a n 2 -dimensional Lie algebra anti- 
isomorphic to the QÍ(n, M) algebra, which is generated by the matrices Eij with matrix elements 
(Eij)ki = Sik satisfying the commutation rules 

[Eij,Ehi] = Sjk En — Su Ekj ■ 

Therefore, in this homogeneous linear case, r — n 2 and m — n, henee the inequality r < m n is 
actually an equality. 
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For the case of the inhomogeneous system (1.8), the í-dependent vector field is 

n I n \ Fl 

X =H E^iO^+^b 1 (L13) 
»=i \j=i ) 

i.e., the linear combination with í-dependent coefficients 

n n 

X=Y / A i j (t)X ij +Y / B i (t)X i , d- 14 ) 

of the n 2 vector fields (1.11) and the n vector fields 

Xi = £i, » = l,...,n. (1.15) 
Now, these last vector fields commute amongst themselves 

[X h X k }=0, V*,fc=l,...,n, 

and 

[Xij , Xk] = —Skj Xi , Vi,j,k = l,...,n. 

Therefore, the Lie algebra generated by the vector fields {X^ ,X k \ i,j,k — 1, . . . , n} is iso- 
morphic to the (n 2 + n) -dimensional Lie algebra of the affine group in n dimensions. In this 
case, r = n 2 + n and m = n + 1, so the equality r = m n also follows. 

Another remarkable example is provided by the Riccati equation, which corresponds to 
n = 1. This equation has a big number of applications in physics (see, e.g., [335]), and some 
of them will be studied later on in this Thesis. The Riccati equation is the nonlinear first order 
differential equation 

dx 

— = a 2 {t)x 2 + ax{t) x + a {t) . (1.16) 

In this case, r = 3 and 
while 

Zi(í) = a (í), Z 2 (t)=ai(t), Z 3 (t)=a 2 {t). 
The equation (1.16) determines the integral curves of the í-dependent vector field 

X = a 2 (t) + oí (t) F (2) + ao(t) , 
where the vector fields and Y^ in the decomposition are given by 

Y W = ^, y (2) =^, Y (3) =x 2 ^- (1.17) 
ox ox Ox 

Taking Lie brackets, it is easy to check that they cióse on the following three-dimensional real 
Lie algebra, 

[K(i),y(2)]=y(i), [y« y(3)]^ 2 y( 2 > , [Y (2 \ Y^} = Y^ , (1.18) 
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Le., isomorphic to the 5Í(2, R) Lie algebra. The one-parameter subgroups of local transforma- 
tions of M generated by Y^\ and Y^ are, respectively, 

x i y x ~\~ 6 , x i y e £ x , x H> 



1 — x e 



Note that Y^ is not a complete vector field on M. However, we can take the one-point com- 
pactification of K, Le., K = lU {oo}, and then Y {1 \ Y^ and r< 3 )_can be considered as the 
fundamental vector fields corresponding to the action $ : SL(2, M)xI->M given by 

a \ ax + ¡3 5 

$(A,x) = — , ifx^ , 

jx + o 7 

$(A,oo) = ^, $^A-^=oo, (1.19) 



when A = ^ " ^ e SL{2,\ 



It can be shown that for the Riccati equation, m = 3, and henee, as r — 3, the equality 
r = mn holds. The superposition function comes from the relation 

*-*i.*»-*i =jfc| (L20 ) 



a; — x 2 £3 — £2 
or, in other words (see, e.g., [72] and references therein), 

_ xi(.t 3 - ,t 2 ) + fca: 2 (a:i - x 3 ) 
(x 3 - a; 2 ) + fc (xi - x 3 ) 



(1.21) 



where fc is an arbitrary constant characterizing each particular solution. For example, the Solu- 
tions xi, x 2 and x¡ are obtained for k = 0, k — > 00 and fe = 1, respectively. 

Notice that the Theorem of uniqueness of solutions of differential equations shows that the 
difference between two solutions of ( 1 . 1 6) has a constant sign. Therefore, the difference between 
two different solutions never vanishes and the previous quotients are always well defined. 

As a motivation for the study of Lie systems from a geometric viewpoint, we will study in 
detail the case of the mentioned Riccati equation. This study will provide us a number of the 
features and properties which are likely to be generalizable for all Lie systems. 



1.3 Integrability criteria for the Riccati equation 

The Riccati equation is essentially the only differential equation, with one dependent variable, 
admitting a non-linear superposition principie in the sense of Lie's Theorem. Moreover, it is the 
simplest non-linear case of Lie system. 

These faets show, on the one hand, that there exists an underlying group theoretical structure 
in the theory of Riccati equations which could be important for a proper understanding of the 
properties of such equations. On the other hand, the Riccati equation is expected to have the 
main features of Lie systems due to its nonlinearity, and is simple enough to make calculations 
affordable. 
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In particular, we will try to explain from a geometric perspective the integrability conditions 
of the Riccati equation, including those recently considered [314], and some other well-known 
properties. We give a brief account of these properties in what follows. 

It is well-known that there is no way of writing the general solution of the Riccati equation 
(1.16), in a general case, by using a finite number of quadratures. However, there are some 
particular cases for which one can write the general solution by such an expression. Of course 
the simplest case occurs when a 2 = 0, Le., when the equation is linear: Then, two quadratures 
allow us to find the general solution, given explicitly by 



x(í)=exp|y a\{s) ds | < x + J a (í')exp —J ai(s)ds 



dt' 



It is also remarkable that under the change of variable 



w = -- (1.22) 

x 



the Riccati equation (1.16) becomes a new Riccati equation 

Aon 

= a (t) w- ai(t) w + a 2 (t) . (1.23) 



dt 

This shows that if in the original equation ciq = (which is a Bernoulli equation with associated 
exponent equal to 2), then the mentioned change of variable transforms the given differential 
equation into a homogeneous linear one, and therefore the general solution can also be written 
by means of two quadratures. 

We give next a short list of other integrability criteria of (1.16). The first two can be found 
in [191], and the third one has been considered recently [314]: 

a) The coefficients satisfy a + ai + a 2 = 0. 

b) There exist constants ci and c 2 such that c\ a 2 + C\ c 2 ai + c 2 a = 0. 

c) There exist functions a(t) and f3(t) such that 

d , a a — 8 , . . ^ 

a 2 +ai + a = — - log — (aa 2 -/3a ), (1.24) 

dt 8 ap 

which can also be rewritten as 

a 2 a 2 + a/3ai + ¡3 2 a = aB ^\og^ . (1.25) 

dt 8 

We will see later that all these conditions are nothing but three particular cases of a well known 
result (see, e.g., [107]): If one particular solution xi of (1.16) is known, then the change of 
variable 

x = x 1 +x' (1.26) 



leads to a new Riccati equation for which the new coefficient ao vanishes: 

a~> 2 

= (2 xi a 2 + ai) x' + a 2 x' , (1.27) 



dt 
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that, as indicated above, can be reduced to a linear equation with the change x' = —1/u. Con- 
sequently, when one particular solution is known, the general solution can be found by means of 
two quadratures: It is given byx = xi — 1/w, with 

u(t) = cxp j— J [2x 1 (s) a 2 (s) + Oi(s)] ds j 

X { U ° + lo a2 ^') cxp |/ [2 si (s)a 2 (s) + ai (s)]dsj di' j ■ (1-28) 

The criteria a) and b) correspond to the fact that either the constant function x = 1, in case a), or 
x = c\/c 2 , in case b), are solutions of the given Riccati equation [254]. What is not so obvious 
is that, actually, the condition given in c) is equivalent to say that the function x = a/ ¡5 is a 
solution of (1.16). 

Moreover, it is also known (see, e.g., [107]) that when not only one but two particular 
solutions of (1.16) are known, Xi(í) and X2(í), the general solution can be found by means of 
only one quadrature. In fact, the change of variable 

x = (1.29) 

x - x 2 

transforms the original equation into a homogeneous linear differential equation in the new vari- 
able x, 

dx 

— = a 2 (í) {x 1 (t) - x 2 (t)) x , 

which has the general solution 

x(t) = 5(0) e^o a ^ (^W-^W) ds . 
Another possibility is to consider the change 

x" = {xx - x 2 ) , (1.30) 

x — x 2 

and the original Riccati equation (1.16) becomes 

dx" 

— = (2a:i(í) a 2 {t)+ ai (t))x" , 
and therefore the general solution can be immediately found: 

x" = x "{0)eti> { - 2xi{ - s)a2 ^ +ai{ - s))ds . 

We will comment the relation between both changes of variable and find another possible one 
later on. 

When not only two but three particular solutions xi(í),a;2(í),X3(í) of (1.16) are known, 
we have that the general solution can be found by means of the non-linear superposition formula 
(1.21), without making use of any quadrature. 

In the following section we will analyze the Riccati equation in a group theoretical frame- 
work, in order to give a geometric explanation of the previous properties. Moreover, thanks to 
the new insight so obtained we will even obtain new properties. 
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1.4 Affine action on the set of Riccati equations 

From the observation of the equation (1.16), it is clear that what distinguish one specific Riccati 
equation from another one is just the choice of the coefficient functions a2(í), a\(t) and oo(í). 
Thus, a Riccati equation can be considered as a curve in IR 3 , or, in other words, as an element of 
Map(J, R 3 ), where I C R is the domain of the coefficient functions. 

On the other hand, we wonder whether it would be possible to generalize the action ( 1 . 1 9) in 
the sense of taking curves in SL(2, R) to transform curves in R, rather than taking fixed elements 
of SL(2, R) to transform elements of R. 

In particular, we could transform in this way solutions of Riccati equations of type (1.16) 
into solutions of, maybe different, Riccati equations. This idea has been considered before in [61, 
314], using GL{2, R) instead of SL(2, R), also in connection with transformations of the Riccati 
equation. However, they provide no further information about the possible group theoretical 
meaning of such transformations. 

More specifically, let x be an element of Map(/', R), Le., the set of curves in R with domain 
I' C R, and A an element of the group 1 of smooth SL(2, R)-valued curves Map(7', SL(2, R)) 
with the same domain, to be denoted hereafter as Q. Then, we define the left action 

9 : g x Map(/', R) — > Map(/', R) 

(A, x) i — >Q(A,x), (1.31) 

where the new curve @(A, x) is defined by 

[Q(A, x)](t) = $(A(t), x(t)), Vie/', (1.32) 

and $ : SL(2, l)xl^Í is the left action defined in (1.19). 

Then, consider the case where the two intervals are equal, 1 = 1'. Take an element A e Q 
of the form 

= $))' vteí - 

It is easy to check that if x = x(t) is a solution of (1.16), then the new function x' = Q(A, x), 
i.e., x'(t) = $(A(í), x(t)) for all t £ I, is a solution of a Riccati equation of type (1.16), with 
the same domain, and with coefficient functions given by 

a' 2 = S 2 a 2 — ¿7 ai + ~f 2 a + jS — 8 A / , (1.34) 
a[= -205a2 + (aS + f3i)a 1 -2a>yao + Sá-a5 + /3'y-7/3 , (1.35) 
a' = ¡3 2 a 2 — a¡3 ai + a 2 a + a/3 — f3á , (1.36) 

where the dot means derivative with respect to t. Some particular instances of transformations of 
type (1.32) are those given by (1.22), (1.26), (1.29) and (1.30). 

We show next that the previous expressions define an affine action of the group Q on the 
set of Riccati equations (with appropriate domain). In fact, the relation amongst new and oíd 

1 The composition law in Q is defined point-wise: If Ai, A 2 € Q, then (Ai A 2 )(t) = Ai(t)A 2 (t), for all í e V . 
The neutral element is the constant curve A(t) = Id, and the inverse of Ai hA- 1 defined by [A^ 1 ]^) = (Ai(í))- 1 , 
for all tel'. 
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coefficients can be written in the matrix form 

—¿7 
aS + f3j 
—a/3 

7¿ — Sj 

+ | Sá - aS + fij - 7/3 | . (1.37) 

a/3 -fia 

We recognize, in the first term of the right hand side, the adjoint representation of SL(2, R) 
evaluated in the curve A, and the second term can be identified with the curve on the Lie algebra 
sl(2, R) given by ÁA~ X . A detailed account of these facts, up to a slightly different notation, 
will be given in Section 3.2, see in particular Proposition 3.2.1 and the preceding paragraphs 
therein. 

Let us denote 8{A) = AA" 1 for any matrix A of type (1.33). The important point now is 
that 9{A) is a 1-cocycle for the adjoint action: If Ai, A 2 are two elements of Q, we have 

6{A 2 Ai) = (A 2 AiY(A 2 Ai)- 1 = (k 2 A x + A 2 Ái)A^ A 2 X 
= A 2 A 2 X + A^ÁiA-^A- 1 , 



or in a different way 

6{A 2 Ai) = 6{A 2 ) + ká{A 2 ){6{Ai)) , 

which is the 1-cocycle condition for the adjoint action, see, e.g., [230]. Consequently, the ex- 
pression (1.37) defines an affine action of Q on the set of Riccati equations. 

In other words, if Ta denotes the transformation of type (1.37) associated with then 
it holds 

T A2 oT Al =T A2Al , \/A 1 ,A 2 gG, (1.38) 

where o means composition, as usual, and A 2 A\ is the product in Q of A 2 and Ai. 

We will see in Chapter 2 how it is possible to generalize this affine action to more general 
situations, when an arbitrary finite-dimensional Lie group is involved, and, moreover, we will 
give a geometric meaning to these transformations. 



1.5 Properties of the Riccati equation from a group theoretical viewpoint 

In this section, we will show that many of the properties of the Riccati equation can be understood 
under the light of the affine action of Q on the set of Riccati equations expressed by (1.37). 

In particular, we will take advantage of some particular transformations of that kind in 
order to reduce a given Riccati equation to a simpler one, thus explaining some of its well-known 
integrability conditions from a group theoretical perspective. 

Consider again the Riccati equation (1.16). As a first example, the equation (1.35) shows 
that if we choose (3 = 7 = and <5 = a -1 , Le., 



(1-39) 
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then a\ — O if and only if the function a is such that 

á 

ai = -2- , 

a 

which has the particular solution 

a(t) = cxp | — — J a\(t)dt 

i.e., the change is x' = e~^x with <f> = J ai(t) dt, so a' 2 — a 2 e^ and a' — a e~^, which is the 
property 3-l-3.a.i of [254]. In fact, under the transformation (1.39) 

a 2 = a a 2 , a 1 = ai + 2 — , a = a a , (1-40) 

a 

and therefore with the above choice for a we see that a[ = 0. 

If we use instead a = S = 1, 7 = 0, the function ¡3 can be chosen in such a way that ai = 
if and only if 

1 2a 2 ' 



and then 



a 2 

a' Q = a + ¡i - -±- , a' 2 = a 2 , 
4a 2 



which is the property 3-l-3.a.ii of [254]. 

As another instance, the original equation (1.16) can be reduced to one with a' Q = if and 
only if there exist functions a(t) and ¡3(t) such that 

Í3 2 a 2 — a¡3a\ + a 2 a a + a/3 — ¡3á = . 



This was considered in [314], although written in the slightly modified way (1.24), as a criterion 
for the integrability of the Riccati equation. However, observe that if we divide the preceding 
expression by a 2 we find that xi = —(3 /a is a solution of the original Riccati equation, and 
conversely, if its particular solution x\ is known, then the element of Q 




(1.41) 



with associated change 

x' = x - xi , (1.42) 

will transform the equation (1.16) into a new one with a' a = 0, a' 2 = a 2 and ai = 2 x\ a 2 + ai, 
i.e., equation (1.27), which can be easily integratedby two quadratures. Consequently, the "new" 
criterion given in [314] is nothing but the already mentioned known fact that once a particular 
solution is known, the original Riccati equation can be reduced to a Bernoulli equation and 
therefore the general solution can be easily found. 

We would like to remark that the properties 3-l-3.a.i and 3-l-3.a.ii of [254] can also be 
found in [191]. 
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Alternatively, we can follow a similar path by first reducing the original equation (1.16) to 
a new one with á 2 = 0. Then, we should look for functions j(t) and 5(t) such that 

a! 2 = S 2 a 2 — Sjai + j 2 a a + JÓ — Sj = . 

This equation is similar to the one satisfied by a and ¡3 in order to obtain a' = 0, with the 
replacement of ¡3 by S and a by 7, and therefore we should consider the transformation given by 
the element of Q 

1 

- x i X 1 

that is, 



(1.43) 



_, = _x±x_ 

x\ — x 

in order to obtain a new Riccati with a 2 = 0. More explicitly, the new coefficient functions are 

, ,2 íjq . 
¿L = , a, = h ai , a n = a , (1-45) 

Xi 

i.e., the original Riccati equation (1.16) becomes 

dx' ( 2 ao 



+ 01 )x' + a . (1.46) 

at \ x\ J 

Therefore, the transformation (1.44) provides directly the linear equation (1.46). Such a change 
seems to be absent in the literature previous to our work. 

Let us suppose now that another solution x 2 of ( 1 . 1 6) is also known. If we make the change 
(1.42) the difference x 2 — x\ will be a solution of the resulting equation (1.27) and therefore, 
after using the change given by (1.41), the element of Q 



1 

{x 1 ~x 2 y 1 1 



(1.47) 



will transform the Riccati equation (1.27) into a new one with a 2 = a'¿ = and a'{ = a\ = 
2xi a 2 + a Í7 namely, 

dr" 

— = (2x l a 2 + a l )x" 1 (1.48) 

which can be integrated with just one quadrature. This fact can be considered as a very ap- 
propriate group theoretical explanation of the introduction of the change of variable (1.30). In 
fact, we can check directly that if we use the transformation with a = l,/3 = 0, 8=1 and 
7 = (xi — x 2 )~ 1 on the coefficients of (1.27), then we find that still a'¿ = and 

a 2 = a 2 - (xi - x 2 ) _:L a' 1 + (xi - x 2 )~ 2 (xi - x 2 ) , 

and as 27 and x 2 are solutions of (1.16), we see that 

¿1 - ¿2 = ai (x\ - x 2 ) + a 2 (x\ - x 2 ) , (1-49) 



henee 



(27 - x 2 ) 2 {a 2 (x 1 - x 2 ) 2 + (x 2 - x 1 )(a 1 + 2x 1 a 2 ) 
+ ai (.Ti - x 2 ) + a 2 {x\ - xl)} = . 
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The composition of both transformations (1.41) and (1.47) leads to the element of Q 



1 —X\ 

(x 1 -x 2 )~ 1 -x 2 (x 1 -x 2 y 1 



(1.50) 



and therefore to the transformation (1.30). Now, we can compare the transformations (1.29) and 
(1.30). The first one corresponds to the element of Q (we assume that xi(t) > x 2 (t), for all t) 



1 — Xi 
^/X\ - X 2 \ 1 -X 2 



(1.51) 



and therefore both matrices (1.50) and (1.51) are obtained one from the other by multiplication 
by an element of type (1.39) with a = {x\ — x 2 )~ x / 2 , and then (1.40) relates the coefficients a'[ 
and ai arising after one or the other transformation. Taking into account (1.49), we have 

ai = a" - ai — a 2 (x x + x 2 ) = a 2 (xi - x 2 ) , 

as expected. 

On the other hand, if we use first the change of variable given by (1.44), the function 

_ X 2 Xi 

x 2 



xi - x 2 

will be a solution of (1.46). Then, a new transformation given by the element of Q 

1 ) 

will lead to a new equation in which Oq = 0. More explicitly, 



(1.52) 



a2=0, a" = a' 1 = — + ai, a'¿=0. (1.53) 

X\ 



The composition of the two transformations is 



1 -J^L. \ \ 



Xl—X-2 \| _ H-I2 XI— X2 

o 1 ) [ "¿ 1 ) = [ "¿ 1 



(1.54) 



which corresponds to the change of variable 



*" = -, ~ r f ^, d-55) 

(x 2 - xi) (x - xi) 



x\ (x - x 2 ) 



leading to the homogeneous linear equation 

'2a 



+ «i í", (1.56) 

Xl 



which can be integrated by means of just one quadrature. 
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Now, we will see how the non-linear superposition formula for the Riccati equation can be 
recovered in this framework. Let us suppose that we know three particular solutions x\, x 2l X3 
of (1.16) and we can assume that xi > x 2 > x 3 for any valué of the parameter t. Following the 
method described above, we can use the two first solutions for reducing the Riccati equation to 
the simpler form of a linear equation, either to 

x" = (2xi a 2 + ai) x , (1.57) 



or to 



2ao 

X\ 



ai 21 . 



(1.58) 



The sets of solutions of such differential equations are one-dimensional linear spaces, so it suf- 
fices to know a particular solution to find the general solution. As we know that 



x' 3 = [x\ — x 2 ) 



x 3 - Xi 
x 3 - x 2 



is then a solution of equation (1.57), and 



x\ (x 3 - x 2 ) 



(1.59) 



(1.60) 



3 {x 2 - x t ) (x 3 - Xi) 
is a solution of ( 1 .58), we can take advantage of an appropriate diagonal element of Q of the form 



*V2 

with z being one of the two mentioned solutions, in order to reduce the equations either to 
x'" = or x'" = 0, respectively. These last equations have the general solutions 

x — k . 



or 



x — k 



which show the superposition formula ( 1 .20). More explicitly, for the first case ( 1 .57) the product 
transformation will be given by 



(x 2 - x 3 ) 



-x u 



-X2\ 



I (x 2 - x 3 ) \ 
{x\ - x 3 )(xi - x 2 ) 

(xi - x 3 ) 
(x 2 - x s )(xi - x 2 ) J 



y (xi - x 3 )(xi - x 2 ) 
I {xi-x 3 ) 

\ y {x 2 - x 3 )(xi - x 2 ) 

or, written in a different way, 

-1 / 2^2-2:3 -xi(x 2 -x 3 ) 

sj (xi - x 2 ){xi - x 3 ){x 2 - x 3 ) \ xi-x 3 -x 2 {xi-x 3 ) 



(1.61) 
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The transformation defined by this element of Q is 

x m = (x - x 1 )(x 2 - x 3 ) 
(x - x 2 )(xi - x 3 ) 



(1.62) 



and therefore we arrive in this way to the non-linear superposition function. That is, we obtain 
the general solution of the Riccati equation (1.16) in terms of three particular solutions and a 
constant k characterizing each particular solution: 

(-'^-^) k , (L63) 
(a; - x 2 )(x 1 - x 3 ) 



The other case (1.58) can be treated in a similar way, leading also to the non-linear superposition 
formula of the Riccati equation. 



Chapter 2 



Geometric approach to Lie systems 



According to Theorem 1.1.1, Lie systems are systems of first order ordinary differential equations 
of a special kind. Their solutions are integral curves of time-dependent vector fields which can be 
written as a time-dependent linear combination of certain vector fields closing on a Lie algebra. 
When these vector fields are complete, they can be regarded as fundamental vector fields with 
respect to certain action of some Lie group. 

After the insight gained from the study of the Riccati equation in the previous chapter, we 
are led now to the question of what are the structure and geometric properties of Lie systems 
formulated on general differentiable manifolds, and in a more general situation in which the 
group playing a role is not SL(2, K) but a general Lie group. We will develop the subject after 
the introduction of some concepts and notation. 

2.1 Notation and basic definitions 

Let G be a Lie group. We will denote by L g and R g the left and right translations defined, 
respectively, by L g (g') = gg' and R g (g') = g'g- Let us consider a left action of G on a manifold 
M, $ : G x M -> M. We will denote gx := $ g (x) := $(.9, x) := <& x (g). By definition of left 
action the following properties hold: 

$*( 9 ,x) = ( ¡ > x°R g , $90*! = ^°^, V.t e M, g <= G . (2.1) 

If a € T e G, then the left-invariant vector field determined by a will be denoted X¿, 
{X^) g = L g * e (a), and the right-invariant one by X^, (X^) g = R g * e (a). In a similar way, 
if 1? € T*G, the left- and right-invariant 1-forms d L a and 9f in G determined by d are defined by 

= (vo:w, (fl*) s = (vo:w- 

In particular, we have that {6^) g {X^) g = (0^) g (X^) g = é(a), for all g e G. 

Denote by Q the Lie algebra of G, Le., the set of left-invariant vector fields in G. The 
correspondence between the sets of vectors a e T e G and of left-invariant vector fields X¿ is 
one-to-one, henee the Lie algebra structure g can be transported to T e G and we can consider the 
identification of both sets T e G and Q. The integral curve of X£ starting at e e G is denoted 
exp(ía). Moreover, we recall that since the inner conjugation i g can be written as i g = L g o 
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i?g-i = Rg-i ° Lg, and Ad(g) = i git , right- and left-invariant vector fields are related point-wise 
by (A¿% = Ad(g)(X?) g . 

Note that the <i> g are diffeomorphisms and that (<¡> ff ) 1 = <¡> s - 1 . It is clear that the differen- 
tial <& x * e defines a map § xife : g = T e G -> T X M. Then, X : X" e G -> £(M), given by a i-» X a 
such that X a {x) = <& x * e (— a), defines a mapping of Q into X(M). This is an action of fj on 
M, and we will cali X a the fundamental vector field, or infinitesimal generator, associated to the 
element a of 0. It is easily seen that 

(X a f)(x) = ^/(exp(-ía)z)| t=o , / e C°°(M). (2.2) 

Moreover, the minus sign has been introduced for X to be a Lie algebra homomorphism, Le., 
X[ a ,b] = [X a , X ]. Another important point is that for any a e T e G, the corresponding X a e 
X(M) is complete, its flow being given by <j){t, x) = $(exp(— ta), x). 

As an example, consider a Lie group G acting on itself by left translations, $ s = R g , and 
consequently, for every a <G Q the fundamental vector field A a is right invariant because 

(X a ) g = <fr g * e (-a) = i? 3 * e (-a) = -(Af ) fl , 

where A^ is the right-invariant vector field in G determined by its valué at the neutral element 
(Xa) e = a - ln the preceding expressions the subindex g in $ g should be regarded as a point in 
the manifold G, and not as a group element. 

Given two actions $i and $2 of a Lie group G on two differentiable manifolds Mi and M2, 
a map F : Mi — > M2 is said to be equivariant (sometimes, it is also said that F is a G-morphism) 
if F o $i g = $ 2g o F, \/ g e G. The important property is that when G is connected, the map 
F : Mi — > M2 is equivariant if and only if for each a e T e G the corresponding fundamental 
vector fields in Mi and M2 are F-related. In fact, if F is equivariant or a G-morphism, then the 
condition F o $ lg = $ 2g o F implies F o $> lx = $ 2 f(j;). because of 

(F o $ lx )(g) = F($i( 3 , x)) = (F o $ lg )(x) = ($ 23 o F)(x) = -f 2F(x) (g) . 

Consequently, since A^^x) = <fri x *e(— a), and Al 2 ^(x') = $2a;'*e(— a), we see that A^ 1 ^ and 
A^ 2) are F-related: 

F.UX { a 1] (x)) = (F o $i x ), e (-a) = $2F {x )*e{-a) = X a 2 \F{x)) . 

Conversely, if we assume that the corresponding fundamental vector fields are F-related, then 
the integral curve of X a 2 ^ starting at F(x) € M 2 is the image under F of the integral curve of 
A^ 1 ' starting from x G Mi, and then 

Fo $i cxpía = $2oxpía F , 

and therefore F is a G-morphism, because G is connected and it is generated by the elements 
exp ta with a £ Q. 

A particularly interesting case of the previous, to be used later, is the following: Let H be a 
Lie subgroup of the Lie group G and let us consider the homogeneous space G/H. The group G 
acts on itself by left translations and on the homogeneous space G/H, by X(g, g'H) = (gg')H. 
The canonical projection n L : G — > G/H, n L (g) = gH, is equivariant, because 

(tt l o L g ){g') = gg'H , (X g o n L )(g') - gg'H , V</ e G . 
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Consequently, the fundamental vector fields on G corresponding to the left action of G on itself, 
which are (minus) the right-invariant vector fields on G, are 7r L -related with the corresponding 
fundamental vector fields o\\G/H associated with the left action A of G on G/H. That is, 

{X?)gH = A sff , e (-a) = (n L o RgUi-a) = ~^ g (X R ) g , 

where it has been used the relation \ 9 h = n L o R g , which can be proved easily: 

\ gH {g') = X(g', gH) - g'gH , (tt l o R g ){g>) = n L (g'g) = g'gH , Vj'eG. 

Now, let us choose a basis {ai, . . . , a r } for the tangent space T e G at the neutral element 
e e G and denote X a = X aa the corresponding fundamental vector fields for the action $ : 
GxM — > M. The associated systems of differential equations admitting a superposition formula 
are those giving the integral curves of the time-dependent vector field 

r 

X(x,t) = J2b a (t)X a (x). (2.3) 

a=l 

In other words, we should determine the curves x(t) such that 

r 

x(t) = J2 b <*(t)X*(x(t)), (2.4) 

a=l 

satisfying some initial conditions. 

Alternatively we could start with a right action of G on Ai, $ : M x G -> M. The 
reasoning is similar and we will only give the relevant expressions. Now xg := ^ g (x) := 
^(x, g) := ^x(g)- The properties equivalentto (2.1) are now 

Vj)=^ oí s> *s ° = *x o ñ fl , VxeM, jeG. (2.5) 

It is clear that * x * e : Q £í T e G -> T^M. The map Y" : -> X(M) given by a i-» y o such that 
y a (a:) = í x * e (a) defines the fundamental vector field associated to the element a of 0: 

(n/)(aO = j t f(xexp(ta))\ t=o , f & C°°(M). 

The vector field Y a is complete with flow <fr(t,x) — *&(x, exp(ía)). Here, there is no need 
of introducing a minus sign for Y to be a Lie algebra homomorphism, Le., it already satisfies 

Y [aM = [Y a ,Y b \. 

In the particular example of a Lie group G acting on itself by right translations, for every 
a € fj the fundamental vector field F a is left-invariant because 

(Y a )g = * 3 *e(a) = ¿ 9 , e («) = (^) fl • 

If H is a Lie subgroup of G, then the group G acts on itself by right translations and on the 
homogeneous space G\H, by n(Hg', g) = H(g'g). The canonical projection ir R : G — > G\H, 
ir R (g) = Hg, is equivariant: we have n R o R g = fi g o n R for all g <G G. We have as well that 

(J-Hg =TT R O L g . 
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Therefore, the fundamental vector fields on G corresponding to the right action of G on it- 
self, Le., the left-invariant vector fields on G, are 7r ñ -related with the corresponding fundamental 
vector fields on G\H associated with the right action ¡i of G on G\H. That is, 

( H X a ) Hg = mgw (a) = (n R o L g U{a) = tt« (X^) g . 

The analogous equation to (2.4) will be now 

r 

x(t) = J2b a (t)Y a (x(t)), (2.6) 

a=l 

which gives the integral curves of the time-dependent vector field 

r 

Y{x,t) = Y J b a {t)Y a {x). (2.7) 

a=l 



2.2 Lie systems on Lie groups and on homogeneous spaces 

In this section we will see how the general solution of (2.4) can be obtained if we are able to 
solve the differential equation in the group G 

r 

g(t) = -T, b ^ x »(9(t)), (2.8) 

a=l 

with initial conditions g(0) — e. Then, the particular solution of (2.4) determined by the initial 
condition xq will be x(t) = $(g(t), xq). Moreover, we will show the existing relation between 
systems of type (2.4) admitting a (non linear) superposition formula and Lie systems defined on 
G like (2.8), as well as with certain equations defined on T e G. 

First of all, let us show that finding solutions of (2.4) is equivalent to determine the integral 
curves in G of the right-invariant, time-dependent vector field in G 

r 

X(t) = -J2b*(t)Xa- (2-9) 

a=l 

Indeed, it is easy to see that the Lie group G acts transitively on the integral curves of (2.9) by 
left translations and, as indicated before, if g{t) is the integral curve of X with g(0) = e, then 
x(t) = <¡>(g(í), x ) is the integral curve of (2.3) starting at x <G M: 

x{t) = j t <S>(g(t),x ) - j$ X0 {g{t)) - S X0 .fl(t)(¿(*)) . 
and then, using (2.8), 

(r \ r 

a=l / a=l 

Now, using the first property of (2.1), we see that 



$xo*!?(í) ° R g(t)*e - ^*(g(t),x )*e > 
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and then 

r r 
x(t) =-^2 b a (t)<S>$(g(t),x )*e(a a ) = b a (t)X a (x(t)) . 
a — 1 a—1 

Thus, the solution of (2.4) starting from x will be x(t) = $(g(í), x ), where g{t) is the solution 
of (2.8) with g(0) = e. This is an important point: the knowledge of one particular solution of 
(2.8) allows us to obtain the general solution of (2.4). 

Even more, we show next that given a system of type (2.8), we can project it onto a homo- 
geneous space to give a Lie system of type (2.4) and conversely, Lie systems of type (2.4) are 
realizations on homogeneous spaces of systems of type (2.8). Indeed, let H be a closed subgroup 
of G and consider the homogeneous space M = G/H. Then, G can be regarded as the total 
space of the principal bundle (G, n L ,G/H) over G/H, where ir L denotes the canonical projec- 
tion. We have seen in the previous section that ir L is equivariant with respect to the left action of 
G on itself by left translations and the action A on G/H, and consequently, the fundamental vec- 
tor fields corresponding to the two actions are 7r L -related. Therefore, the right-invariant vector 
fields are 7r L -projectable and the ^-related vector fields in M are the fundamental vector 
fields X% = X^ a corresponding to the natural left action of G on M, (X^) gH = -^Í g {X^) g . 
In this way we can project the time-dependent vector field (2.9) defining the Lie system in G 
(2.8) to the time-dependent vector field of type (2.3) defining a Lie system in G/H of type (2.4). 

Conversely, assume we have a Lie system in a manifold M defined by complete vector fields 
closing on a Lie algebra g', which is the Lie algebra of a connected Lie group G', defined up to 
a central discrete subgroup. Then, there exists at least one Lie group G, and corresponding left 
action(s) 5>:GxM4M, such that G' is a subgroup of G, and G' = G/ Ker $, where Ker $ 
is the normal subgroup Ker $ = {g e G | x) — x, Vi€ M}. Usually, one would take 
the smallest possible group, and take G = G'. In particular, the corresponding action $ can be 
chosen to be effective. The restriction to an orbit will provide a homogeneous space of the type 
described in the previous paragraph. The choice of a point xq in the orbit allows us to identify 
this homogeneous space with G/H, where H is the stability group of Xo. Different choices for 
xo lead to conjúgate subgroups. 

Notice that when applying R g (t)- 1 * g {t) 10 both sides of the equation (2.8) we will obtain the 
equation on T e G 

r 

This equation is usually written with a slight abuse of notation as 

r 

ce=l 

although only in the case of matrix groups R g (t)- 1 * g (t)g(t) becomes the product g{t) 
When doing calculations in a general case, one should take this into account. 

As far as Lie systems defined by right actions are concerned, the general solution of (2.6) 
will be obtained if we find the particular solution of the differential equation in the group G 



r 
a=l 



(2.11) 
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with initial conditions g(0) = e, because then the particular solution determined by the initial 
condition x will be x(t) = ^(xq, g(t)). Notice that when applying L g ^-i tg ^ to both sides of 
the equation (2.1 1) we will obtain the equation on T e G 

r 

L g(t) -^ g(t) {g{t)) = ^b a {t)a a . (2.12) 
As in the previous case is common to write this expression as 

r 

(g- 1 g)(t) = Y,b a (t)a a , 

although only in the case of matrix groups LgU-\-i tg u\g(t) — g(t). The correspondence 

between systems of type (2.6), defined over a homogeneous space, and (2.11) (resp. of type 
(2.12)) is analogous to the one considered in the case of Lie systems associated to left actions. 
This correspondence is one-to-one if the action í' is effective. 

It may seem that there is no advantage in considering instead of the original equation (2.4), 
the equation (2.8), which in principie may be even more difficult to solve or treat. However, the 
point is that we have replaced the problem of finding the general solution of a system of type 
(2.4) for that of the particular solution of the system of type (2.8) which corresponds to g(0) = e. 
This follows from the fact that if g{t) is such a solution, the one starting at a different point g\ 
is obtained by the right translation g'(t) = R gi g(t) = g(t) g\. Moreover, for any Lie system of 
type (2.4) associated to different actions of G on the same or different manifolds, we obtain their 
general solution at once when we know the solution of (2.8) with g(0) = e. 

Therefore, we obtain the remarkable fact that equations of type (2.8) have a universal char- 
acter. There will be many Lie systems associated with such an equation. It is enough to consider 
homogeneous spaces and the corresponding fundamental vector fields. In this way we will get 
a set of different systems corresponding to the same equation on the Lie group G. In particular, 
we can consider an action of G on a linear space given by a linear representation 1 , and then the 
associated Lie system is a linear system. Henee, each Lie system admits a kind of linearization, 
as it has been pointed out already in [335]. 

At this point we should remark that given a homomorphism of Lie groups F : G — > G' , the 
right-invariant Lie system on G (2.9) produces a right-invariant Lie system on G', 

X{g',t) = -Y j b a {t) (KX)«(gi), 

a=l 

where (F*X)^ is the right-invariant vector field on G' which is F-related with the vector field 

Then, it turns out that it is central to the theory to solve equations of type (2.8). We will 
develop two main methods to do it in the following sections. Both of them will be based on the 
possibility of defining an affine action on the set of Lie systems, both at the level of the group and 
of the homogeneous spaces. We will discuss this question in next section, meanwhile we will 
generalize a method proposed by Wei and Norman and obtain a reduction method to intégrate 
such an equation, in the following ones. 

1 When it is possible: for example the universal covering of SL(2, R) admits no finite dimensional representations. 



Sec. 2.3 



Affine actions on Lie systems 



23 



2.3 Affine actions on Lie systems 

We will generalize in this section the transformations considered in Section 1 .4, where we have 
used curves in SL(2, R) to transform solutions of a Riccati equation of type (1.16) into solutions 
of an associated Riccati equation, and as a consequence we have obtained an affine action of 
the group of SL(2, R)-valued curves on the set of Riccati equations. The procedure will be 
generalized to any Lie system defined in a Lie group G, and afterwards, in a homogeneous 
space. 

Let G be a connected Lie group. Let us consider the set of (smooth) curves Map(R, G), 
which is endowed with the following group law, defined pointwise 

(9i * 92)(t) = <7i(í)<? 2 (í), V<7i, . 92 G Map(R, G) . (2.13) 

We show next that the left action of the group Map(R, G) on itself induces an affine action of this 
group on the set of differential equations of type (2.10) in T e G. As a consequence, we will be 
able to define an affine action on the set of equations of type (2.4) defined over a homogeneous 
space. By this fact, we will be able to relate equations of that kind, being, for example, the 
integrability of one of them (say, in the sense of being integrable by quadratures) equivalent 
to that of any other one in the same orbit. We will see also that similar results appear when 
considering the right action of the group Map(R, G) on itself, but in that case (2.6) and (2.12) 
will be the relevant equations. 

For that purpose, let g(t), g'(t) and g(t) be differentiable curves in G such that 

g(t)=9'(t)g(t), Vi GR. (2.14) 

We are interested now in how the three curves in T e G defined by g(t), g'(t) and g(t), Le., 
#g(t)-i*g(t)(íKí)), R g'{t)-i* g >(t){g'{t)) andñ s(í )-i*g( t )(#(í)),respectively, are related amongst 
themselves. Since g(t) = L g i^g(t) — R g (t)g'{t), we have 

Rg(t)-i*g(t)(g(t)) = Rg(t)-^g'(t)-Ug>(t)g(t){L g >(t)*g(t){g{t)) + Rg{t)*g> '(í)(P' '(*))} 

= {Rg'(i)-Ug'(t) ° Rg(t)- í *g'(t)g(t)){Lg'(t)*g(t){g(t)) + Rg(t)*g' (í) (<?' '(*))} 
= {Rg'{t)- 1 *g'(t) ° ¿g'(t)*e){'Rg(í)- 1 *9(t)(.9( í ))} + Rg> '(í)- 1 *g> (í) (<?' '(*)) 

- Ad{gf(t)){R g(t) -i, g(t) (g(t))} + R g , {t) -u g , {t) (g'(t)) , 

where we have used, sucessively, the identities R gg i = R g i o R g , R g o L g > = L g > o R g , and 
idG*9 = ^T g G, valid for all g, g' e G, as well as the definition of the adjoint representation of 
the group. As a result, we finally obtain 

Rg(t)-i*g(t)(9~(t)) = Mg'(t)){Rg(t)-i*g(t)(g(t))} + R g , {t) -U g , {t) (g'(t)) . (2.15) 

Now, consider a left action of G on the manifold M, $ : G x M — > M, as in the pre- 
vious section. If the curve x(t) is given by x(t) = xq), where x G M, we wonder 

about how the tangent curve x{t) is defined in terms of the curve in T e G defined by g(t), Le., 
Rg(t)-i* g (t)(g(t))- The relation is (see also [72]) 



*(*) = $x(t)*e{Rg(t)-i*g(t)(9(t))} ■ 



(2.16) 
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In fact, we have 

= ^$(g{t), X ) = ®x *g(t){(l(t)) = ^*(s(t)- 1 s(t),x )* 9 (t)(5(í)) 
= $*(g(í)"i,x(t))*g(í) (#(*)) = $x(t)*e{Rg(t)-i*g(t)(g(t))} , 

where the first property of (2.1) has been used. As a result, if we define the new curve y (i) as 
y(t) = $(</(í), x{t)), wehavethaty(í) = <S>{g' {t)g{t), x ). Takingg(í) = g'{t)g(t), itfollows 

i/(t) = $j/(t)*e{-Rg( t )-i*g( t) (¿(í))} 

= * 1/( t).e{Ad( í 7 , (í))[i2 í , (t) -i. fl(t) (fl(í))] +fl s , (t) - 1 „ s , (í) (5 / (í))}, (2.17) 

by using the property (2.15). However, (2.17) can also be obtained directly. Indeed, 

y(t) = $x(t)* g >(t){g'{t)) + * fl /(t).x(í)(¿(t)) 

= $x(t)*g' (*)(<?'(*)) + ($g'(t)*x(í) ° $x(í)*e){#g(t)-i*g(t)(0(í))} 
= $ a: (t)*g'(t){¿ ,/ (*) + ¿g'(t)*e(-Rg(t)-i*g(t)(5( í )))} 
= $3>{g'{t)-\y{t))*g'{t){g'{t) + L g >(t)*e{Rg(t)- 1 *g(t){g(t)))} 

(<?(*))]+ #g '(t)-l*g'(í) 

where it has been used (2.16), the second property of (2.1), that x(t) = <&(g'(í) _1 , y(t j) and the 
first property of (2.1), in this order. 

The equation (2.15) tell us the following. The curves g(t), g'(t) and g(t), as elements of the 
group Map(M, G), define the abovementioned curves in T e G. Therefore, they define different 
different equations of type (2.10). 

Now, we define the map 

6 L : Map(R, G) — > Map(R, T e G) 

g{-)^e L {g{-)) = R g( . ) -^ g{ . ) {g{-)), (2.18) 

and then the equation (2.15) expresses that, for the left action of Map(R, G) on itself given by 

g{-)^L g , { . )g {-) = g'{-)g{-), 

there exists an associated affine action (see, e.g., [230]) of Map(M, G) on Map(R, T e G) with 
linear part given by the linear representation Ad(-) of Map(K, G) and a 1-cocycle for the same 
representation given by the map 6 L itself. In fact, it can be rewritten (2. 15) in terms of L as 

e L (g'(-M-)) = Ad(gi(-))(6 L (g(-))) + 9 L (g'(-)) . (2.19) 

Clearly, we can immediately transíate this property into Lie systems on every homogeneous 
space of G, by means of the properties (2.16) and (2.17). Therefore, we can naturally define 
an affine action of the group Map(R, G) on the set of differential equations of type (2.4). The 
orbits of these actions are equivalence classes of systems of type (2.4), for which, for example, 
the integrability of one equation is a straightforward consequence of the integrability of any 
other in the same orbit. This is a generalization to any Lie system of the properties discussed in 
Section 1.4. 
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All these facts have an equivalent versión in the case of right actions. We give only the 
relevant expressions in this case. Let g(t), g'(t) and g(t) be now differentiable curves in G such 
that 

g{t) = g(t)g(t)' , VíeR. (2.20) 
Then, we can obtain the property similar to (2.15), 

L m -i* m m)) = ¿¿(¿(tr^iLgW-wMt))} + ¿ s '(t)-W(t)G?'(í)) • (2-21) 

If í» : M x G -> M denotes now a right action of G on the manifold M, and the curve x(t) in 
M is given by x(t) = ^(xo, g{t)), where x € M, we have the analogous property to (2.16), 

x{t) = * x{t>e {L gW -i Mt) (g(t))} . (2.22) 

Moreover, if then we define y(t) — ^(x(t), g'(t)), we obtain 

y(t) = 9 vW *e{^d{g'(t)- 1 )[L g(t) -i Mt) {g(t))] + L g , {t) - Ug , {t) (g'(t))} , (2.23) 

which is the property equivalent to (2.17). The map equivalent to (2.18) is 

9 R : Map(M, G) — -> Map(K, T e G) 

g(-)^e R (g(-)) = L g{ . ) -^ g{ . ) (g(-)), (2.24) 

so if we consider now the right action of Map(M, G) on itself given by 

g{.)^R g , { . )g {.)=g(.)g>{.), 

we can rewrite (2.21) as 

e R (g(-)g' (•)) = Adig'i-r^ígi-))) + R (g'(-)) , (2.25) 

which is analogous to (2.19). That is, we also have an affine action of Map(R, G) over the set 
of curves Map(R, T e G) and henee over the set of differential equations of type (2.6). 

2.4 The Wei-Norman method 

As we have already mentioned at the end of Section 2.2, it is essential to the theory of Lie systems 
to have some method to solve, or at least to treat, the problem of obtaining the solution curve 
g(t) of a system of type (2.8), with g(0) = e, or equivalently, a system of type (2.10). We will 
discuss in this section that problem, developing a generalization of the method proposed by Wei 
and Norman [331, 332] in order to find the time evolution operator for a linear system of type 
dU{t)/dt = H(t)U(t), with U(0) = I and H(t) taking valúes in a matrix Lie algebra. We will 
give a generalization in two senses: Firstly, the method will work for (almost) any Lie group, not 
only for matrix Lie groups. Secondly, the generalized versión only on the Lie algebra of interest, 
without making reference to any representation of it. In fact, the formulas only will depend on the 
structure constants, with respect to the chosen basis, defining the Lie algebra of interest. The idea 
of this generalization was initiated in [72], and we will develop here the complete expressions. 
We postpone to the next section the development of an alternative method to solve (2.10), based 
on a reduction property. 
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Let us consider, first of all, the generalization to several factors of the property (2.15), which 
is as follows. Let g(t) be a curve in G which is given by the product of other l curves g(t) = 
gi{t)g 2 {t) ■ ■ ■ gi{t) = U i=1 gi{t). Then,denoting/i s (í) = Ut= s +i 9i{t), for s e {1, 1-1} , 
and applying (2.15) to g{t) = gi(t) h\{t) we have 

ñ s(í )-i , 9 (í)(5(*)) = Ad(ffi(t)){i2 Mt) -i , fcl (t)(M*))} + ^ S i(t)-i . fll (t)(ffi(*)) • 

Simply iterating this procedure, and using the fact that Aá(gg') = Ad(g) Ad(g') for all g, g' e 
G, we obtain 

Rg(t)-i*g(t)(g(t)) = ñ fll (t)-i» fll ( t )(5l(í)) + Ad(ffi(í)) {-R 92 (t)-i.g 2 (t)(52(í))} 



where it has been taken 50 (í) = e f° r a H í- 

The generalized Wei-Norman method consists of writing the desired solution g(t) of an 
equation of type (2.10) in terms of a set of canonical coordinates of the second kind with respect 
to a basis {ai, . . . , a r } of the Lie algebra Q, for each valué of t, Le., 



and transforming the equation (2.10) into a system of differential equations for the v a (t), with 
initial conditions v a (0) = for all a £ {1, ... , r}. The minus signs in the exponentials have 
been introduced for computational convenience. We should remark, however, that the expression 
(2.27) makes sense only in a neighbourhood of the identity element e € G. 

Therefore, we use the result (2.26), in the particular case when l = r = dim G and g a (t) = 
exp(-v a (t)a a ) for alia e {1, . . . , r}. Now, since ñ So ( t )-i * floi (t) (&»(*)) = -¿ a (t)a a ,we see 
that (2.26) reduces to 



where it has been used the identity Ad(exp(a)) = exp(ad(a)), for all a £ Q. Substituting in 
equation (2.10) we obtain the fundamental expression of the generalized Wei-Norman method 




(2.26) 



r 



g(t) = 1} cxp(-v a (t)a a ) = exp(-t>i(í)ai) • • • cxp(-u r (í)a r ) 



(2.27) 





(2.28) 
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with v a (0) = O, a e {1, . . . , r}. 

If the Lie algebra Q is solvable, and in particular, if it is nilpotent, the solution of the re- 
sulting system of differential equations for the functions v a (t) can be obtained by quadratures. 
If, instead, the Lie algebra Q is semi-simple, then the integrability by quadratures is not as- 
sured [331,332]. 

We would like to remark that if we choose different basis of the Lie algebra of interest for 
computing (2.28), the systems of differential equations which appear are, in general, different. 
Even a reordering of the basis changes the result. 

Apart from the examples given in Chapter 3, we will make extensive use of this method in 
Part 3 of this Thesis, where we will deal with systems from geometric control theory which turn 
out to be Lie systems. 

2.5 The reduction method associated to a subgroup 

We will develop in this section a method which allows us to reduce the problem of solving 
an equation of type (2.10) to that of solving two related Lie systems, one defined in a suitable 
homogeneous space, and other of the same form of (2.10) but defined in a subgroup. The idea 
for obtaining this result is the following. Given an equation of the type (2.10), 

r 

R g(t)-u g (t){g{t)) = - ^2 6 "(í) a a , (2.29) 

a=l 

with g(0) = e £ G, it may happen that the only non-vanishing coefficients are those correspond- 
ing to a subalgebra f) of Q. Then, according to the general theory developed in Section 2.2, the 
equation would reduce in that case to a simpler equation on a subgroup, involving, for example, 
less coordínate functions in the Wei-Norman method explained in the preceding section. 

On the other hand, we have developed in Section 2.3 a way of relating Lie systems by 
means of affine actions. The natural question arises: is it possible, given certain Lie system of 
type (2.10), to reduce it to another one formulated in a Lie subgroup, by means of some suitable 
transformation out of those provided by the corresponding affine action?. 

More explicitly, given (2.29), let us choose a curve g'(t) in the group G, and define the 
curve g(t) by g(t) = g'(t)g(t), where g(t) is the solution of (2.29). The new curve in G, g(t), 
determines a new Lie system by means of (2.15), 

r 

%í)-i*s(t) (£(*)) = Rg>-^t)* g >(t){g{t)) - b a (t)Ad(g'(t))a a , (2.30) 

a=l 

which is an equation similar to (2.29) but with different right hand side. Therefore, the aim is 
to choose the curve g'(t) appropriately, Le., in such a way that the new equation be simpler. For 
instance, we can choose a Lie subgroup H of G and look for a choice of g'(t) such that the right 
hand side of (2.30) lies in T e H, and henee g(t) e H for all t. 

We will treat that question now. Let us suppose that we can choose a closed (and therefore 
a Lie) subgroup H of G, with associated Lie algebra f), which is a subalgebra of Q. For the sake 
of simplicity, let us assume that [) is spanned by the first s elements {ai, . . . , a s } in the basis of 
Q, and then the r — s elements {a s+ i, . . . , a r } span a supplementary space. 
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When we restrict ourselves to H the equation we will obtain will be similar to (2.29), but 
where some parameters vanish, Le., 

s 

or equivalently, 

s 

h(t) = -J2d»(t)X*(h(t)). (2.32) 

Let us show that the problem of finding the curve g(t) solution of (2.29), starting at e e G, 
can be reduced to that of solving a similar equation in the subgroup H, provided that one partic- 
ular solution xi(t) of a Lie system of type (2.4) for the left action A of G on the homogeneous 
space M = G/H is given. 

The procedure is as follows. Take a lift gi(t) of the curve x\(t) from G/H to G. This 
is always possible, at least locally: For small enough valué of t, there are uniquely defined 
functions, ui(t), . . . , u r (t), such that 

gi(t) = cxp(u r (í)a r ) • • • exp(ui(í)ai) , 

and therefore 

ai (i) = ir L (gi(t)) = gi(t)H = exp(u r (t)a r ) ■ ■ ■ exp(u s+ i(t)a s+ i)H , 

where ir L denotes the canonical projection ir L : G — > G/H. The functions u a (í) are nothing 
but the second class canonical coordinates of the element <?i(i) with respect to the chosen basis. 
We have seen in the preceding section how this type of coordinates is essential in the formulation 
of the Wei-Norman method. 

Now, remember that the fundamental vector fields corresponding to the left action A of 
G on G/H are just = —tt^(X^). By hypothesis, we have that the curve X\(t) satisfies 

r 

¿l(í) = £Mí)*"(*l(*)), 

Q = l 

therefore, 

*i(í) = J t ^ L (9i(t))} = < l(t) (3i W) = E b a (t)X?( Xl (t)) 

a=l 

= -¿M<(t)(^(si(f))). 

Q = l 

Henee, 

r 

*i giít ){9i(t) + ]T b a (t)x5( 9l (t))} = o . 

a=l 
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The kernel of the projection tt^ is spanned by the left-invariant vector fields on G generated by 
elements of f), so that there are time-dependent coefficients c^t), for \x = 1, . . . , s, such that 



9i 



(í) + b a (t)X«( gi (t)) = c,(t)X^( gi (t)) 



= ^2c ll {t)Ad( gi {t))X?(g 1 {t)) . (2.33) 

If we write the solution g(t) of (2.29) we are looking for in the form 

g(t) = gi(t)h(t) , 
where h(t) E H for all t € K, we have, using (2.15), 

R g (t)-i*g(t){g(t)) = Ad(gi(t)){Rh(t)-i*h(t)(h(t))} + R g ^ t )-^* gi (t)(gi(t)) ■ (2-34) 

We can apply Rg 1 (t)- 1 * gi (t) to (2.33) so that we obtain 

r s 

^giW-^aiWÍSiC*)) =-^í>a(í)oa + ^c M (í)Ad(pi(í))o M (2.35) 

a— 1 jL¿=1 

and then, from (2.34), (2.35) and our hypothesis that g(t) satisfies (2.29), we have 

s 

Ad( gi (t)){R h{t) - Uh(t) (h(t))} = -¿c M (í) Ad(. 9l (í))a M . 
Since Ad(gi(í)) is an automorphism, we get 

s 

Rh(t)-Uh(t){h{t)) = -^2 c Á l W ■ (2.36) 

The last equation is just of type (2.29) but for the subalgebra f) = T e H. We can summarize the 
preceding results as follows: 

Theorem 2.5.1. Every integral curve of the time-dependent vector field (2.9) on the 
group G can be written in the form g(t) — g\{t) h{t), where ffi(í) is a curve in G project- 
ing onto a solution X\(t) of a Lie system of type (2.4), associated to the left action A on the 
homogeneous space G/H, and h{t) is a solution of an equation of type (2.10) for the subgroup 
H, given explicitly by 

{t)- 1 *g 1 (t) 

= -Ad( 5l - 1 (í)) ^¿6 a (*K^ -¿ 9l( t)-i* Sl ( t )(í?i(í))- (237) 
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We should remark that from the proof of this Theorem we see that, moreover, such a reduc- 
tion can be carried out if and only if we can find a particular solution on an associated homoge- 
neous space. It is interesting to note as well that we can take any lift g\ (t) to G of the solution 
X\ (i) on the homogeneous space G/H. With the choice of one or another lift, the final equation 
in T e H one has to solve only changes slightly. But this only means that we choose diferent 
representatives of each class on G/H and has no real importance for our problem. 

Note as well that if we want to find the integral curve of (2.9) starting from the identity, and 
we take the solution of (2.37) with h(0) = e, then we must take a lift g\ (í) such that g\ (0) = e. 

The reduction can also be carried out using right actions and right cosets. Having found one 
particular solution x\(t) for the problem in G\H, we select a lift gi(t), and then there will be 
time-dependent coefficients c v (t), fovv — 1, . . . , s, such that 

9i(t) ¿ b a (t)Xt( 9l (t)) = ¿ c v (t)X?( 9l (t)) 

Oi—1 V—1 

s 

= c Át) Adfoift)- 1 )^ . (2.38) 

Now, assuming that we have a solution of (2.29) of the form g(t) = h{t) g\{t), and following a 
similar scheme to that of left actions we will arrive to the analogous formula to (2.36), 

s 

Lh(t)-^*h(t){h{t)) = -y]c v (t)a v , 
Le., the corresponding expression to that of Theorem 2.5. 1 is 

L h (t)-Uh(t){h{t)) = Ad(ffi(í)) ^Ylb a (t)a a - ¿ fll (t)-i* fll (t)(fl'i(í))^ 

= Ad( 5l (í)) (^2b a (t) ao }j - R gi{t) - Ugi{t) ( gi (t)) g T e H. 

Let us discuss now some cases where the previously described reduction can be applied in 
a direct way and in the general case. 

Assume that H is a normal subgroup in G of dimensión s. Then, we have exp(ía) gH = 
gH for any a € I), so we see that = 0, for any a e f). Thus, the fundamental vector 
fields X^, . . . , X^ on G/H are just zero. Then, the equation of type (2.4) on G/H is just an 
equation of type (2.8) for the factor group G/H, so we can write 

r 

Rx 1 (t)- 1 *x 1 (t){xi(~t)) = - X! b a (t)a a , 

a— s+1 

where {a s+ i, . . . , a r } is the basis of the factor Lie algebra g/f) induced from that of Q. Note 
however that the lift gi (t) to G of x\ (t) satisfies 

s r 

R gi(t)-i * gi (t) (5i (*)) = - ^c a (t)a a - b a(t)a a , 

a—1 a— s+1 
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where the í-dependent coefficients c a (t) depend on the specific lift g\ (t) we take. Therefore, the 
equation (2.37) becomes in this case 

(r s r \ 

^b a (t)a a -^c a {t)a a - E b »{t)a a \ 
a — 1 a— 1 a— s+1 / 

s 

a=l 

If the factor group in the reduction process is one-dimensional, one can solve equations of 
type (2.8) or (2.10) easily, by means of one quadrature, because in appropriate coordinates it has 
the form 

x(t) = a(t) , 

so the only problem is to solve the corresponding equation for H. In particular, if the group 
G is solvable, then there is a chain of codimension one normal subgroups (Le., each of these 
subgroups is normal in the smallest subgroup which contains it in the chain) 

{e} c G r -i C • • • C Gi c G , 

and we can solve (2.8) or (2.10) in quadratures, by induction. 

We have seen how in the case that the subgroup H is normal in G, our reduction procedure 
leads to solve equations of type (2.10) on two lower dimensional Lie groups: G/H and H. Of 
course the simplest instance is when the group G is a direct product G = G\ ® G 2 of two 
groups G\ and G 2 , and then the problem reduces to the corresponding problems in each factor. 
Other well-known instances in which there appear normal subgroups are semidirect products 
and (central) extensions of Lie groups. We recall briefly these notions, since the corresponding 
structures appear in specific examples where we will apply the theory of reduction of Lie systems. 

Let N, K be Lie groups, and let ip : K — > Aut(TV) be a homomorphism of K into the 
group of automorphisms of 7Y. For m, n 2 € N, k\, fc 2 € K, define the composition 

(ni, fci)(n 2 , k 2 ) = {ni(p(ki)n 2 , hk 2 ) . 

Let ejy, ck be the respective identities of N and K. It is easy to check that (ni, ki)(eN, ex) = 
(&n, e_R-)(ni, fci) = (ni, fci), and that (ni, fci) -1 = (i^(fc^ 1 )n^ 1 , fc^ 1 ), these operations 
being differentiable. Then, the previous composition law endows the set N x K with a Lie 
group structure. We denote this group by N K, and cali it the semidirect product of N with K 
(relative to ip). The set N x ck is a normal subgroup in TV© K, and ejv x K is a subgroup, with 
(N x ck) H (ejy x K) = (ejv, &k)- Each element (n, k) e N K can be written in a unique 
way as (n, k) = (n, e^-)(ejv, k), or (n, k) — (ejv, ^X^fc -1 )™, e i?)- In particular, if ip(k) is 
the identity for all k E K, the construction reduces to the usual direct product. Conversely, a 
Lie group G is a semidirect product of the Lie group N with the Lie group if TV is a normal 
subgroup of G, and K is a subgroup of G, such that every g e G can be written in a unique way 
as g = nk, where n <G N and fc G K. In a similar way, we can consider the related construction 
of semidirect sum of Lie algebras. We refer to, e.g., [324, p. 224] for the details. 

A Lie group E is a central extensión of the Lie group G by the Abelian Lie group A if the 
exact sequence of group homomorphisms 



1 > A — í— »■ E — ^— >■ G >■ 1 
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is such that A is in the center of E with the identification furnished by the injective map i. From 
the exactness of the sequence, we have that G = E/A. Similarly, the Lie algebra Z is a central 
extensión of the Lie algebra Q by the Abelian Lie algebra a if the exact sequence of Lie algebras 

► a — í— > e — -2— > ► 

is such that the image of a in Z lies in its center. Again, exactness of the sequence means that 
^ e/a. See, e.g., [5]. 

Of course the whole procedure of reduction can be done in the opposite direction: If we 
have a solution of an equation of type (2.4) on an orbit of G in the manifold M, then we can 
choose H to be the isotropy subgroup of the initial condition of the known solution, and then 
reduce the corresponding problem in G, to another in H. 

Consider now the case of a general Lie algebra Q, see, e.g., [173, 178, 324]. Let X be the 
radical, Le., the maximal solvable ideal in Q. Then, the Levi Theorem establishes that the factor 
algebra, S = Q/t, is a semi-simple Lie algebra, and therefore it can be written as a direct sum 
of simple Lie algebras, S — Si © S2 © • • • © Sk- Consequently, in the most general case any 
Lie system can be reduced to the corresponding one for a solvable subalgebra, its radical, whose 
solution can be found by quadratures, and several Lie systems for simple Lie algebras Su i = 
í,...,k. 

To end this section, let us comment about some references which can be related to the the- 
ory of reduction of Lie systems. In [86], it is studied a reduction property of systems of a very 
specific type in matrix groups, which turn out to be Lie systems. Our theory generalizes the 
decomposition method presented therein. Results of the theory of reduction of Lie systems are 
also present in [60], from a slightly different approach. Likewise, some of the results found so 
far in this section can be found in [328], of course expressed by means of the concepts and ter- 
minology known at that time. However, this reference also calis "Lie systems" to those systems 
characterized by Theorem 1.1.1. 

The reference [38] considers Lie systems associated to matrix representations of the affine 
Lie group. The authors wonder about when a change by a constant group element leads the 
system to a special system in a solvable subgroup. 

The reference [306], following a different approach, deals with a specific case of reduction 
for the group SL(2, R), and its generalization to matrix affine Lie systems. We will treat that 
case of reduction for SL(2, IR) later, see the last row in Table 3.2. 

A formulation of the reduction property, only for the case of an ideal in the Lie algebra 
(a normal subgroup in the Lie group), and for the case of direct sums of Lie algebras (direct 
products of Lie groups) is given in [331]. Our theory works instead for any Lie subgroup H of 
the Lie group G of interest. 

Finally, there exist references about the classification of Lie groups and algebras, along with 
their subgroups and subalgebras, like [149,276]. They can be helpful for choosing subalgebras 
and the subgroups they genérate, in order to perform the reduction in some specific cases of Lie 
systems. 

2.6 Connections and Lie systems 

We have seen in Section 2.3 how we can define certain affine actions on the set of Lie systems, 
based essentially on the properties (2.15) and (2.21), depending on whether we are working with 
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left or right actions, respectively. The property (2.15) has been essential in the development of 
two ways of treating the problem of solving equations of type (2.10), namely, the generalized 
Wei-Norman method and the reduction method, explained in Sections 2.4 and 2.5, respectively. 

However, the transformation law of objects of type Rg(t)-i*g(t){t){t)) described by (2.15), 
which is induced from the left action of Map(R, G) on itself, resembles the way in which the 
local components of a connection 1-form in a principal fibre bundle are related in the transition 
open sets provided by an open covering of the base manifold, see, e.g., [197, Chap. II] (or 
Proposition A. 2.9). We are led naturally to the question of whether our problem has a relation 
with connections in principal bundles, and in an affirmative case, we should identify and interpret 
the meaning of the objects we are working with according to that formalism. 

Moreover, there are other indications in the literature that Lie systems have a relation with 
connections in (principal) fiber bundles. To start with, it has been noted in [1] a way of find- 
ing nonlinear partial differential equations (with only two independent variables), which admit 
soliton solutions and are solvable by the inverse scattering method. Their method allows to 
recover previously known examples, as the Korteweg-de Vries, modified Korteweg-de Vries, 
sine-Gordon and nonlinear Schrodinger equations. After, a way of obtaining Bácklund transfor- 
mations for the previous equations and further relations amongst them were proposed [85, 329]. 
Then, it has been noted by several authors, see [88, 94-96, 109, 1 10, 156, 157, 280, 292, 335] and 
references therein, that the previous problems have a cióse relation with the theory of connec- 
tions on principal bundles, mainly with structural group SL(2, R) (or 5*0(2, 1)). On the other 
hand, the work by Sasaki [292] attracted the attention of Anderson [11], who noted its relation 
with a particular type of Lie systems, and then, a complete line of research on the classification 
of Lie systems and their associated superposition rules was started, continuing to our days, as 
it has been mentioned in the Preface. Moreover, it has been proposed very recently [270] an 
adaptation of the Theorem by Lie (Theorem 1.1.1) to partial differential equations, by making 
use of the theory of connections. 

Therefore, we will try to relate the theory developed in previous sections with the theory 
of connections in this and the following sections. We will follow the notations and treatment 
of Appendix A. We refer the reader to this Appendix and references therein, which in turn is 
mainly based on the lecture notes [62], for a brief review of the theory of connections on fibre 
bundles. Other approaches to connections and their applications in mathematics and physics 
can be found, for example, on [63, 82, 1 17-1 19, 133, 212-215, 223, 232, 235, 262, 274, 293] and 
references therein. 

We will develop in detail the example of a trivial principal bundle with base /, which will 
denote an open interval of K, possibly the whole M, or a connected open set defining a chart of 
the circle S 1 . In both cases we will parametrize / such that it is a neighbourhood of 0. In the 
last case, the arising Lie systems, at some stage, may need to satisfy some periodic boundary 
conditions, but we will not consider this class of systems further on this Thesis. Then, we will 
study the principal connections defined on the mentioned principal bundle. This will give a 
geometric meaning of systems of type (2.8) or (2.10). Considering associated bundles to this 
principal bundle, and the corresponding induced connections, we will give a geometric meaning 
to equations of type (2.4). 

Let G denote a connected Lie group, and let / be as described above. Consider the trivial 
principal bundle (IxG, ttj, I, G),where7i7 : IxG — > /,7T/(í, g) = t is the natural projection, 
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and the right action of G on I x G is given by 

$:(íxG)xG^/xG 
((i, 5'), 9) >— ► (*, ff's) • 

Therefore, we have ty g = id/ xi? s , for all g e G. The defining properties of a principal bundle, 
cf. Definition A. 1 .6, are easily checked: Clearly, the right action is free and quotienting I x G 
by the equivalence relation induced by G we obtain I. For every curve 

9a ■ I > G 

1 1 — > g a (t) , 

the bundle admits a principal coordinate representation, or trivialization, (7, tp a ), where tp a is 
defined by 

ip a : IxG — > ttJ^I) =1 xG 

(t, g) .— ► g) = (t, g a (t)g) , (2.39) 

and satisfies (717 o ip a )(t, g) = t, as well as ip a (t, gg') = (t, g a {t)gg¡) = ^{tp a {t, g), g'), for 
all t £ I, g, g' £ G. The orbit of G through (i, g) is the fibre containing it, C( t g ) — (i, G) = 

*7\t). 

Since the considered bundle is trivial, admits global cross-sections, which are in one-to-one 
correspondence with the described principal coordinate representations. Indeed, associated to 
(I, %¡) a ), defined above, we have the global cross-section a a defined by 

a a : I — > I x G 

t.— ► if> a (t, e) = (í, </ a (i)). (2.40) 

The converse result is immediate. 

Let us now consider the transition functions between two such principal coordinate repre- 
sentations (I, ip a ) and (I, ipp). We have 

ap(t) = (í, g p {t)) = *(o- a (í), y af¡ (t)) = (t, g a (t)-y a p{t)) , Vi e I 

and therefore the transition function j a p (t) satisfies 

gp{t) = g a {t)j af3 (t) , Ví el. 

The description of principal connections in our trivial principal bundle is our next task. 
Clearly, the vertical subspace V( t) g ) (I x G) of T( t) g ) (I x G) is V( t , g ) {I x. G) = ker 7Tj*( ti s ) = 
T g (G), for all (í, g). On the other hand, we know from Proposition A. 2. 2 that the vertical sub- 
space at (í, g) is spanned by the valúes of the fundamental vector fields with respect to the right 
action ¡S? of G on I x G at that point. In this case, g u e = L 9>te , so if Y a denotes the infinites- 
imal generator with respect to *S? associated too e T e G, we have (F a )(t, 3 ) = ^(t. g )* e ( a ) = 
(Xa) g . It is easy to check that these fundamental vector fields Y a satisfy Proposition A.2.1, Le., 
*s*(t,»')( y «)(*>s') = ( Y Ad(g-i)a)(t, 9 'g), for all (í, g'). Indeed, 

^ g*(t,g')(?a)(t,g') = (^T t I X R g * g i)L g > , e (o) = (ñj O L 9 -), e (fl) , 
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where it has been used ^ g *(t,g') — í¿T t i xR g * g ', consequence of g = id/ xR g , and on the 
other hand we have 

(^Ad(g- 1 )a)(í,g' 3 ) = ¿g'g*e ( Ad(.g _ 1 )a) = {Lgi ifg oL gife oLg-l il , g oR gife ){a) = (R g O L g i) * e (a) . 

Consider a basis {ai, . . . , a r } for the tangent space T e G at the neutral element e £ G, and 
denote {t?i, . . . , i9 r } the corresponding dual basis of T*G, so that ^«(a^) = <5 Q) g. We denote 
by X¿ (resp. X^) the corresponding left- (resp. right-) invariant vector field on G determined 
by a a , and by #¿ (resp. 0„) we mean the left- (resp. right-) invariant 1-form determined by ú a . 
Then, we have that 

V {t , g) (IxG) = ({(XL) g \a=l,...,r}), 

where ( ) means linear span of the vectors inside. 

To define a principal connection in our trivial principal bundle, we must construct a hori- 
zontal distribution, complementary to the vertical subbundle in T(I x G), and G-stable under 
the right action of the bundle, cf. Definition A. 2. 4. For each (£, g) £ I x G, we will denote the 
horizontal linear subspace of T( t) s ) (7 x G) by Jí( ti g ) (7 x G). Note that the horizontal subspaces 
have a dimensión equal to the dimensión of the base manifold, in this case equal to one. 

It is easy to check that the horizontal subspaces defining a general horizontal distribution in 
the trivial principal bundle (I x G, 717, I, G) are of the form 

H {t . g) (IxG) = (^- t +R gK (b a (t)a a )^ , (t,g)GlxG, (2.41) 

where sum in the repeated index a is assumed. Indeed, the horizontal subspaces so defined satisfy 
H {t . g) (I x G) 8 V (ti g) (IxG)= T (t , g) (I x G) and * fl ,, (t] g) (H (t . g) (IxG)) = H {t¡ ggf) (I x G), 
for all (í, g) e I x G, g' £ G. 

For each different choice of the coefficient functions b a (t) we obtain different horizontal 
subbundles and henee different principal connections. In particular, the Maurer-Cartan connec- 
tion mentioned in Example A. 2. 1 corresponds to the choice b a (t) = for all a and t. 

Take one arbitrary but fixed connection of this type. In order to find the corresponding 
connection 1-form, let us consider the basis of T,* ^ (I x G), dual to the basis of T( t g ) (I x G) 

givenby {(X^) g , d/dt + R g * e (b a (t)a a )}, which is made up by l-forms{dí, + T a (t)dt}, 

where r a (t) are determined by the condition 

((0*) g + r a (t)dt)(d/dt + RgU^it)^)) = , 

for each a £ {1, . . . , r}. Simply operating, we obtain that 

Ta {t) = -{6 L a ) g {R g ^{t)a )) . 

Therefore, {dt, (0¿) g - (9^) g (R gw (b^ (t)a ))dt} is the desired dual basis of g) (IxG). The 
defining properties of the 0-valued connection 1-form corresponding to a principal connection 
are given by Proposition A. 2. 7. In our current case, the g-valued connection 1-form given by 



r 

= - (6 L a ) g (R g * e {bP{t)ap))dt}®a a , 

a=l 
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satisfies such properties. In fact, by construction is a vertical fj-valued 1-form, and we have that 



u { t, g )((Y ay \t, g) ) = ¿{(<?í) fl - fá) g (R g . e {bP(t)a f¡ ))dt}(X$) g ®a 

r r 



a— 1 a— 1 



and 



W (t,3's)(*3*(t,S')( y ^)(t,g')) 
r 

= £{(^) S ' 9 - (0*) a ' 9 (R 9 ' 9 *e(b P (t)a p ))dt}R g * g ,(XÍ;) g , ® a 



a=l 



a— 1 a— 1 

r 



a=l 



where it has been used that 9, defined by 6 — J2a=i ®a ® a a, is the left-invariant canonical 
1-form over G, which satisfies R*{6) — Ad(g _1 ) o 6 for all g e G. 

Moreover, if we consider again two different trivializations (I, tp a ) and (7, i¡>p), and for the 
associated cross-sections a a , <jp, we take oj a = cr* (w), cj^ = cr^(w), it is easy to check that 

(w /3 ) í = Ad(7 Q ; /3 1 (í))(w Q ) t + ¿ 7 -i (t )» 7ct3(í ) o 7a/3*t , Vi e 7. (2.42) 

Indeed, applying (2.21) to ^(í) = g a (t)-f a p(t), we have 

L gf¡(t)- 1 *g/3(t) ° 5fc*t = Ad(7 QÍ ¡(í) _1 ) o 7 ga (t)-i* ga (t) ° + L 7ct3 ( t )-i* 7o/3 ( t ) o 7 a/3<tt . 

Using the two properties proved in the preceding paragraph, it is easy to arrive to (2.42), cf. 
Proposition A. 2. 7 and the proof of Proposition A. 2.9. 

The vertical projector associated to the connection is given by 

r 

ver (*,s) = £(*Í%® {(° L a ) 9 - (e^) g (R gw (b í3 (t)a p ))dt} =id TgG - R g , e (bP(t)ap)dt, 

a=l 

where it has been used that J2a=i(^a) 9 ® (#¿)s = idT g G an d that id^G ° idT t / = 0. The 
horizontal projector is 

h° r (í, 9 ) =idT t i+R 9 *e(b í3 {t)a l3 )dt, 

so hor (íi g) + ver (Í! g) = id T(( g) (7xG) . 

We are interested in the case when the horizontal distribution is integrable, in the sense of 
the Frobenius Theorem (see, e.g., [177,268]). In that case, we will characterize what are the 
horizontal integral submanifolds. 
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Now, since our horizontal distribution is one-dimensional and therefore involutive, is auto- 
matically integrable. The equation to be satisfied by the integral sections, Le., sections 

a:I — > I x G 
t .— ► (í, g{t)) 

with the property that every tangent vector to the image manifold a(I) C / x Gis horizontal 
with respect to the connection, is just 

ver CT(í) o a* t = , Vi el. (2.43) 

In other words, we require that the vertical part of vectors tangent to vanish. Now, we have 
that a* t = id TtI +g* t - Evaluating the left hand side of (2.43) in d/dt, which spans the tangent 
space T t I, we have 

(ver ff(t) oCT* t ) (J^J = (id Tg(t)G -R g{the (b íj {t)a p )dt) ^+9*t 

= 9*t (J^J - R g{ t)*e{b {t)a í3 ) , 

where we have used that g* t (d/dt) e T g ^G. Thus, (2.43) is satisfied if and only if 

9*t (J£j -R g(t> e(b a (t)a a ) =0, VteJ, 

that is, 

r 

.9(Í) = ^6 Q (Í)(^) S(Í) , (2.44) 
and applying Rg^-i^g^ to both sides, we have 



a=l 

The horizontal integral submanifolds are those determined by a section a(t) = (t, g(t)), so- 
lution of (2.44) or (2.45), and its right translated ones by fixed elements of G, Í , (ít(í), go) = 
(t, g{t)go), for all g in G. In particular, we can consider the section solution of the previous 
equations such that g(0) = e. Equations (2.44) and (2.45) are, respectively, the same as (2.8) and 
(2.10), with the identification b a (t) = -b a (t), a e {1, . . . , r}. 

Therefore, we have the important result that a Lie system formulated in the Lie group G like 
(2.8) is just the equation giving the horizontal integral submanifolds with respect to a principal 
connection on the trivial principal bundle (/ x G, ni, I, G), where / is the domain of <?(£), 
defined by the coefficient functions b a (t) of (2.8). The right-invariance of equations (2.8) and 
(2.10) is just a consequence of the geometry of the mentioned construction. 

The following natural question is whether a similar result holds in bundles associated to 
our trivial principal bundle. To this end, suppose that $ : G x M — > M is a fixed left action 
of G on a manifold M. We can construct the corresponding associated bundle, as indicated in 
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Subsection A. 1.4, in the following way. Consider the joint right action of G on (I x G) x M 
given by 

((*, 9 r ), y)g = (*((*, g'), g), ^Gr 1 , y)) , v(t, g') e / x g, y e m, 5 eG. 

Now, denote by i? the quotient set of (I x G) x M by G, defining the equivalence classes as the 
orbits with respect to the joint action. The map 

[ • ] : (I x G) x M — > E 

((í, g'), y) .— ► [(t, </), y] , 

is the natural projection to the equivalence classes. Then, there is an associated fibre bundle 
(E, tte, I, M) where the projection tte is such that 7Te[(£, g'), y] = 7Tj(í, g') = t. Since 
the principal bundle is trivial, the associated bundle is also trivial. If $ is transitive, we can 
identify E with I x M by setting [(i, e), y] = (i, y). Moreover, then M can be identified 
with a homogeneous space G/H, where H is the isotropy subgroup of a fixed element in M. 
Choosing different elements in M leads to conjugated subgroups. If <¡> is not transitive, a similar 
identification can be done but orbit-wise, so we can consider the case of transitive $ without loss 
of generality. Then, the maps (¡> y defined in Subsection A.2.3 take the form 

<p y :IxG — > E 

(t, g) ' — > <t> v (t, g) = [(£, g), y] . 

Butfrom[(í, g),y] = e), g),<S>(g-\ <$>(g, y))} = [(i, e),$( 3 , y)} and the previous iden- 

tification of E with I x M, we can write 

<P y (t, g) = (t, *(g, y)) , V (í, g) e / x G, y e M . (2.46) 

Therefore, we have <¡> yt ( t , g) = id T t / x 

We construct now the connection on the associated bundle, induced from the principal 
connection on the principal bundle, as described in Subsection A.2.3. The vertical subspace 
V {tty) (I x M) of T (tiW) (I x M) is V( tiB )(J x M) = ker^^) = T y (M). Taking into ac- 
count the identification of E with IxM, we have ií(¿ $ ( g y ^ (IxM) — 4>y*(t, g) (H(t, g) (^ x G)), 
therefore, 

'P'S'ig- 1 ,v)*(t,g) 

From (2.41), we have 

4>'S>(g- 1 ,y)*{t,g) + Rg*e (&" (í)«a )^ = (¡¿Tt / x **(g" 1 , y)*g ) + Rg*e (&" (í)o a ) 

= ^ + 9 ), 9 °^«e)( í ' a ( Í K) = ^ + $ í(9,*(5- 1 ,!/))*e( 6a ( í ) ffl a) 

^ + ^ e (6«(í)a a ) = |-6«(í)(X a ),, 



where it has been used the first property of (2.1) and the definition of fundamental vector fields 
with respect to the left action $. Then, we finally obtain 

H {t , y) (IxM) = /^- t -b a (t)(X a ) y \ , \J(t,y)GlxM. (2.47) 
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The horizontal and vertical projectors in this case are analogous to that of the principal bundle 

case: 

hor (ti!/) =id TtI -b a (t)(X a ) y dt, ver {tty) =id TyM +b a (t)(X a ) y dt, (2.48) 

thereforehor (Í!y) +ver (í ^ y ) = id T(ty}{IxM )- 

Now, the horizontal distribution defined by the horizontal subspaces (2.47) is integrable 
since is one-dimensional. The integral submanifolds of the horizontal distribution are sections 

s:I — > I x M 
t .— ► (í, y{t)) 

such that 

ver s(í) o s, t = , VíeJ. (2.49) 

In this case we have s*¿ = idT t i +y*t- Evaluating the left hand side (2.49) in d/dt, which spans 
the tangent space T t I, and using (2.48), we obtain 



(v<*r.(t)°s.t) (J^J = (idT y(t)M +b a (t)(X a ) y{t) dt) (J^+y*t (§¡y) 



y*t(í)+b a (t)(x a ) y{t) 



dt / 

where we have used that y tt (d/dt) e T y ^M. Therefore, (2.49) holds if and only if 

y*t(J^+b a (t)(x a ) y(t) = o, vteJ, 

Le., 

r 

y(t) = -J2 ba ( t )( x «)y(t)> ( 2 - 50 ) 

a=l 

which is nothing but an equation of type (2.4), identifying again b a (i) = —b a (t), a £ {1, ... , r}.| 

In other words, a Lie system on a manifold Ai like (2.4) is the equation giving the horizontal 
integral submanifolds with respect to a induced connection on an associated bundle, from a 
principal connection formulated on certain principal bundle. 

Let us show how horizontal sections of the principal bundle are related with horizontal sec- 
tions of an associated bundle constructed by means of a left action $ : G x M — > M. This 
calculation is analogous to that carried out after Eq. (2.9), using now the formalism of connec- 
tions. Let a(t) = (t, j(t)) be a horizontal section of the principal bundle (I x G, 717, I, G), 
Le., satisfying (2.43). In particular, we will have 7(í) = g(t)go, with g(0) = e and g = 7(0). 
Then, (í, z(t)) — (¡> yo (t, j(t)) is a horizontal section with respect to the induced connection on 
the associated bundle, starting from <¡>(<7o ; yo)- Indeed, 

(í, z(t)) - <j> yo (t, 7 (í)) = (í, $( 7 (t), yo )) - (t, $(g(t), $(g , yo))) , 
and then, z(0) = &(go, yo)- Moreover, 

dz(t) d$(g(t), <S>(g , yo)) 



dt dt 



^z(t)*e{Rg(t)-Ug(t)(g(t))} 



= b a (t)<S> z(t> e(a a ) = ~J2 b a (t)(X a ) z(t) 

a—1 o¿— 1 
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where it has been used the property (2.16), that g(i) satisfies (2.45) and the definition of in- 
finitesimal generators with respect to $. Conversely, the horizontal curve y(t) starting from yo, 
solution of (2.50), is obtained from the previous g(t) as y(t) — &(g(t), yo). 

Using the theory of connections on principal bundles and associated ones, the properties 
found on Section 2.3 admit a new interpretation as well. Let us show how sections of the principal 
bundle (I x G, 7Tj, I, G) transform under a change of trivialization. We have 

g a (t)g a (t) =gp(t)g (t) , Vtel, 

where g a (t), gp{t) are, respectively, "the component" of the same section with respect to the 
trivializations g a (t) and g í3 (t). Since g p (t) = g a (t)j a/3 (t), it follows g p (t) = ^~p(i)g a (i). 
Therefore, by the property (2. 15) we have 

= Ad(7- /J 1 (í)){ü So (t)-i. So ( t )(5a(*))} + ^ 7a/3 (t)* 7 -( t )(7^(í)) • (2.51) 

If 9a(t) satisfies an equation of type (2.44), then gp{t) will satisfy another equation of the same 
type, determined by (2.51). The group of curves g : I — > G, which can now be identified as the 
set of sections of the principal bundle, is also the group of automorphisms of (7 x G, ttj, I, G). 
This group of automorphisms acts on the set of principal connections in the described way, re- 
covering the affine action on the set of Lie systems on a Lie group described in Section 2.3. For 
Lie systems on manifolds, we have analogous results by simply considering associated bundles 
to the previous principal bundle. In short, the affine actions described on Section 2.3 are bet- 
ter understood by thinking that they are the actions on the set of connections on principal and 
associated bundles induced by the group of automorphisms of these bundles. 

The theory developed in this section clarifies, in our opinión, the facts shown in Sections 2.2 
and 2.3, and moreover, they are given a geometric meaning in the context of principal and asso- 
ciated bundles. But these last constructions can be done in a similar way in the case where the 
base manifold is not only one-dimensional but a general manifold B. We will treat this aspect in 
the next section, and we will arrive, in a natural way, to systems of partial differential equations 
(PDES) rather than ordinary differential equations. 

2.7 Lie systems of partial differential equations 

The treatment of the previous section can be generalized easily, to the case in which the base is 
any manifold B, although we will only present a local treatment, valid for an open neighbourhood 
of B. However, all expressions remain valid globally if we replace the open neighbourhood of 
B by an Euclidean space of the same dimensión. Many facts are completely analogous but there 
will appear as well important differences. Perhaps the most relevant ones are that we will obtain 
no longer a system of ordinary differential equations, but a system of first order partial differential 
equations, and that such a system will have solutions only if a consistency condition is satisfied, 
which will be no other that the vanishing of the curvature of the connection involved. We will 
give the analogous expressions and make some emphasis on the differences. 

In particular, we will find analogs to the Wei-Norman method of Section 2.4 and the reduc- 
tion Theorem 2.5.1, applicable in this generalized situation. As far as we know, they are new in 
the context of partial differential equations. However, we will not develop further the subject of 
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Lie systems of PDES, to be defined below, and their applications in this Thesis. We hope to treat 
these questions in the future. 

Let G denote a connected Lie group and B an /-dimensional manifold. We will denote 
elements in B as x £ B. Take a chart (U, ip) of B, where U is assumed to be homeomorphic to 
a connected open neigbourhood of the origin in M. 1 , such that (U x G, ttu, U, G) be a principal 
trivial bundle, where 7r¡y : U x G — > U, ttu(x, g) = x is the natural projection, and the right 
action is given by *S?((x, g'), g) = (x, g'g), for all (x, g') £ UxG, g£ G. Then, we have ^ g = 
id¡7 xR g , for all jeG. We will denote the coordinates of x £ U by {x 1 , . . . , x M , . . . , x 1 }. 

The right action ^ so defined is free, and clearly, (U x G)/G = U, where we quotient by 
the equivalence relation induced by the right action. This bundle admits the principal coordínate 
representations, or trivializations, of the form (U, tp a ), where ip a (x, g) = (x, g a {x)g) satisfies 

(ttu ° ip a )(x, g) = X , 

ip a {x, gg') = {x, g a {x)gg') = ^{4> a {x, g), g') , Vi e U, g, g' e G . 

The orbit of G through (x, g) is the fibre containing it, Ot x g \ = (x, G) = tt^ j 1 (x). Associ- 
ated to each trivialization we have a global cross-section a a defined by a a (x) — tp a (x, e) = 
(x, g a (xj). Conversely, each global cross-section defines a trivialization of the type described in 
the natural way. 

The transition functions are as follows. Consider two principal coordínate representations 

(U, ipa) and (U, tjip). Then, we have 

a [3 {x) = (x, gp{x)) = *(cr Q (a;), J a p(x)) = (x, g a (x)lap{x)) , Va; £ U , 
and therefore 

9f){x) = g a {x)i a [í{x) , Vx£U. 

Let us describe now principal connections in our locally trivial principal bundle. The ver- 
tical subspace V (x . g) {U x G) of T (x , g) {U x G) is V {x , g) {U x G) = kerir UHx . g) = T g (G), 
for all (x, g). We know from Proposition A. 2. 2 that g \ (U x G) is spanned by the infinites- 
imal generators of the right action ^ at (x, g). Since ^( x . g y e — L g * e , we have {Y a )^ x g ^ = 
*(x, s )*e(a) = ( x a)g- Using * s *( x ,g') = '^t x u *Rg*g>, which is a consequence of * 9 = 
idy xR g , it is not difficult to check that Proposition A.2.1 holds, Le., that 

^g*(x,g'){Ya)( x ,g>) = (^Ad(g-i)a)(a;, g'g) , V (x, g') £ U X G, g £ G . 

Consider again the basis {ai, . . . , a r } for the tangent space T e G, and denote . . . , ú r } 
the corresponding dual basis of T*G, so that ?? Q (a^) = 5 a p. As before, we denote by the 
right-invariant vector field on G determined by a a , and by 6% we mean the left-invariant 1-form 
determined by d a . The vertical subspaces are thus given by 

V (x¡g) (UxG) = {{(X^ g \a = l,...,r}). 

A horizontal distribution, complementary to the vertical subbundle, and G-stable under the 
right action vp, is defined by means of the horizontal subspaces 

H (x!g) (UxG) = (\ 7 ^+R g * e (b«(x)a a )\ f i = l,...,l\) , V(x, g)£UxG, (2.52) 
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where sum in the repeated index a is assumed. It is easy to check that the horizontal subspaces 
so defined satisfy H {x> g) (UxG)® V {x , g) (UxG) = T (Xi g) (U x G) and * s '* (x , g) {H {Xt g) (U x 
G)) = H {Xtggl) (U x G), for all (x, g) e U x G, g' e G, cf. Definition A.2.4. We will 
write sometimes expressions with unpaired índices which are considered to run over all their 
range, e.g., {dx^} means {cía;' í }J í=1 . Note that the given horizontal distribution has constant 
dimensión l. Different choices of the coefficient functions b"(x) mean different horizontal sub- 
bundles and henee different principal connections. The Maurer-Cartan connection mentioned in 
Example A.2. 1 corresponds to the choice (x) = for all a, ¡j, and x. 

The connection 1-form corresponding to one of these principal connections, arbitrary but 
fixed, is constructed as follows. Consider the dual basis of TT g JU x G), dual to the basis 
of T( X;S )(Í7 x G) given by {{X%) g , d/dx^ + i? 9 * e (&^(x)a Q )}, which consists of the 1-forms 
{(¿X a1 , (9%) g + T a ^(x)dx tí }, where T afl (x) are determinedby the condition 

+ T ail (x)da?)(d/dx v + Rg.e(b£(x)af,)) = , 
for each a € {1, r}, and /j, £ {1, . . . , l}. After a short calculation, we obtain 

T a ¿x) = -fá) g (R g . e (bP(x)a fl )). 

Henee, {dx», (0¿) fl - (9^) g (R gw (b^(x)a p ))dx^} is the required basis of T* >g) (U x G). The 
0-valued connection 1-form is given by 

r 

Indeed, by construction is a vertical fj-valued 1-form, and satisfies 

r 

W(x, fl )((i^)(x, fl) ) - - (^) 9 (ñ 9 * e (^(x)a ))^}(X 7 L ) g ® a Q 

a=l 

r r 
a— 1 a — 1 

and 

w (x,a'g)(*g*(x,g')( y »-y)(a:.a')) 
r 

= £{(#V fl - (^) 3 ' 3 (i? 3 ' 9 * e (^(x)a ))^}i? 3>t3Í (^ 7 i ) 3 ' ® «a 

a=l 

r r 

a— 1 a— 1 

r 

= Ad^" 1 ) £(é£V(X^ ® a Q - Ad^" 1 )^,)^)^,)) , 

a=l 

where it has been used that = Y^ía=i ® a « i s tne left-invariant canonical 1-form over G, 
with the property i2*(0) = Ad(<7 _1 ) o 9 for all g e G. Thus, the defining properties given in 
Proposition A. 2. 7 are satisfied. 
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If we consider two different trivializations (I, ip a ) and (I, ipp), and for the associated cross- 
sections <r a , ap we take Lü a = ct*(cj), up = <Tg(w), itis easy to check that the Proposition A.2.9 
holds in this case, for it is based on the property 

Lg /3 (x)- 1 *gi 3 (x) ° 56*a; 

= Ad(7 ct(3 (x) _1 ) O ¿ ga (x)- 1 * Sa (x) ° Sa« + i 7 QÍ .(a:)- 1 *7 0/ 3(a;) ° 7a/3*a: j (2.53) 

and the properties proved in the previous paragraph. The property (2.53) is analogous to (2.21). 
The vertical projector associated to the connection is given in this case by 

r 

a=l 

= id TsG -ñ g , e (6^(x)a^)d^, 

where it has been used that J2a=i(-^a)g ® (^a)s = idT g G an d that id^ <3 o idj^ jj — 0. The 
horizontal projector is 

hor (x, s ) = id T x c/ +R g * e {b l ¡ l {x)ap)dx íí , 



and therefore hor 



+ ver 



= id. 



T (x , g) ([/xG)- 



Now, we are interested in the search for integral horizontal submanifolds. We know from 
Proposition A. 2. 11 that the horizontal distribution defining a principal connection is integrable 
if and only if the associated curvature 2-form vanishes. However, instead of calculating the 
curvature 2-form, it is simpler to see when the horizontal distribution is involutive. Remember 
that it has a constant rank, equal to l. 

We will take the Lie bracket of any two vectors out of the basis of H^ x g ^{U x G) and 
require that the result be again a vector of this subspace. We have 

d d 
— + Rg. e {b°(x)a a ), + R g * e {bP{x)af3) 



dx v 



dbt{x) R 
~dx~^ [X ' 3 )g 



dx v 



dx 



where it has been used that the right-invariant vector fields in G cióse on the opposite Lie algebra 
to fj, and the sum indexes have been reordered. The constants c^p are the structure constants of 
the Lie algebra with respect to the basis taken above, Le., [a a , ap] — c^pd-y- Since the result 
is a vertical vector, the previous bracket must be zero if we want it to be horizontal as well. 
Therefore, the integrability condition is that the connection coefficients satisfy 

ñh a (r) db a (x) 

- ~dx^ + W x KW c "e = > Va e {i, .... r}, /i, i/ e {i, ...,/}, x e 17. 
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If we define b^(x) — Y^~ a =i ^{x)a a , f° r a ^ A* G {1, - - - , i}, the previous condition can be 
written as 

^^-^^ + M*),M*)]=o, V M ,«'e{i,...,/},*e^ (2.54) 

where the bracket means here the Lie product defined on T e G. Therefore, the equation (2.54) 
is satisfied if and only if the curvature form associated with the principal connection, defined by 
the coefficient functions {b^(x)}, vanish identically. In other words, (2.54) is the condition for 
having a fíat principal connection. 

When (2.54) is satisfied, the horizontal distribution is integrable. The equation to be satisfied 
by the integral sections, Le., sections 

a : U — > U x G 
x * — > (x, g(x)) 

such that every tangent vector to the image a(U) C U x G lies in the horizontal distribution, is 

ver cr(x ) o ct* x = , V x g U . (2.55) 

That is, we require that the vertical part of vectors tangent to a(U) vanish. We have that a %x = 
íÚt x u +g*x- Take the basis {d/dx^} of the tangent space T X U. Applying the left hand side of 
(2.55) to one of its elements, we have 

(ver CT(x) oa* x ) (j^j = {id Tg(x)G -R g(x>e {b^{x)a p )dx> t ) (J^ + 9** (¿7 

~ Rg(x)*e(bfa)ap)W = 9*x (J^ ~ Rg(x)*e(b^(x)a ) , 

where we have used that g* x (d/dx v ) g T g ^G. Therefore, (2.55) holds if and only if 
9*x [^^j - Rg(x)*eQ>^{x)a a ) = 0, V/z g {1, . . . , 1} , 

that is, 

^g) = ¿ V¿(x){X*) g(x) , V M g {1, ...,/} , (2.56) 
and applying R g ( x )- 1 *g(x) t0 both sides, we have 

R g{x)-i*g(x) (^r) = £W««, V M G{1, ...,/}• (2.57) 

^ ' a=l 

The horizontal integral submanifolds are those determined by a section a(x) = (x, g(x)), so- 
lution of (2.56) or (2.57), and its right translated ones by fixed elements of G, ^(a(x), go) = 
(x, g(x)go), for all g in G. In particular, we can consider the section solution of the previous 
equations such that g(0) = e. 

In the case where the base manifold is one-dimensional we have interpreted the affine ac- 
tions on the set of Lie systems explained in Section 2.3 as the action of the group of automor- 
phisms of the involved principal bundle on the the set of principal connections defined on it. In 
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our current case, the group of automorphisms of the principal bundle (U x G, 7r¡y , U, G) can be 
identified again with the set of its sections, or equivalently, with the group of maps g : U — > G. 
In addition, a similar property to (2.15) and (2.51) holds: if g(x) — g'(x)g(x), for all x e U, 
taking the differential we have 

g* x — ¿ s '(a;)* s (x) ° 9*x + Rg(x)*g'(x) ° 9Íx ■ 

Applying R g ( x )-í*g( x ) to both sides and following analogous steps as those for obtaining (2.15), 
we arrive to 

Rg(x)-u g (x) 9*x = Ad{c{ {x))oR g ( x )-i* g ( x )0 g* x +R g '{ x ) -i* g '(x) ° g'* x , Vi e U . (2.58) 

Therefore, we should be able to define an action of the group of maps g : U — > G on the set 
of systems of type (2.56) or (2.57) in a similar way. Such an action will be well defined only 
if it preserves the set of integrable, i.e. fíat, principal connections. But this is immediate since 
the property (2.58) can be regarded as coming from a change of trivialization of the principal 
bundle (U x G, 7r¡y, U, G), and a geometric property like flatness of a principal connection is 
independent of the choice of trivialization. 

Another way to see it is the following. Assume that a principal connection on the principal 
bundle (U x G, 7r¡y, U, G) defined by the horizontal subspaces (2.52) is fíat, i.e., (2.54) holds. 
Take a solution g(x) of the corresponding equations (2.56) or (2.57). Take an arbitrary but fixed 
(smooth) map g' : U — > G. This, and its right-translated maps, define by construction a fíat 
principal connection, where the associated coefficient functions {c^(x)} are defined by 

Rg'{x)-^g'(x) lg'*x (¿)f = ¿^(zKm /i € {1, . . . , 1} . (2.59) 

Then, define a new map g : U — > G by saying that g(x) = g'(x)g(x) for all x € U. This define 
a new integrable horizontal distribution by the same reason as g'(x) does. The new coefficient 
functions {b^(x)}, defined by 

Rg(x)-i* g (x) {g*x (j¡^) | = ¿^W " ' ^€{1, ...,/}, ( 2 -60) 

satisfy automatically (2.54). The relation between the three sets of coefficient functions is readily 
obtained, just by applying (2.58) to djdx 11 and using the previous equations. In the boldface 
notation previously introduced, it reads 

b )i {x)=Ad(g'{x))b ti {x) + c li {x), /ie{l, ...,/}. (2.61) 

As abyproduct, since the functions {b^(x)} satisfy the preceding equation as well as an equation 
analogous to (2.54), we can find the interesting relation 



'dAdjgjx)) 
dx* 1 



Rg(x)-i*g(x) [ ) , Ad(g(x))a 



VxeU, (2.62) 



where the bracket is the Lie product on T e G, a e g and g is any (smooth) map g : U — > G. 
This property can be checked easily by considering a faithful matrix representation of G (when 



46 



Geometry of Lie systems 



Chap. 2 



possible) and the corresponding matrix representation of the Lie algebra fj, and by using the 
identity = -L g ^-i te o R g ( x) -u g(x) o g* x . 

In analogy with the case of Lie systems in the group G, which are those described by equa- 
tions of type (2.8) and (2.10), we define a Lie system of partial differential equations formulated 
in the Lie group G as a system of partial differential equations of type (2.56) or (2.57), provided 
that (2.54) holds. The solutions to these equations are the horizontal integral submanifolds with 
respect to a principal connectionon the trivial principal bundle (Ux G, 7r¡y, U, G) defined by the 
coefficient functions b"(x), where U is the domain of g(x). The right-invariance of the systems 
(2.56) and (2.57) is again a consequence of the geometry of their underlying structure. 

Now, as we did in the case of having an one-dimensional base, let us consider associated 
bundles to our trivial principal bundle (U x G, nu, U, G) and the induced connections from 
principal connections defined on it. Take an arbitrary but fixed transitive left action $:GxM^ 
M of G on a manifold M. Then M can be identified with a homogeneous space G/H, where 
H is the isotropy subgroup with respect to $ of a fixed element in M. If $ is not transitive, the 
same construction can be done orbit-wise. Then, the joint action of G on (U x G) x M is given 
by 

((x, g 1 ), y)g = (*((x, g'), g), $(g-\ y)) = ((x, g'g), y)) , 

where (a;, g') e U x G, y e M and g e G. Denote by E the quotient set of (U x G) x M by 
G, defining the equivalence classes as the orbits with respect to the joint action. The map 

[•]:(£/ x G) x M — > E 

(O, g'), y) * — > [(x, g'), y] , 

is the natural projection onto the equivalence classes. Then, we obtain the associated fibre bundle 
(E, tte, U, M) where tte is defined by tte[(x, g'), y] — nu(x, g') = x. Because the principal 
bundle is trivial, the associated bundle is also trivial. Since $ is transitive, we can identify E 
with U x M by setting [(x, e), y] = (x, y). Then, the maps 4> y defined in Subsection A.2.3 take 
the form 

<j) y :UxG — > E 

(x, g) i — > <f> v {x, g) = [(x, g),y] . 

But from [(x, g),y] = [*((x, e), $(5, y))} = [(x, e),$(g, y)} and the previous 

identification of E with U x M, we can write 

<t> y {x, g) = (x, y)) , V (x, g) e U x G, y e M . (2.63) 

Therefore, we have <j> v *( x ,g) = '^t x u x $y*g- 

The connection on the associated bundle, induced from a principal connection through the 
maps cfiy, is constructed as follows. The vertical subspace V( XtV )(U x M) of T( x ^ y ^(U x M) 
is V(x,y){U x M) — keiTT E ^( x , y ) = T y (M). Taking into account the identification of E with 
U x M, we have H( x ^ $( Si y ^ (U x M) = 4> y ^( Xt g ) (-ff( x , 9) (U x G)), and as a consequence, 



H(x,y)(U X M) = <t><S>(g-i-,y)*(x,g)(H(x,g)(U x G)) . 
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From (2.52), we have 

<pHg-i,y)*(x,g) + Rg*e(b*{x)a a )^j = (Íá Tx U X$4(g-\ 2/)* S ) (Jj^¿ + Rg*e(b^(x)a a ^j 

= -^ + {®Hg- 1 -,y)*9 oR 9*eW»{x)a a ) = — + <b Hg . Hg - Ky)>e {b*{x)a a ) 

where use has been made of the first property of (2.1) and the definition of fundamental vector 
fields with respect to the left action $. Then, we finally obtain 

H {XiV) (UxM) = ^^-b°(x){X a ) y \ fi = l,...,iy^ , V(x,y)eUxM. (2.64) 

The horizontal distribution so defined is /-dimensional. Since \4>y*{x,g){h\), <l ) y*(x,g){t l 2)] = 
4>y*(x,g){[h\, h 2 ]),and [h\, h 2 ] — 0, forall/ii, h 2 G H( x¡ g ) (U x G), the horizontal distribution 
so defined is involutive, and therefore integrable. Notwithstanding, this fact can be checked 
directly. Taking the commutator of two vectors of the basis in (2.64), it will exactly vanish by 
virtue of (2.54). 

The horizontal and vertical projectors are given in this case by 

hor (x,3/) = id T x ¡y -b^(x)(X a ) y dx>* , ver^j,) = id TyM +b*(x)(X a ) y dx» , (2.65) 

andtheysatisfyhor^+ver^) = id T(x y) (uxM)- 

The integral submanifolds of the horizontal distribution are now sections 

s : U — >U x M 
x i — > (x, y{x)) 

such that 

ver s ( x ) o s tx = , VxgC/. (2.66) 

In this case we have s* x — idr^u +V*x- Thus, evaluating on elements of the above basis of T X U, 
we obtain that (2.66) holds if and only if 



that is, 



\dx» J 



dyjx) 
dx^ 



+ bZ(x){X a ) v(x) =0, V M G{1, ...,/}, 



J2b«(x)(X a ) y{x) , V M G{1, ...,/}. (2.67) 



We will cali Lie systems of partial differential equations on a manifold M to systems of type 
(2.67), provided that (2.54) holds. The affine action on the set of Lie systems of PDES on G 
can be translated to the set of Lie systems of PDES on M in an analogous way as we have done 
for the case of Lie systems of ordinary differential equations, the integrability of the horizontal 
distributions involved being preserved under such transformations. 
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For completeness, let us show the way horizontal sections of the trivial principal bundle 
(UxG, 7T¡/, U, G) are related with horizontal sections of an associated bundle defined by means 
of a left action $ : G x M -> M. Let a(x) — (x, j(x)) be a horizontal section with respect 
to the given connection, Le., satisfying (2.55). In particular, 7(2:) = g(x)g , with g(0) = e and 
5o = 7(0)- Then, (x, z(x)) — <j> yo (x, 7(2)) defines a horizontal section with respect to the 
induced connection on the associated bundle, starting from $(30, yo)- ln f act , 

(x, z(x)) = (j> yo {x, 7(2;)) = (x, <5>{"f{x), y )) = {x, ®(g(x), <S>(g , yo))) , 

and then, z(0) = $(30, yo)- ln addition, 

dzjx) _ d*(g(x), <fr( g0 , yp)) _ f ( dg(x)\\ 

dx» dx» ^w«|« s w-i. S (x)^^ j| 

r r 
= b ^( X )^z(x)*e(a a ) = ~ ^2 b ^( X )( X c)z(x) , VM € {1, ...,/} , 

where we have used that g(x) satisfies (2.56), the definition of infinitesimal generators with 
respect to and a similar property to (2.16): 

y*x = §y(x)*e Rg(x)- 1 *g(x) 9*x , (2.68) 

where y : U — > M and g : U — > G are maps such that g(0) = e and y(x) = &(g(x), yo), where 
yo € M. The proof is analogous as well. Conversely, the horizontal curve y(x) starting from yo, 
solution of (2.67), is obtained from the previous g(x) as y(x) = $>(g(x), yo)- 

To end this section, we will generalize the Wei-Norman method of Section 2.4 and the 
reduction method of Section 2.5 to the problem of solving Lie systems of PDES of type (2.57), 
formulated on a Lie group G, provided that the integrability condition (2.54) holds. 

In order to find the corresponding generalized versión of the Wei-Norman method, we 
should first generalize the property (2.58) to several factors. Consider a map g : U — > G given 
by a product of k other maps of the same type, g(x) = gi(x)g 2 {x) ■ ■ ■ gu(x) = Y\ i=1 g%{x), for 
all x e U. Therefore, following analogous steps to those in the derivation of (2.26), we obtain 

Rg(x)- 1 *g(x) ° 9*x = ^ JJ Ad(gj(x)) o ñ Si ( x )-i * Si(x) o g itx , (2.69) 
¿=1 \j<i ) 

where it has been taken go(x) = e for all x. Then, as in the case studied in Section 2.4, the 
idea is to write the solution g(x) of (2.57), with g(0) = e, in terms of its second kind canonical 
coordinates with respect to a basis {ai, . . . , a r } of the Lie algebra Q. It is always possible to do 
it, at least in a neighbourhood of the neutral element of G. Then, we will transform the system 
(2.57) into a system of first order partial differential equations for such canonical coordinates, 
which will be automatically integrable, being its integrability a consequence of (2.54). 
More explicitly, we write (locally) the desired solution g{x), with g(0) = e, as 

r 

g(x) — Y\_ cx PÍ v a(x)a a ) — exp(vi(x)ai) ■ ■ ■ exp(v r (x)a r ) , (2.70) 

a=l 
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where v a (0) — O for all a € {1, . . . , r}. We can use now (2.69), taking k = r = dimG and 

g a (x) = exp(v a (x)a a ) for all a e {1, ... , r}. Now, since fi So{x) -i * Sa ( x ) o g Qst;E = iwa a , 
we obtain 

Rg(x)- 1 * g {x) ° 5** = X! 1 '"* 2 II A -d(exp(^(a;)a / 8)) a Q 

a=l \P<a ) 

= ^2v a *x Yl CXp(vp{x)&d(ap)) a a , 
a=l \P<a J 

where it has been used the relation Ad(cxp(a)) = exp(ad(a)), valid for all se g. After the eval- 
uation of this expression on d/dx^ and upon substitution on (2.57), we obtain the fundamental 
expression of the generalized Wei-Norman method for solving systems of type (2.57), 

H V qJÍ II ex PÍ v f¡( x ) ad(fl^)) \a a = b"(x)a a , fj, = 1, (2.71) 

a=l \0<a J a=l 

with v a (0) = 0, a e {1, . . . , r}. 

By analogous reasons to that applicable in the case of only one independent variable, the 
subsystem of (2.71) obtained for each fixed ¡i is integrable by quadratures if the Lie algebra 
g is solvable, and in particular, if it is nilpotent. However, if the Lie algebra is semi-simple, 
the integrability by quadratures is not assured [331, 332]. By the compatibility of the complete 
system, it is integrable by quadratures if the Lie algebra is solvable or at least nilpotent. 

One can check, on the other hand, that the integrability of the system(2.71)isa consequence 
of (2.54). In fact, using the former, the left hand side of the latter becomes, after a long but not 
very difficult calculation in which the property (2.62) must be used thoroughly, 

db v {x) db^(x) 



dx^ dx v 



+ [b„(x), &„(*)] 



E(Ssg-S#)[nM»PW^))i««. 



. dx v dx^ dx^dx v . 
a=l x 7 \s=o 

as expected. Note that we have taken v n (x) = 0, for all x e U. 

On the other hand, we have the following result, which is a natural generalization of Theo- 
rem 2.5.1. 

Theorem 2.7.1. Every solution of a system of type (2.57), where (2.54) is assumed to 
hold, can be written in theform g(x) — gi (x) h(x), where g\ (x) is a map gi : U — > G projecting 
onto a solution g\ (x) of a system of type (2.67), associated to the left action A of G on the 
homogeneous space G/H, and h(x) is a solution of a system of type {2.51) for the subgroup H, 
given explicitly by 

dh(x)\ _ u (¿^ (dgi(x)\\ 



Rh(x)-i*h(x) (^Pj = Ad (-9i 'W) | ¿ V¿(x)a a ~ R gi{x) -i* gi{x) ^ 




= A,l(,i >[.r))\yj¡M)», ) -L gi (x)-^(x)[^-) ■ (2.72, 
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where /í 6 {1, /}. 

Proof. Is analogous to the proof of Theorem 2.5.1, by using the theory developed in this 
section. { 

Moreover, the reduction described by the previous result can be carried out if and only if we 
can find a particular solution of the associated Lie system of PDES on an homogeneous space 
for G. The choice of one or other lift g\ (x) to G of the solution g\ (x) on the homogeneous space 
G/H only amounts to choosing diferent representatives of each class on G/H and therefore has 
no real importance for the problem. 

Finally, we remark that the nonlinear superposition principie for Lie systems of PDES has 
been considered in [270], where some of the results of this section are also found, using a slightly 
different approach to connections. In particular, we recover their result which interprets Lie sys- 
tems (of PDES) as the equations giving the cross-sections horizontal with respect to a connection 
satisfiying zero curvature conditions. Notwithstanding, we think that our general treatment gives 
a new perspective about the understanding and further development of the questions treated, e.g., 
in [88,94-96,109,110,156,157,273,280,292,335] and references therein, and their relation with 
Lie systems of PDES. However, we will not deal with these subjects further on this Thesis, but 
we hope to do it in the future. 
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Examples of use of the theory of Lie systems 



In this chapter we will study some simple examples of Lie systems with regard to the application 
of the theory developed in previous chapters. We will illustrate in particular the use of the affine 
actions on Lie systems, described in Section 2.3, the Wei-Norman method, developed in Sec- 
tion 2.4, and the reduction procedure, explained in Section 2.5. The examples chosen are simple 
enough to make the calculations affordable, however they will show a number of features shared 
by most of the examples which appear in practice. 



3.1 Inhomogeneous linear first order differential equation 

As it is the simplest non-trivial example, let us consider the inhomogeneous linear first order 
differential equation 

y = b 2 (t)y + h(t), (3.1) 

where y is the real dependent variable and t £ I is the independent one, / being some open 
interval of the real line. This is the simplest case of systems of type (1.8), and accordingly, it has 
an affine superposition formula for the general solution of type (1.3), namely 

y = yi + k(y 2 - yi) , 

where y\, y 2 are two independent solutions of (3.1) and k is a constant. Note that it corresponds 
to the usual rule that "the general solution of (3 . 1 ) is a particular solution plus the general solution 
of the associated homogeneous equation". 

Now, the solutions of the equation (3.1) are the integral curves of the í-dependent vector 

field 

(Ht)y + h(t))-^ = b 2 (t)y^ + b 1 (t)^, 

and therefore, the vector fields required by Theorem 1.1.1 can be taken as 

dy dy 

which satisfy the commutation rule [X\, X 2 ) = X\, and therefore they genérate a Lie algebra 
isomorphic to the Lie algebra of the affine transformation group Ai of the line. The Lie algebra 
Oí has a basis {ai, 02} with the defining Lie product 

[ai, a 2 ] = ai . (3.2) 
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The flows of the previous vector fields are, respectively, 

«fe (e, y) = V + e , <t>x 2 (e, y) = e e y, 

so both of them are complete. Then, they can be regarded as the fundamental vector fields with 
respect to the action of the affine group Ai on the real line M. 

However, note that at this point we only know the defining relations of the Lie algebra of the 
Lie group involved, Ai . In order to perform the calculations, we need to find a parametrization of 
this group and the expression of the composition law with respect to it, as well as the expression 
of the action with respect to which the original vector fields are infinitesimal generators, in the 
chosen coordinates for the group. 

Therefore, instead of considering in first instance the natural parametrization of the affine 
group, which we will recover later anyway, we will follow another procedure which is of use in 
other cases where we do not know beforehand a representation of the Lie group or of the Lie 
algebra involved. 

That is, we will compose the flows of the vector fields Xi and X2, which leads to the 
expression of the desired action in terms of a set of second kind canonical coordinates, and then 
the composition law in these coordinates can be obtained by the defining properties of a group 
action. For more details, see Section 7.2.1, where we discuss this subject further. 

The composition of the flows ¡ftx^—a, 4>x 2 (—b, y)) = e~ b y — a gives the expression 
of the action of Ai on K, when we take the canonical coordinates of second kind defined by 
g = cxp(aai) exp(6a2), with g e Ai: 

$:AxR — > M. 
((a, 6), y)^e- b y-a, (3.3) 

which defines a transitive and effective action of the affine group in one dimensión Ai on R, 
such that a basis of infinitesimal generators is {Xi, Xi\- 

In these coordinates, the group composition law for Ai reads 

(a, b)(a', b') = (a + a'e- b ,b + b / ), 

being (0, 0) the identity and (a, b)^ 1 = (— ae b , —b). If we denote g = (a, b), g' = (a', b'), we 
have 

L g (g') = (a, b)(a', b') = (a + a'e- b ,b + b') , R g (g') = (a', b')(a, b) = (a' + ae" 6 ', b + b') , 
and therefore 

L g*g' = ( 1 ) ' Rg * 9 ' = ( ) ' 

then 

r ( e ~ b M fí ( 1 ~ a \ 

^9*e 1 J ' tt 9*e — ^ Q 1 J ■ 

It is easy to see that a basis of right-invariant vector fields in Ai is 
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while the corresponding basis of left-invariant vector fields is 

x l _- b d x L - 9 

da ob 

in the coordinates taken. In general, we have Ad(g) = ¿ g * g -i ° R g -i^ e , so in this case 

Ad(a, b) = ( J 

We will illustrate now how the Wei-Norman method of Section 2.4 is useful for solving the 
original equation (3.1). From (3.2), we have that 

ad(ai) =(q q ) . ad («2) = ( X 

and therefore 

cxp(-wad(ai)) = (^q l" ) ' exp(--u ad(a 2 )) = ^ q i 
for all nei Then, if we express the solution g(t), such that g(0) = e, of the equation 

Rg(t)-ug(t)(g(t)) = -&i(*K - ^(¿K (3.5) 

as the product g(t) = cxp(— ui(í)ai) exp(— w 2 (í)a 2 ), by applying (2.28) we obtain 

¿i ai + ú 2 (a 2 — u\ ai) = &i ai + b 2 a 2 , 

so it follows the system 

üi =bi + b 2 u\, ú 2 — b 2 , (3.6) 

with the initial conditions Ui(O) = u 2 (0) = 0. Note that the first equation is essentially the same 
as the original equation (3.1) but with initial condition ui(0) = 0. The explicit solution can be 
obtained through two quadratures: 

Ul (t) = e ti dsh ^ / dsb l {s)e-¡S drh ^ r \ u 2 (t)= / dsb 2 {s). (3.7) 
Ja Ja 

If we consider instead g(t) = cxp(— v 2 (t)a 2 ) exp(— «i(í)oi), we will find the system 

¿i=e-" 2 &i, « 2 =6 2 , (3.8) 
with the initial conditions ui(0) = u 2 (0) = 0, whose solution by quadratures is 

Wl (í)= í dsb 1 (s)e-f¿ drb2 ( r) , v 2 (t)= [ dsb 2 (s). 
Jo Ja 

Now, our theory gives us the formula for the explicit general solution of (3.1). In fact, by using 
the first factorization for g(t), the solution y(t) with initial condition y(0) = yo can be written as 

y{t) = $(g(t),Vo) = $(exp(— ui(i)ai)exp(-u 2 (t)a 2 ), y ) 

= $(exp(-tti(í)oi), $(exp(-u 2 (í)a 2 ), y )) = e U2(t) y + ui(í) , 
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where u\(t) and u 2 (t) are givenby (3.7), namely 

y (t) = e /o ds6 2( s ) jj/o + j^ d8bi{8)e-ti dr6 *wJ . (3.9) 
Likewise, from the second factorization, 

2/(í) = $(ex P (-w 2 (í)a 2 ),$(ex P (-ui(í)ai),ito)) = e" 2(í) (y + ^i(í)) , (3.10) 

which clearly gives the same result. 

Let us consider how the affine transformation property explained in Sections 2.3 and 2.6 
looks like in this example. We know that if g(t) is a solution of (3.5), and we define g(t) = 
g'(t)g(t), being g'(t) another arbitrary but fixed curve, then (2.15) holds. If the new curve g(t) 
satisfies an equation of type (3.5), with coefficients b\(t), b 2 (t), then it holds 

( 5$) ) = Ad(3 ' (í)) ( wt) ) WwmtfW) ' Ví e 7 - 

Let us denote g'(t) = (a(t), b(t)). Then, using (3.4), we have 

, _ / 1 a(t) \ ( a{t) \_( á(t) + a(t)b(t) 

and therefore, 

6i(í) \ = ^ e~ m <t) \ ( 6i(t) \ _ / á(í) + a(í)6(í) 
7 l 1 ) \ b 2 (t) ) \ b{t) 



Víe/. (3.11) 



This equation expresses the mentioned affine action on Lie systems on the group Ai of type (3.5), 
which induces a similar property for equations of type (3.1), by using (2. 16) and (2. 17) applied to 
this case. In fact, if y(t) is a solution of (3.1) with y(0) = yo, then y(t) = $((a(í), 6(í)), y(t)) 
is a solution, with y(Q) = $((a(0), &(0)), ya), of an equation of the same type but with new 
coefficient functions given by (3. 1 1). On the other hand, this fact can be checked directly. 

We have seen how we can solve an equation like (3.1) by means of a solution of the equa- 
tion (3.5) on the affine group A\, which we have solved by the Wei-Norman method. We are 
interested now in the way the reduction method of Section 2.5 can be applied. Consider the two 
subgroups H\ and i/ 2 of A\ generated, respectively, by ai and In our coordinates, we have 

Hi = {(a, 0) | a G 1} , H 2 = {(0, b) | be R}. 

Note that Hi is a normal subgroup in A\. 

Take first the subgroup i/i for performing the reduction. Note thatif (a, b) — (0, b')(a' , 0), 
then b' = b and a' = ae b , so the projection tt l : Ai — > Ai/H\ is given by n L (a, b) = b. 
Taking the coordínate z in the homogeneous space, the left action of Ai on Ai / H\ is given by 
A((a, 6), z) = 7r i ((a, b)(a' , z)) = z + b. The fundamental vector fields with respect to this 
action are 
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which trivially satisfy [X 1 1 , X 2 1 ] = X 1 1 . Therefore, the equation on the homogeneous space 
for which we need one particular solution is z = —b 2 (t). Assume we have a curve gi(t) on 
Ai such that its projection TT L (gi(t)) = z(t) satisfy the previous equation, for example g\{t) = 
(0, z(t j). Then, applying Theorem 2.5.1, we reduce the problem to one in H Í7 by means of the 
formula (2.37) adapted to our case, 

Rh(t)-Uh(t)(h(t)) = - Ad( 3 ^ 1 (í))(6i(í)ai + b 2 (t)a 2 ) - L gi{t) -u gi{t) (gi(t)) . 

If we denote the desired curve in H\ as (a(í), 0), then the above expression gives ó(í) = 
-e*<*>&i(t). 

If we take instead the subgroup H 2 , following analogous steps we find that ir L : Ai —¥ 
Ai I H 2 is now n L (a, b) = a and taking again z as the coordínate on the homogeneous space, we 
have A((a, 6), z) = ir L ((a, b)(z, b')) = e~ b z + a. The corresponding infinitesimal generators 
are 

Y H2 _ 9 H2 d 

Xí ~~d~z' * 2 ~ Z d~z' 

which satisfy [X^ 2 , X 2 2 ] = X^ 2 . Therefore, we need a particular solution of i = b 2 (t)z — 
bi(t) in order to reduce the problem to one in H 2 ; if we denote gi(t) = (z(t), 0) and h(t) = 
(0, b(t)), where z(t) satisfies the previous equation, we obtain b(t) = —b 2 (t). 

The latter results become more familiar if we parametrize the Lie group Ai in a different but 
more natural and usual way. In fact, if we make the change of parameters ai = —a, a 2 = e~ b , 
with inverse a = —ai, b = — loga2, when a 2 > 0, the group law reads 

(ai, a 2 )(a' 1 , a' 2 ) = {ai + a 2 a[, a 2 a' 2 ) , 

and then, the action (3.3) is just the affine transformation group of the real line 

$((a¡i, a 2 ), y) = a 2 y + ai , a 2 > . (3.12) 

Note that we can extend the range of the parameter a 2 to a 2 ^ 0: The second kind canonical 
coordinates (a, b) used before only cover the open set with a 2 > 0. In the new coordinates, the 
neutral element is (0, 1) and (ai, a^) -1 = (— a 2 x ai, a^ 1 ). The above subgroups read now 

Hi = {{ai, 1) | ai e R} , H 2 = {(0, a 2 ) \ a 2 > 0} . 

For the first reduction, we rename z(t) = — logu(í) and a(t) — —ai(t), so the equation on the 
homogeneous space Ai /H\ is ú — b 2 (t)u. Once we know the particular solution with tt(0) = 1, 
we have to solve the equation in the subgroup Hi, á\ = b\(t)/u(t), with initial condition 
ai(0) = 0. Then, the solution starting from the identity of the equation (3.5) is, in our current 
coordinates, (0, u(t))(ee\(t), 1) = (u(t)ai(t), u(t)). The solution of (3.1) with y(0) = yo 
is then <¡>((w(í)ai(t), u(t)), yo) — u(t)(y + ai(í)). This gives a geometric interpretation to 
one usual rule for solving (3.1): Once we know a particular solution u(t) of the homogeneous 
equation, then the change of variable y = u( will simplify the original equation to the problem 
of finding the general solution of £ = bi (t) /u(t). 

For the second reduction, we rename z(t) — —u(t), b(t) = — loga 2 (t), so we have to find 
the particular solution with u(0) = of the equation on A\/H 2 , ú = b 2 (t)u + b\(t), and then 
solve the equation on the subgroup H 2 ,á 2 = b 2 (t)a 2 with a 2 (0) = 1. The solution starting from 
the identity ofthe equation (3.5) reads now (u(t), 1)(0, a 2 {t)) = (u(t), a 2 (t)), and the solution 
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of (3.1) with y(0) = yo is then $((u(t), a 2 {t)) 1 yo) — a 2 (t)y + u(t). This corresponds again 
to another well-known change of variable for solving (3.1): When we know a particular solution 
u(t), the change of variable y = u + ( leads to find the general solution of the homogeneous 
equation ( = b 2 (t)(. 

The two mentioned methods for solving the inhomogeneous linear differential equation are 
usually found in classical textbooks like [107, 174, 191,254]. Now, we have seen that they are 
nothing but particular cases of a more general methodology, of geometric origin, for reduction 
of systems of differential equations to simpler ones. 

In this way, the last method can be generalized when one considers an inhomogeneous linear 
system like (1.8), whose associated group is the corresponding affine group. Given a particular 
solution, the problem is reduced to another one on its stabilizer, i.e. the group GL(n,M.), or, in 
other words, to a homogeneous linear system. 

3.2 Lie systems related to SL(2, R) 

This section is devoted to study several examples of Lie systems for which the associated Lie 
algebra is SÍ(2, M), the Lie algebra of the Lie group SL(2, E) of real invertible matrices 2x2 
with determinant equal to one. As it is welLknown, this Lie algebra can be identified in a natural 
way with the set of the real matrices 2x2 with trace equal to zero, being the Lie product just the 
matrix commutator. We choose the basis 

«i=(¡¡ "q 1 ), a 2 = \ (- 1 5), a 3 =(j °), (3.13) 

such that the commutation rules read 

[ai, 02]= ai, [ai,a 3 ] = 2a 2 , [a 2 , 03] = a 3 • (3.14) 

Basically, we will consider three types of Lie systems associated to the three different Lie 
algebras of vector fields in two real variables, up to local diffeomorphisms, isomorphic to the 
Lie algebra sl(2, M), see, e.g., [106, 143]. One of them corresponds to the simultaneous trans- 
formation of the components of R 2 by homographies, giving thus rise to a pair of equal Riccati 
equations. The Riccati equation has been considered already in Chapter 1, and is fundamental 
for the applications in physics developed in the second part of this Thesis. 

For each of these examples, we will identify the actions with respect to which the corre- 
sponding vector fields are infinitesimal generators, and the superposition formula for the general 
solution. Afterwards, in a unified way, we will treat the following aspects: Integration of these 
Lie systems by the Wei-Norman method of Section 2.4, the definition of an affine action on the 
set of Lie systems of each type as an application of the theory of Section 2.3, and the theory of 
reduction of Section 2.5 applied to the problem of finding the curve in SL(2, K) which provides 
the general solution of the previous Lie systems. Finally, we will see how the reduction theory 
can be useful to interpret some of the results of Section 1.5. 

The first system of interest is the linear system 



í)= -b 2 (t)y + h(t)z , 
i = - b 3 (t)y - ^b 2 (t)z , 



(3.15) 
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which can be written also in matrix form as 



± ( y \ = ( b 2 (t)/2 b^t) \ / y 
dt\z ) \ -b 3 (t) -b 2 (t)/2 ) \ z 



(3.16) 



The second one is the already mentioned pair of Riccati equations, 

y = h(t) + b 2 (t)y + b 3 (t)y 2 , 

z = b 1 (t) + b 2 (t)z + b 3 (t)z 2 , (3.17) 
and the third one is the nonlinear coupled system 

y = h(t) + b 2 (t)y + b 3 {t)(y 2 - z 2 ) , 

z = b 2 (t)z + 2b 3 (t)yz . (3.18) 

In all of these three cases the coefficient functions 6¿(í), i = 1,2, 3, are assumed to be the same 
(smooth) arbitrary but fixed functions. 

Each of these three systems is related with one of the three different actions of the group 
SL(2, R) on a two-dimensional real manifold corresponding to certain canonical forms of the 
Lie algebra 5Í(2, R), see [106]. The linear system (3.15) is related to the natural linear action 
of SL(2, R) on K 2 . Considering simultaneous projective transformations of type (1.19) on the 
Cartesian product of two copies of the completed real line R = RU {oo}, gives the system of two 
equal and uncoupled Riccati equations (3.17). Finally, the system (3.18) is related to the action 
of SL(2, R) by projective transformations on the complex field C, which is identified with R 2 , 
as follows. Consider the projective action SL(2, R) on C given by 



au + ¡3 ( a ¡3 



7U + 5 ' \ 7 ¿ 



e SL(2, R), u e 



The infinitesimal generators with respect to this action are simply the vector fields in the complex 
variable u, 

d d o d 

— , u— , u 2 — . (3.19) 

ou ou ou 

The associated Lie system to this action is, according to the theory of Chapter 2, the Riccati 
equation with one complex dependent variable but with real coefficient functions 

ú = 6i(í) + b 2 (t)u + b 3 (t)u 2 . (3.20) 

If we take now the usual identification of C with M 2 by taking u = y + iz, y = Re u, z = Im u, 
the previous equation becomes the system (3.18). 

Now, the systems (3.15), (3.17) and (3.18) describe the integral curves of the í-dependent 
vector field bi(t)Xi + b 2 (t)X 2 + b 3 (t)X 3 , where X\, X 2 and X 3 are, respectively, 

1 dy ' 2 2 dy 2 dz ' 3 ' ¡ dz ' ) 

= # + X 2 =y^- + z^, X 3 =y 2 ^- + z 2 ^-, (3.22) 

dy oz oy oz oy oz 

Xi = £-, X 2 =y-^- + z-^, X 3 = (y 2 -z 2 )-?- + 2yz^-, (3.23) 
oy oy oz Oy Oz 



58 Use ofthe theory of Lie systems Chap. 3 

and for each of these instances, the commutation rules are 

[X 1 ,X 2 ]=X 1 , [X U X 3 ]=2X 2 , [X 2 ,X 3 ]=X 3 , (3.24) 

therefore they genérate Lie algebras of vector fields isomorphic to the Lie algebra S 1(2, R), see 
also [106] and [143,Table 1]. 

The flows of these vector fields are the following. For (3.21) we have 

4>x l (e, (y, z)) = (y + ez,z), 4>x 2 (e, {y, ¿)) = (e e/2 y, e _e/2 z) , 
&x 3 (e, (y, z)) = (y, z-ey); 



X! (e, (y, z)) = (y + e, z + e) , (f>x 2 (e, (y, z)) = (e e y, e e z) , 

y z 

1 — ey' 1 — ez 



for (3.22), 

4>x 1 {e, (y, 

<f>x 3 { € , (y, z)) 
and for (3.23), 

Xl (e, (y, ^)) = (y + e z, z) , </> X2 (e, (y, z)) = (e e y, e e z) , 
<t>x 3 (e, (y, z)) 



y-e(y 2 +z 2 ) 



l-2ey + e 2 (y 2 + z 2 )' 1 - 2e y + e 2 (y 2 + z 2 ) 

We see that the vector fields X 3 in (3.22) and (3.23) are not complete, so instead of considering 

actions of SL(2, R) on R x R and R 2 , we should take, in the first case, the product R x R, and 

2 

in the second case, the completed plañe R = R 2 U {00} with the point at infinity. 

Taking into account (3.13) and (2.2), we see that the vector fields (3.21), (3.22) and (3.23) 
are basis of infinitesimal generators, respectively, for the linear action $! : SL(2, R)xR 2 — > R 2 , 
defined by 

$1 (y, (y, z)) = (ay + {3z, ly + Sz) , (3.25) 

the action $ 2 : SL(2, R) x (R x 1) -> (1 x R), defined by 

^2(9, (y, z)) = (y, z) , where 
_ ay + ¡3 S S 

y = — — f lf vr — , y = °° if y = — , (3.26) 

7y + ó 7 7 

y = — if y = oo , and analogously for z , 

7 

and the action $ 3 : SL(2, l)xl% R 2 , defined by 

if, í i w (a7(y 2 + z 2 ) + y(a¿ + gy) + ffi, z) 

*s(ff, (y,*)) = 72(y2 + z2)+2yy¿ + ¿2 . rf (». ^ (-*/7, 0) , 

$ 3 (y, oo) - (a/ 7 , 0) , <1> 3 (y, (S/j, 0)) = oo , (3.27) 
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g=(° J)eSL(2,R), 



in the three cases. 

We already know what are the superposition formulas for the Lie systems (3.15) and (3.17): 
The first of them is just a special instance of systems of type (1.7) with a superposition func- 
tion of type (1.2), that is, (y, z) — Ci(j/i, z\) + €2(1/2, z 2 ) where ci, C2 are real constants and 
(¡ji, Zi), i = 1, 2, are non-proportional particular solutions of (3.15). With respect to (3.17), it 
is enough to remember the superposition formula (1.21) for the Riccati equation, therefore the 
superposition formula for (3.17) reads 



where (y¿, i = 1, 2, 3, are any three functionally independent particular solutions of (3.17) 
and k y , k z are constants. The superposition rule for (3.18) is slightly more involved and can be 
found as follows. 

Remember that (3.18) is the separation into real and imaginary part of the Riccati equation 
in one complex variable (3.20). For this last equation, a similar superposition rule to (3.28) holds, 
but with complex particular solutions and complex constant. Therefore, it suffices to sepárate the 
real and imaginary part of such an expression, which is a simple but cumbersome calculation. 
If Uj = yj + izj, yj — Keuj, Zj — Imuj, j = 1, 2, 3, are three independent particular 
solutions of (3.28), and k\, k2 are two arbitrary real constants, the following expressions give the 
superposition formula for the Lie system (3.18): 



N y = yi {(y 2 - y 3 ) 2 + (z 2 - Z3) 2 } 

+ ki{yl y 3 + (y 3 - y 2 )yl + (zi - z 2 ) 2 y 3 

- V2ÍVÍ + (zi - z 3 f) - Vl {{ V 2 - y 3 f + [z2 - z 3 ) 2 )} 

+ k 2 {yl{z 2 - zi) + vi {zi - z 3 ) + {z 3 - z 2 ){yl + {z x - z 2 )(z 1 - z 3 ))} 
+ {k¡ + k¡)y2{(yi - y 3 f + [z t - z 3 ) 2 } , 



{y, z) = 



yi(y 3 - yi) + k y y 2 (yi - y 3 ) z x (z 3 - z 2 ) + k z z 2 {zi - z 3 ) 
(y 3 - V2) + k y (yi - 2/3) ' {z 3 - z 2 ) + k z (z! - z 3 ) 



) 



(3.28) 




(3.29) 



where 
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N z = Zl {(y 2 - y 3 ) 2 + (z 2 - z 3 ) 2 } 

+ ki{y 2 {z 3 - z x ) - yj(zí + z 2 ) + 2y 2 (y 3 z 1 - y x z 3 ) 

+ 2 Vl y 3 z 2 - (y 2 + {zi + z 2 ){z x - z 3 )){z 2 - z 3 )} 
+ k 2 {yl(y 2 - y 3 ) +yjy 3 + y 3 {z\ - z\) 

- 2/2(2/3 + 4 - z í) + 2/1(2/3 - vi + 4 - 4)} 

+ (k¡ + k¡)z 2 {( yi - y 3 f + ( Zl - z 3 ) 2 } , 



D = (y 2 - y 3 ) 2 + (z 2 - z 3 ) 2 

- 2fci{(j/i - 2/3X2/2 - 2/3) + (21 - z 3 )(z 2 - z 3 )} 
+ 2k 2 {y 3 (z 2 - zi) + 2/2(21 - z 3 ) + 7/1(2:3 - z 2 )} 
+ (k¡ + k 2 ){( yi - y 3 ) 2 + ( Zl - z 3 ) 2 } . 

For example, the particular solutions (2/1, 2a), (2/2, £2) and (2/3, Z3) can be obtained by taking 
k\ — k 2 = 0, the limit k\ — > 00 (or fc 2 — > 00), and fci = 1, &2 = 0, respectively. In particular, if 
we restrict the system (3.18) to the real axis we recover, essentially, one of the Riccati equations 
of (3.17); likewise, the previous superposition formula reduces to one of the components of 
(3.28) in such a particular case. 

We turn our attention now to the common geometric structure of the previous Lie systems. 
When we have a matrix group, or a faithful matrix representation of the Lie group of interest in 
a specific case, and the corresponding matrix representation of its Lie algebra, the calculation 
of quantities like the the differentials of the right and left translations in the group is greatly 
simplified. In fact, an expression like R g t y t)- 1 *g{t) (<?(í)) becomes the matrix product g(í)g(í) _1 , 
and the adjoint representation of such a Lie group can be calculated by the rule Aá(g)a — gag^ 1 , 
for all a in the Lie algebra. Otherwise, in order to perform explicit calculations we need to know 
the product group law in terms of some parametrization of the Lie group, and in any case the 
relations of definition of the Lie algebra with respect to certain basis. 

Now, the three Lie systems (3.15), (3.17) and (3.18) can be regarded as three different 
realizations on homogeneous spaces of the right-invariant Lie system in the group SL(2, R), 

gi^git)- 1 = -6i(í)ai - b 2 (t)a 2 - b 3 (t)a 3 , (3.30) 

with initial condition, say, g(0) = id. Let us treat this problem by the Wei-Norman method. 
Taking into account (3.14), we have 
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ad(oi) = | 2 | . acKí/o) = | 0). a<l(í/ ;í ) 
therefore 

cxp(— v ad(ai)) = I 1 — 2v | , exp(— v ad(a2)) 

\ * 

exp(— v ad(a 3 )) 
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— V 


v 2 





1 


-2v 








1 





Table 3.1. Wei-Norman systems of differential equations for the solution of (3.30), where {ai, 02, 03} is the Lie algebra defined by (3.14). In all o 1 
instances, the initial conditions are «i(0) = «2(0) = v:¡(0) = 0. The first component of the general solution of the Lie system (3.17) and the general Lo 
solution of (3.18) are shown for each case. The second component of the general solution of (3.17) is analogous to the first one in all cases. 

Factorization of g(t) Wei-Norman system $2(ff(í), (yo, z o)) &3(g(t), (yo, z o)) 



vi = bi + b2Vi + bzvl 
cxp(— fiai) cxp(— ^202) cxp(— 1)303) i>2 = £>2 + 2í>3Ui t>i 4- e 2yo 

i>3 = í>3e" 2 



((f3«Q-l) 2 t'l+f3flZo-e" 2 (yo(t'3i/0-l)+"3Zo), e" 2 z ) 
T--V3V0 (v 3 y a -l) 2 +v'¿z'¿ 



1>1 = bie " 2 

/ \ / \ / \ -^r»^ ni +yn e ^ 2 ( v i +yo— e ^ 2 ^3 ((yo+^i ) 2 + 2 n ) f 2 o) 

cxp(-f3a3)cxp(-i;2a2)exp(-^iai) v 2 = 62 - 2&id 3 _ 1 7 2 „„ V, — ^ 2 _1"\ ., u, — / i n 

i>3 = 63 - fe2«3 + 6l«§ 



¿3 = 63 - "3(í>2 + 263V1) 



¿1 = b-ie-^ 

cxp(— 1)2(12) exp(— 113(13) exp(-t)iai) i) 2 = fc 2 — 2&ie~ 1 '2 í , 3 

i, 3 = b 3 e" 2 - bie-" 2 i)| 



e" 2 (yp+vi) 

v 3 -v 3 y (í)3("1+I/o)- 1 ) 2 +«3 z o 



Vl = 6 ie -" 2 - b 3 e v 2vj 
i>2 = b'2 + 2 
¿3 = 63 e" 2 



cxp(— ^202) exp(— uiai) cxp(— 1)303) 1)2 = b 2 + 2b¿ e" 2 vi é" 2 v\ e 2 2/0 



"31/0-1 (D32/0-l) 2 +"3^ 



t: 

ta 



Vl = 61 + ¿2^1 + í>3^i | 
exp(-, 1 a l) exp(-,3a3)cxp(-,2a2) ""^-T'' 1 ^ ~ " ~ I 



02 

¿1 = 61 + di (ta — 2&1D3) fi 

/ \ / \ / \ ■ , ¡.i tii+e W2 Tin (vi (vi ^3 — l)+e V2 (2-111113 — l)yn — e 2 " 2 "3(yn+ z n)i eW2 2 o) 
cxp(-f3a3) cxp(-Diai) cxp(— D 2 a2) -«2 = te - 2611)3 1 ^ — v , — A? , — " , 2I0 -i, i 2, 

KV o, " 1 i) 2 ^ ¿ i o l-t>it>3-e"2« 3 j /0 (iij 113 - 1) 2 +2(ii! ti 3 - l)e^ 2 i> 3 y + e 2 ^ 2 «| (yg + zg ) 

V3 = 63 - 62D3 + 61D3 w 
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for all «el Writting the desired solution of (3.30) as the product of exponentials 

g(t) = exp(-ui(í)oi) exp(-v 2 (t)a 2 ) cxp(-v 3 (í)a 3 ) (3.31) 
and applying (2.28), we are led to the system 

v 1 =bi+ b 2 v 1 + b 3 v\ , i¡ 2 = b 2 + 2b 3 V! , v 3 = b 3 e V2 , (3.32) 

with initial conditions v\(0) = v 2 (0) = t> 3 (0) = 0. Note that the first of these equations is a 
Riccati equation for v\ similar to that of the system (3.17), but with initial condition vi(0) = 0. 
The whole system is not integrable by quadratures since the Lie algebra S 1(2, R) is simple, but 
if we are able to obtain the solution v\ with i>i(0) = of the Riccati equation, the other two are 
integrable by quadratures. 

The solution of (3.30) can be factorized in a similar way to (3.31), choosing any of the other 
five different orderings of the basis (3.13), leading to other five systems for the corresponding 
second kind canonical coordinates. In general, these systems are not integrable by quadratures 
either. However, once we know by some means the solution of any of the six systems, the general 
solution of any Lie system with associated Lie algebra SÍ(2, M) can be obtained from it. In 
particular, this holds for the systems (3.15), (3.17) and (3.18). We have summarized in Table 3.1 
the Wei-Norman systems for the six factorizations, and correspondingly, the expressions of the 
general solutions of the systems (3.17) and (3.18); those of (3.15) can be calculated similarly. 

We must remark here that Redheffer [283, 284] (see also [273, 342] and references therein) 
has developed a method for finding the solution of the Riccati equation, by transforming it into 
a system which turns out to be the Wei-Norman system (3.32). Moreover, he introduced a bi- 
nary operation [284, p. 238] which is nothing but the group transformation law of SL(2, R) 
written in terms of the second kind canonical coordinates corresponding to the factorization 
cxp(uai) exp(2wa2) exp(wa 3 ), for group elements in a neighbourhood of the identity. There- 
fore, the theory we are discussing generalizes some of the mentioned results and give them a 
geometric foundation. 

The action of the group of SL(2, K)-valued curves on the set of Lie systems (3.15), (3.17), 
(3.18) or (3.30), cf. Section 2.3, is as follows. Firstly, we have to calcúlate the adjoint represen- 
tation of SL(2, M) and he quantity g(í)g(í) _1 for any smooth curve g(t) in this Lie group, with 
respect to the basis (3.13). In this case we can use the expression Ad(g)a = gag^ 1 , for all a in 
the Lie algebra and g in the Lie group, leading to 

Ad(g) = \ -2a 7 aS + /3 7 -2(35 ) , when g = ( " ^ ) e SL(2, M) . (3.33) 




Moreover, if 



9(t)=( ?í| 25 ) €SL(2,R) for allí, 



7 (í) 5(t) 



we have 



= (f3á — a$) ai + (aS — Sá + -f$ — (3j) a 2 + (Sj — -yS) a 3 . 
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wherejai, 03} is the basis of5((2, R) givenby (3.13), and we have made use of 6á + a.5 — 
7/3 — /37 = 0, consequence of aS — (3j = 1. Therefore we can write, although with a slight 
abuse of notation, 

/ a/3-/3á 
g(t)9{t)~ í =- Sá - aS + /3 7 - 7/3 
\ 7<5 — ¿7 

By the theory of Sections 2.3 and 2.6 we have the following result. 

Proposition 3.2.1. Let (y(t), z(t)), (y(t), z{i)), (y(t), z(t)), and g(t) be solutions, 
respectively, of the Lie systems (3.15), (3.17), (3.18) and (3.30), startingfrom (y , z n ), (y , z ), 
(yo, z a) and the identity in SL(2, R). Let 



9'{t) = 



a(t) /3(í) 
7 (í) S(t) 



be a smooth curve in SL(2, R). Then, the new functions <¡>j(</(i), (y(t), z(t))), i = 1, 2, 3, 
and g 1 (t)g(t) are solutions, respectively, ofLie systems oftype (3.15), (3.17), (3.18) and (3.30), 
startingfrom $¿((/(0), (y 0} z a )), i = 1,2, 3, and g'(0), but with coefficient functions givenby 

a$ — (iá 
aS + P'j — 7/3 
7<5 — 5 A f 

Moreover, this transformation law for the coefficient functions defines an affine action of the 
group of SL(2, R)-valued curves on Lie systems oftype (3.15), (3.17), (3.18) and (3.30), respec- 
tively. 




If we consider the particular case of Lie systems with associated Lie algebra S [(2, M), like 
(3.15), (3.17), (3.18)or (3.30), but with constant coefficients bi, b 2 and 63, and we transform them 
by using only constant matrices of SL(2, R), the above affine action reduces, essentially, to the 
adjoint representation of SL(2, R). Using the Killing-Cartan form on s((2, R) we can establish 
a one-to-one correspondence of it with its dual s((2, R)*, and the action turns out to be the 
coadjoint action. The orbits are then easily found: They are symplectic manifolds characterized 
by the valúes of the Casimir function corresponding to the natural Poisson structure defined on 
s((2, R)*, which in the basis taken reads b\ — 4&i& 3 . Thus, Lie systems with associated Lie 
algebra SÍ(2, R), for example of the types mentioned, and with constant coefficients, can be 
classified according to the coadjoint orbits of SL(2, R). A similar result holds for Lie systems 
with associated semi-simple Lie algebras and with constant coefficients. 

We pay attention now to the question of applying the reduction method associated to sub- 
groups of SL(2, R) in order to solve (3.30), cf. Section 2.5. To this end, we will take Lie sub- 
groups H of SL(2, R) determined by their Lie algebras, i.e., Lie subalgebras of sl(2, R). With 
respect to the basis (3.13), we can easily distinguish some Lie subalgebras. Apart from the one- 
dimensional ones, generated by single elements of SÍ(2, R), we see that {ai, 02} and {02, 03} 
genérate Lie subalgebras isomorphic to the Lie algebra of the affine group in one dimensión, see 
(3.14) and (3.2). 



Table 3.2. Some possibilities for solving (3.30) by the reduction method associated to a subgroup, cf. Section 2.5. We denote G = SL(2, R), and take 
Lie subgroups H whose Lie subalgebras of (3.14) are the ones selected. See explanation and remarks in text. 



Lie subalgebra tt l : G -y G/H 



A : G x G/H -> G/H and fund. v.f. 



gi (í) and Lie system in G/H 



h(t) and Lie system in H 



{cí2, a 3 } 



{ai, a 2 } 



{«2} 



g^/3/S 



g i ^ a/7 



(a, 7) 



(9, 2/) 



a y+P 
7 y+<5 



Xf =dy,X? =ydy, 

X* =y 2 d y 



(fl> y) 



a y+P 
i y+S 



Xf = d y ,X« =yd y , 

X" = y 2 8y 

(s> {y, *)) >-> {a y + ¡3 z, -y y + S z) 

X" = zd y ,X« = (yd y -zd z )/2, 
X* = -yd y 



(a/ 7 ,l/ 7 ) (g, (y, z)) * (^±f, ^) 



1 V(t) \ 

o i ) 



y = fe + b 2 y + fe y 2 , 
2/(0) = 

( !T^(t) 1 ) 

y = fe + fe 3/ + fe 2/ 2 , 
3/(0) = oo 



3/(í) 
z(t) s/-l(t) 



y = fe z + fe y/2, y(0) = 1 
i = -63 y - fe z/2, z(0) = 



Xf = d y , Xf = y d y + z d z /2, 
X» =y 2 d y + yz d z 

(13/5, 7 ¿) (g, (y, z)) 

» (*ííf. (iy + S)Ml+yz)+Sz)) 

Xf =6y,X 2 H =ydy-zd Z , 

X" = y 2 d y -{2yz + l)d z 



y(t)z- x {t) 

z~\t) z{t)y~\t) 



y = fe + fe 3/ + fe í/ 2 , 3/(0) = oo i 
i = fe z/2 + fe yz, z(0) = oo 



/ l + 3/(t)z(í) 3/(t) \ 

V *(*) i ; 



u(t) 

l)(t) u 



-°(t) ) 



(b 2 /2 + b 3 y)u, u(0) = l 

-(6 2 /2 + 6 3 3/)f - fe u, u(0) = 



-l(í) «(t) \ 
w(t) ) 



(fe/2 + fe/3/)« + fe v, u(0) = 
~(b 2 /2 + b 1 /y)v, v(0) = l 

1 x(t) \ 
1 ) 

= b 1 /y 2 , x(0) = 



1 x(í) 
1 



: b 1 z 2 /y 2 , x(0) = 



x(t) 
x 



""(i) ) 



3/ = fe + 62 3/ + 63 y 2 , 3/(0) = i; 
¿ = -fe 2 - 63(1 + 2 í/z), z(0) = 



(fe/2 + 63 2/)s, x(0) = l 



where 3 =( = £ ) 6 G and [Xf , Xf ] = Xf , [Xf , Xf ] = Xf , [Xf , Xf ] = 2Xf in all cases 
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Consider for a start the 1-codimensional Lie subgroup H whose Lie subalgebra is {a 2 , 03}, 
that is, 

' u 



H = 



v u 1 



u i= , v e M } , (3.34) 



which is isomorphic to the affine group in one dimensión Ai . Now, consider the open set U of 
SL(2,R) given by 

«={( " ¿ ) e5L(2,R) ¿^0 

Then, any element in W can be factorized, in a unique way, as the product 

a ¡3 \_ í 1 0/6 \ ( 1/6 
1 6 )-\0 1 ){ 1 6 

where the second matrix factor belongs to H . Therefore, we can parametrize (locally) the homo- 
geneous space M = SL(2, R)/Hby means of the coordinate y, defined in such a way that the 
projection reads 

tt l : SL(2, R) — > SL(2, R)/H 

Then, the left action of SL(2, M) on M is given by 

A : SL(2, K) x M — > M 

a P\ \ L (( a l3\(l/5' + iy yó' \\ _ ay + g 

7 6 )' V ) ^ n {{ 7 ó ) \ i 6' )) ~ iy + ó> 

where 7' and 5' are real numbers parametrizing the lift of y to SL(2, IR). In this way we recover, 
essentially, one of the components of the action (3.26) previously considered as related with the 
system of equal and uncoupled Riccati equations (3.17). Needless to say, the subgroup H is the 
isotopy subgroup of y = with respect to A and ir L (H) = 0. The corresponding fundamental 
vector fields can be calculated according to (2.2), and they are 

X? = ^r, X* = y^-, X » = y 2 ^-, 
1 dy 2 y dy 3 y dy 

which satisfy [Xf, X%\ = Xf, [Xf , X^} = X£* and [X 2 H , Xf] = 2X? . If we factorize 
the solution starting from the identity of (3.30) as the product 

9l{t)h{t) -{o 1 ){ v(t) u-\t) 

where gi(t) projects onto the solution 7r L (gi(í)) = y(t), with y(0) = 0, of the Lie system on 
the homogeneous space M, y — b\(t) + b 2 {t)y + b 3 (t)y 2 , then we reduce the problem to a Lie 
system in the subgroup H for h(t), with h(Q) = id. The expression of this last system is given 
by Theorem 2.5.1, i.e., 

h^hit)- 1 = - Ad(. 9l - 1 (í))(fe 1 (í)a 1 + b 2 (t)a 2 + b 3 (t)a 3 ) - </i(t) _1 ffi(í) . 
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Upon substitution, we finally obtain the system 

ú=(^-+b 3 (t)y(t) S ju, u(0) = l, 

v = -(^Y- + b 3 (t)y(t) S jv-h(t)u, W (0) = 0, (3.35) 

which is a Lie system for H = A\. Since this group is solvable, the system can be integrated by 
quadratures. 

Analogously, we can consider the reduction by other subgroups. For example, we have 
considered as well the reduction by the subgroup H, isomorphic again to Ai, whose Lie algebra 
is madeupbyjai, a 2 }. The arising homogeneous space M = SL(2, R)/H can be identified as 
a neighbourhood of the point at infinity in R, the isotopy subgroup of the left action of SL(2, R) 
on M being H, and ir L (H) = oo, where tt l : <SX(2, R) — > M is the canonical projection. 
The results are similar and are summarized in the second row of Table 3.2. In the same table 
we have considered three other cases. The first two of them correspond to the reduction by the 
subgroup generated by ai. The difference between them is that we choose different coordinates 
for the corresponding homogeneous space: If (y, z) are the coordinates of SL(2, R)/H in the 
first case, and (y, z) are those of the second case, they are related by y = y/z and z = 1/z. 
The first parametrization yields the linear action (3.25) of SL{2, R) on R 2 , with infinitesimal 
generators (3.21). These vector fields appear in [106] and [143, Table 1, 1.5]. The second choice 
of coordinates gives the fundamental vector fields shown in the fourth row of Table 3.2, which 
are also those of Table 1, 11.18, loe. cit. The last of the cases considered corresponds to the 
reduction by the subgroup generated by a 2 , with the simplest parametrization we can think of 
for the associated homogeneous space. The arising action and infinitesimal generators are shown 
in the last row of Table 3.2. The fourth and fifth cases of reduction considered yield other two 
realizations of Lie systems with associated to the Lie algebra SÍ(2, R), namely 

y = h{t) + b 2 (t)y + b 3 {t)y 2 , i = l -b 2 (t)z + b 3 (t)yz , (3.36) 

and 

y = b 1 (t)+b 2 (t)y + b 3 (t)y\ i = -b 2 (t)z - b 3 (t)(í + 2yz) , (3.37) 

which can be dealt with as well by the previous methods considered, Le., the Wei-Norman 
method and reduction procedure. Likewise, the Proposition 3.2.1 can be extended to cover these 
systems as well, taking into account the corresponding actions shown in Table 3.2. On the other 
hand, note that the two systems (3.36) and (3.37) consist of a Riccati equation and a first order 
differential equation, which becomes a linear differential equation once the Riccati equation is 
solved. 

3.2.1 The reduction method for the Riccati equation 

To end this section, let us show that the reduction method explains some of the results of Sec- 
tion 1 .5, in relation to the reduction of Riccati equations to simpler ones when we know particular 
solutions of the former. 

Remember that according to the general theory, the solution of the Riccati equation 



y = b 1 {t) + b 2 {t)y + b 3 {t)y 2 , 



(3.38) 
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with y(0) = yo is obtained as y (i) = yo)> where £?(í) is the solution of (3.30) with 

g(0) = id, and $ is the action 

$ : 51,(2, I)xl — >R 

{g, y) 1 — > ®{g, y) = y, 

_ ay + /3 6 _ 5 

y = — F lf ' y=°o if y = , (3.39) 

jy + ó 7 7 

and y = — if y = oo , 

1 

where 

S=(" J)e5L(2,R). 

In particular, consider the solution yi(t) of (3.38) with yi(0) = 0, which will be constructed as 
2/i (t) — $>(g(t), 0). We want to find now the most general expression for g(t) which fulfills the 
previous equation. From the definition of $, we observe that 



»(.)-.((; »f ).») 



but of course, this is not the most general possibility, since there is an ambiguity because of the 
stabilizer of with respect to $: We have 

*íl a P),o) = í = o 



7 s y j s 

if and only if ¡3 = 0, therefore the mentioned stabilizer is the subgroup 

u 



H - 



v u 1 



u t¿ , »e 



which on the other hand coincides with the previously considered Lie subgroup whose Lie alge- 
bra is made up by {02, 03}. Therefore, we can write 



1 / V W W u ~ (*) 

where u(í) and u(t) are to be determined but satisfy u(0) = 1, v(0) = 0. Then, the desired g(t) 
with 5(0) = id takes the form 



g(t) 



1 yi (t) \ ( u(t) 
1 ) \ v(t) u- x {t) 



which is exactly the factorization for the reduction example considered before. As a consequence, 
the functions u{t) and v(t) have to be the solution of the system (3.35), with y(t) replaced by 

yi (t). 

Now, the curve in Hq, which is isomorphic to Ai, can be further factorized in terms of the 
subgroups associated to the cotranslations (generated by a¡) and dilations (generated by 02): 

u{t) \ _( 1 \ / u(t) 
v(t) u-\t) )-[ z-\t) 1 J \ u-\t) 
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where z(t) — u(t)/v(t) for all t. We have, using (3.35), 

ú u . (b 2 \ u u ( b 2 \ u 

v v z \ 2 J v v z \ 2 J v ¿ 

= (b 2 + 2b 3yi )z + b 3 z 2 , 

and z(0) = oo. We can rename u(t) = w 1 / 2 (í) for all t, and then w(t) satisfies 

w = (b 2 + 2 b^yijw , u>(0) = 1 . 

In short, we have that the curve in SL(2, R), solution of (3.30), can be factorized as 



g(t) = 



1 yi (t) \f 1 oW w v 2 (t) o 
o i y V 1 J \ o w" 1 / 2 ^) 



where yi(t), z(t), w(t) are, respectively, solutions of 

y = b 1 (t)+b 2 (t)y + b 3 (t)y 2 , 2/(0) =0, (3.40) 

¿= (6 2 (í) + 2 6 3 (% 1 (í))z + 6 3 (í)z 2 , 0(0) = 00, (3.41) 
w = (b 2 (t) + 2b s (t) yi (t))w, w(0) = l. (3.42) 

Then, going back to the solution of (3.38) with y(0) = y , we can write y = < l ) (.g _1 (í), y(t)), 
that is, 

_ $ /Y w ~ 1/2 -í«- 1/2 yi \ \ _ (y-vi)z f3 43) 

-^^-^-1 «,1/2(3-1^ + 1) j'^ + (3 ' 4J) 

On the other hand, it is easy to check that the solutions of (3.41) and (3.42) we need can be con- 
structed from two other particular solutions of (3.38) in addition to yi(t), namely, the particular 
solutions y 2 (t), y 3 (t) with y 2 {Q) = 00 and 1/3(0) = 1. In fact, under these conditions, 

« = J "f 1 ) ,2/2) =2/2-2/1 

is the desired solution of (3.41), and 



2/2 - 2/3 



is the desired solution of (3.42). Substituting into (3.43), we have 

(2/ - 2/i)(2/2 - 2/i) (2/ - 2/1X2/2 - 2/3) 



?yo = ,„ -„ l)( „ 2 - ,„>, r = 7— T77 T - T • (3-44) 

(j/2-3/3) 



^^^^ (2/1 -2/ + 2/2 -2/i) (2/ -2/2) (2/1 -2/3) 



Since any set of independent initial conditions for three particular solutions of the Riccati equa- 
tion can be obtained from the set 00, 0, 1 by an element of SL(2, R) under $ (and then y 
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may change as well), we recover the nonlinear superposition principie for the Riccati equation, 
compare with (1.63). 

Similar results can be obtained if we start from the particular solution yi(t) of (3.38) with 
2/i (0) = oo. Then, the stability subgroup of oo with respect to $ is the subgroup 







v ¿ , u G 



Le., the Lie subgroup whose Lie algebra consists of {ai, 02}, and therefore also isomorphic to 
Ai. By the reduction method, see the second row of Table 3.2, we can arrive to the factorization 
of the matrix curve g(t), solution of (3.30), as 

/ 1 0\/l z{t) \ ( «,V2 (t) o 

where y\(t), z(t), w(t) are now, respectively, solutions of 

y = b 1 (t)+b 2 (t)y + b 3 (t)y 2 , 2/(0) =00, (3.45) 

& 2 (í) + 2^T)z + &i(í), *(0)=0, (3.46) 

i¿= (& 2 (í) + 2^T) w(0) = l. (3.47) 

The solutions of these systems can be constructed as well from other solutions of the original 
Riccati equation. If now 3/2 (í)> 2/3 (í) are the particular solutions of (3.38) with 2/2(0) = and 
2/3(0) = l,then 

— (( U ?V^- 



solves (3.46), and 

1 -z\ 2/32/1 \ __ 2/? (2/3 - 2/2) 



= $ 



1 /' 2/1-2/3/ (2/1 - 2/3) (2/1 - 2/2) 

solves (3.47). If we write again y = 3Kí7 _1 (í), 2/(0)' we w iU obtain 

2/(2/1 + z) - z 2/i 
2/0 = 7 : — , 

w\y\ - y) 

and upon substitution of the previous expressions, 

(y - 2/2X2/1 - 2/3) 



2/0 



(2/ - 2/1X2/2 - 2/3) ' 



which is exactly (3.44), taking into account that y\ and y 2 interchange their roles in both expres- 
sions. 

We would like to remark that the two Lie subgroups we have worked with, which are iso- 
morphic to A\, are in addition conjugated each other: 

a- 1 \ _ ( 1\ { a 1 \ ( -1 

—7 a 



1 I \ a" 1 i \ 1 
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therefore the two previous procedures transform into each other under such conjugation. 

We have seen, by means of the example of the Riccati equation, how the reduction method 
can be used for obtaining the superposition formula of a Lie system on certain homogeneous 
space. The knowledge of a particular solution reduce the problem to one in the isotopy subgroup 
of its initial condition with respect the relevant action. When not only one, but several particular 
solutions of that Lie system are known, we reduce the problem to the subgroup made up by the 
intersection of the isotopy subgroups of all initial conditions. Taking the minimum number of 
particular solutions such that the intersection of the isotopy subgroups is just the identity, we can 
reconstruct the curve in the group G in terms of these particular solutions, thus leading to the 
superposition formula, see also [13, 14,60,335]. 





-1 









i 









( 










-1 


• 


, «5 








: 


. a 6 = 




















v o 









v o 





o / 



3.3 Lie systems related to SL(3, M) 

We will consider in this section examples of Lie systems with associated Lie algebra s((3, R), 
the Lie algebra of the Lie group SL(3, R) of real invertible matrices 3x3 with determinant 
equal to one. As in the case of SÍ(2, R), this Lie algebra is realized in a natural way by the set 
of real matrices 3x3 with vanishing trace, and the Lie product is given again by the matrix 
commutator. We recall that the group SL(3, R) is the maximal symmetry group of the dynamics 
of the free particle in the plañe, see, e.g., [12, 145]. The basis of SÍ(3, R) we will work with is 

1 ¡ -1 
«2 = ~ 1 | , a 3 
¿ \ o 
/ _ 1 II 1 1 \ / 

6 



(3.48) 



with the non-vanishing commutation rules 

[ai, a 2 ]=ai, [ai,a 3 ] = 2a 2 , [ai,a 6 ] = -a 5 , [ai,a 7 ]=a 8 , 
[a 2 ,a 3 ] = a 3 , [a 2 , a 5 ] = -^a 5 , [a 2 , a 6 ] = ^a 6 , [a 2 , a 7 ] = ^a 7 , 

[a 2 , ag] = -^a 8 , [a 3 , a 5 ] = a 6 , [a 3 , a 8 ] = -a 7 , (3.49) 

[a 4 , a 5 ] = -^a 5 , [a 4 , a 6 ] = -^a 6 , [a 4 , a 7 ] = ^a 7 , [a 4 , a 8 ] = ^a 8 , 
[a 5 , a 7 ] = 3a 4 + a 2 , [a 5 , a 8 ] = ai , [a 6 , a 7 ] = -a 3 , [a 6 , a 8 ] = 3a 4 - a 2 . 

The first Lie system we will study has as solutions the integral curves of the í-dependent 
vector field X)¿=i h(t)Xi, where the coefficient functions 6¿(í), i = 1, . . . , 8 are (smooth) 
arbitrary but fixed functions, and {X\, . . . , X$} is a basis of vector fields in two real variables, 
with polynomial coefficients of at most second order, generating a Lie algebra isomorphic to 
sl(3, R). We would like to recover a Lie system of a previously studied type when restricting 
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ourselves, for example, to a subalgebra £l(2, M). Then, we choose for simplicity that the first 
three elements X\, X 2 and X 3 of the previous basis be given by (3.21), and therefore, a basis of 
vector fields with all the requirements is (see, e.g., [143, 336] and references therein) 

X ® j£ V ® z ® x ® 
1 dy ' 2 2 dy 2 dz ' 3 ^ ' 

^7 = ?y tc- + yz— . = 3/2-5- + z ^- . 

The non-vanishing commutation rules of these vector fields are analogous to those of (3.49), 
replacing the a¿'s by the X¿'s, and the matrix commutator by the Lie bracket of vector fields. 
Therefore, the system of interest is 

ÍJ = \{Ht) + h(t))y + h(t)z + b 5 (t) + b 7 (t)y 2 + b 8 (t)yz 

¿ = - h(t)y - \{b2{t) - b 4 (t))z + b 6 (t) + b 7 (t)yz + b 8 (t)z 2 , (3.51) 

which can be written in matrix form as 

— = T(t) + M(t)Y + YY T C(t) , (3.52) 

where the superscript T denotes matrix transpose, 

MÍA- ( \iUt) + Ht)) h(t) 
M[t) -{ -h(t) \ib A {t)-b 2 (t)) 



and 



The equation (3.52) is an example of matrix Riccati equation, (see, e.g., [21 1,271,272,304, 335] 
and references therein). Matrix Riccati equations play an important role in mathematical and 
physical applications [287,335], as well as in control theory [41,217]. 

In particular, note that if we put T(t) = C(t) = for all t, we obtain a linear homoge- 
neous system of differential equations, which is a linear Lie system with associated Lie algebra 
0Í(2, R), see [143, 336] for basis of vector fields generating that Lie algebra; if, further, we put 
bi (í) = (and henee TrM(í) = 0) we recover the Lie system (3.16) for 5 ((2, M). 

As it is welLknown, the real projective space RP™ -1 is the quotient of R™ \ {0} by the 
equivalence relation 

y~\y, VAeR\{0}, 

where y <G R" \ {0}. An atlas of nonhomogeneous coordinates for RP" -1 is constructed as 
follows. Take the atlas of R™ \ {0} given by the n charts {(Uk, id)}£ =1 , where id is the identity 
map and 

U k = {( Vl , . . . , y k , . . . , y n ) e R n \ {0} | y k ¿ 0} . 
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Let fk be the maps defined by 

fk ■ Uk 

(yi, Vk, ■■■,y n ) 



m_ yk-i Uk+i yn 

Vk' '"' Vk Vk ' ' ' Vk 



for all k — 1, . . . , n. Let ir : R™ \ {0} -> RP™ -1 be the natural projection, and let a k : 
n(Uk) — > Wfc be local sections of 7r, i.e., 10^ = Id^^) f° r all fc = 1, n. Then, 
{(n(Uk), fk a k)}k = i is an atlas of nonhomogeneous coordinates of RP™ -1 . 

By using (3.48) and (2.2), the eight vector fields (3.50) can be regarded as a basis of fun- 
damental vector fields with respect to the action of the group SL(3, R) on the projective space 
RP 2 which reads, in a chart of nonhomogeneous coordinates (y, z) of RP 2 , as [1 1, 14] 



(3.53) 



Essentially, we have considered the analogous action of the group 1 SL(2, R) on RP 1 = K 
previously, see (1.19) and (3.39). The action (3.53) can be written in a more compact way using 
the matrix notation. If we denote 




A 



7 í)' T= (p)' a= (» 



then we have 



$ : SX(3, R) x RP 



2 



a T lo )> Y ) ^ a^Y + Lü 

Now, inspired by what we have seen in Section 1.5 and specially, in Subsection 3.2.1, we 
wonder if certain changes of variable, based on the election of subgroups of SL(3, R) and by 
means of the action (3.54), can reduce the original Lie system (3.52) to simpler problems, pro- 
vided that some particular solutions of certain equations are known. 

The scheme of reduction will be analogous to the first used in Subsection 3.2.1, that is, we 
will consider first a particular solution of (3.52), construct a transformation by means of it, and 
then the following reductions are made according to subgroups of the isotopy subgroup of Y = 
with respect to the action $ given above, which is made up by matrices of the form 

A 

Thus, we start considering the Abelian subgroup generated by {a 5 , a 6 }. Take the new 
variable 

r (1) = *(( o -?),y)=y- Yí , 



1 Or PL(1, R) SL(2, ffi)/Z 2 if we consider an effective action. 
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where 

* = ( Z ) 

will be determined by the requirement that the new equation of type (3.52) for y W should have 
no independent term. The time derivative of y W is 

y(i) = y _ yí = (M + yT C + y lC T )y (i) + y (i) y (i)T C 

+ T + Mii + VilfC - Yí , 

where it has beenused (3.52) and Y = Y^ + Y\. Then, Y\ mustbe taken as a particular solution 
of (3.52), and therefore, the new equation for Y^ is 

y« = M«y« + y(Dy(D r c , (3 .56) 

where M^ = M + Y^C + Y\C T . We transform now Y^\ using a suitably chosen curve on 
the Abelian subgroup generated by {07, as}, 

with inverse 

yV = *(( !í °Vy(^= y(2) 



(7/ 1 y ' y 1 + t/fyí 2 ) ' 

in order to reduce to an equation with no quadratic term. The time derivative of Y^ 2 \ using 
(3.56) and the previous expressions, reads, after some algebra, 

y( 2 ) = M«y< 2 ) + y(2)y(2)T (c + J y i + m Cl)t u{) 

Therefore, 

v > - ( £ ) < 3 - 57 > 

has to be a particular solution of the equation 

Üi = -C - M {1)T Ui , (3.58) 
and then, the new equation for Y^ is 

y(2) = M (l)y(2) _ (3 59) 

This equation can be further reduced to a linear Lie system of type (3.16), by using a curve on 
the subgroup generated by {a 4 }, that is, 

y(3) = $^ a ^ 6id J /3 y y( 2 )) = a-W) , 

with inverse y( 2 ) = a 1 / 2 y' 3 '. Then, we have 

y(3) = ^ M (i)_|_ id ^ y(3) ; 
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and a must be chosen such that the new matrix has zero trace, that is, 

Tr ( M« - A id ] = TrM« - - = , 
V 2a J a 

henee a should be a particular solution of the linear homogeneous equation a = aTrM' 1 ). If 
we define = AfW - \ Tr id, the new equation for is 



y(3) = M (2)y(3) ^ (3 6Q) 



or more explicitly, 



(3.61) 



d_í y (3) \ / I(6 2 + 6 7!/11 -6 8í/12 ) 6i + 6 8 yn \ / y (3) 

dt\zW) \ -h + b 7 y 12 -\{b 2 + b lVll - b 8 y 12 ) ) \ 

which is a Lie system of type (3.51) or (3.52), with coefficient functions 

(2) (2) (2) 

b\' = bi + b s yii , b 2 = b 2 + &7J/11 - b$yi 2 , 63 = 63 - &7J/12 , 

&i 2) = • • • = 4 2) = . (3.62) 

Therefore, it can be regarded as well as a linear Lie system of type (3.16), whose associated Lie 
algebra is SÍ(2, R). The change of variable carrying the orig inal Y into Y^ can be obtained 
easily through the product of the three matrix transformations, 



o a v3 ; ^ -t/f 1 ; ^ o 1 

<i>(( '- 1 ' 6 " ,^ i/ :±a.a= y - y > 



with inverse change 



a l/ 3u T a l/3 (1 + ¿rTy) y , ' y (1 _ jjTp _ Yl))a l/ 2 > 

(id+yt/^y^ + y 



y = 



(t^y(3) + i)o-V2 ' 

We remark that these results can be generalized to the situation in which PL(n, R) = 
SL(n + 1, R)/Z 2 acts on RP™ by projective transformations, see [14]. However, we can formú- 
late an analogous property to Proposition 3.2.1 for all Lie systems with underlying Lie algebra 
SÍ(3, R), as a consequence of the general theory developed in Sections 2.3 and 2.6. If we take 
the basis (3.48) of this Lie algebra, the expressions of the adjoint representation of SL(3, R) 
and the curve in the Lie algebra — & g~ 1 , where g(t) is any (smooth) curve in that group, take 
the form shown in Table 3.3. By using this property, the previous scheme of reduction, with 
the same curves in the respective subgroups taken, is also useful for reducing other Lie systems, 
formulated in other homogeneous spaces of SL(3, R). 

Consider, for example, the linear action of SL(3, R) on R 3 , 

$ 2 : SL(3, R) 
a P e \ / yi 

7 5 p , \ y 2 | | — >• | - ,) f, | | y 2 \ , (3.63) 
v ¡j, w I \ y 3 
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Table 3.3. Matricial expressions of the adjoint representation of SX(3, R) and —j§g 1 with respect to the basis (3.48) of SÍ(3, 



/ a(au — eu) ^e(ap + ñu) — añu fi(ñu — ep) 

u(-ye + ap) — 2 a~/u u(aS + ñ-y) — ^e(yp + Su) — ^p(ap + ñu) p(Se + ñp) — 2 ñSu 



Ad(.g) 



\e(ap - ñu) 
\e(Su - 7/i) + \p(8v - ap) 



j(jiü — Vp) 


\p(fp + Su) - ■y Su 


S(Su — pp) 






2P(7/U - 


Su) 


3 v(ap — 7e) 


%e(-yp + Su) - |p(ctu + fiu) 


3p(ñp - Se) 




he(Su — -yp) - 


- hp(ap - 


- ñu) + Lü(aS 


cx.i'ye — cto) 
"A ' f > 


año — -e(aS + £¡7) 


3(Se - ñp) 






-e(B-y - 

2 c Vk / 


aS) 


■y (ye - ap) 


\p(aS + 8j) - 7<5e 


S(Se - ñp) 






\p{Pl - 


aS) 


v(fU — Up) 


pup - T¡u(~[p + Su) 


p(Su — pp) 






\u(~ t p - 


Su) 


u(eu — au) 


^u(ap + fiu) — epu 


p(ep - Bu) 






\u(ñu - 


ap) 


a(Bu — ap) 


B(Bu — ap) e(8u — ep) 


e(eu — au) 










2 ajp — v(B~f + aS) 


p(aS + 8-y)-2 BSu 2epp-u (Se + Bp) 


u>(ap + fe) — 2 eup 










■y(Su - 7/i) 


S(Su — -yp) p(Su) — pp) 


p(up - 70)) 










3 v(ñy — aS) 


3p(f8-y-aS) 3u(8p-Se) 


3u(je — ap) 










a(aS — ñj) 


[3(aS - 8-y) e(Se - Bp) 


e(ap - ye) 










7(«<5 — (3-y) 


S(aS ~ 8-y) p(Se - ñp) 


p(ap - ye) 










v(Su — ■yp) 


p(Sv — ■yp) u(Su — pp) 


u(vp — fu) 










u(ap — ñu) 


p(ap — ñu) u>(ep — Bu) 


u(au — eu) 


) 









dt' 



(ep ~ ñw)á + (au) — eu)$ + (ñu — ap)e 
2(ñiú — ep)y + 2(eu — au))S + 2(ap — ñu)p + (ap — -ye)p + (Se — ñp)ú + (ñy — aS)ú 
3((ap - -ye)p + (Se - ñp)ú + (8j - aS)ú) 
(ñp — Se)á + (-ye — ap)$ + (aS — /?7)é 
(ñp - Se)y + (-ye - ap)S + (aS - ñy)p 
(■yw — up)p + (pp — Sw)ú + (Su — ■yp)ú 
(eu — au)p + (ñu — ep)ú + (ap — ñu)ú 



a 8 e 
where g = I 7 S p 
u p u 



is a curve in SL(3, 
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whose basis of infinitesimal generators, associated to the basis (3.48) of SÍ(3, R), is made up by 
the vector fields 

Y d yi d y 2 d d 

A l=!/2o — i A 2 = — - r-ñ — , A3 = -J/i- — , 

oj/i 2 dyi 2 d?/2 02/2 

v 2/1 d y 2 d y 3 d d d 

6 dyi 6 dy 2 3 dy 3 dyi dy 2 

d d 
OV3 dy 3 

satisfying analogous commutation rules as those satisfied by the vector fields of (3.50). The 
corresponding Lie system, whose solutions are the integral curves of the í-dependent vector field 
S¿=i h(t)Xi, can be written in matrix form as 

i(362(í) + 6 4 (t)) h(t) 6 B (t) \ / Vi\ 

-hit) i(6 4 (í)-36 2 (í)) 6a(*) 2/2 ,(3.65) 

-67(4) -6 8 (í) -|& 4 (í) J \V3 J 

where the functions 6¿(í) are assumed to be the same as in (3.51). 

Take the same solutions Y\, U\ and a of the equations (3.52), (3.58) and ó = a Tr AfW, as 
before. If we transform the variables {j/i, 7/2, 2/3} by the linear change 

yf ] \ ( a-v« 







2/2 


l-l 







(3) 
2/2 













-1/6 















a" 


-1/6 




a" 1 / 6 -yna- 1 / 6 

a" 1 / 6 -2/i2a _1/6 

-una 1 / 3 -Mi 2 a 1/3 (1 + 2/ii"n + 2/i2Ui2)a 1/3 



-2/11 \ 
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-2/12 


2/2 


1 / 


\ 2/3 


2/1 \ 




2/2 




2/3 / 





(2/1 - 2/112/3)0" 



-1/6 



(2/2 - 2/i22/ 3 )a- 1/6 , (3.66) 

{(1 + yiiitn + 2/12^12)2/3 - «ni/i ~ "i22/2}a 1/3 / 

then, we transform the original equation (3.65) into another one of the same type for the new 
variables {y^\ y^}, but with new coefficients given by (3.62), that is, 

(3) \ / 

j i Vi \ ( h(h + b 7 yu - b s y 12 ) &i + b s yn 



dt 



y { 2 ] ] = ( -&3 + &72/12 -\(b 2 + b 7 yi 1 -b & yi 2 ) 

y™ I \ 




This kind of Lie system can be regarded as that obtained by the linear action on SL(2, R) on 
planes y^ = Const., where {y^\ yí¡?\ y^} are coordinates in R 3 . Then, the previous system 
is the analogous to (3.60) for the type of Lie systems (3.65), with the same scheme of reduction. 
Incidentally, note that the upper left 2x2 block of the previous matrix coincides with of 
(3.60), seealso (3.61). 
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The inverse change to (3.66) is just 



(l + ynwi^a 1 / 6 ynui 2 a 1/6 2/na~ 1/3 
iVe (l + yi2«i2)a 1/6 yi2«- 1/3 



1/6 



-1/3 



/ (3) 



1 {(1 + yiiun)yí 3) + ynui2y2 3) }a 1/6 + yny^a 
{yi2Uny[ 3) + (1 + yi 2 ui2)2/2 3) }a 1/6 + y^y^a 



-1/3 
1/3 



(3.67) 



To end this section, we remark that it is also possible to follow other reduction schemes of 
Lie systems with Lie algebra sl(3, IR), see [71] for ano ther example. 



3.4 An example of Lie system from physics 

We present now an example of how a system of first order differential equations arising in prac- 
tical situations or physical problems can be identified as a Lie system. After that we can, or at 
least try to, apply all the machinery at our disposal for this class of systems, in order to obtain 
their solutions or other information of interest, like the geometric structure of the system. 

The system which interest us now, appears mainly in two problems of the mathematical 
physics, which in turn are closely related [176,241]. The first is what is currently known as 
the factorization method, which is a powerful method for computing eigenvalues and recurrence 
relations for solutions of second order ordinary differential equations, like the Schrodinger equa- 
tions appearing in one-dimensional quantum mechanics. The second is the representation theory 
of certain Lie groups and of their associated Lie algebras and their relation with the theory of 
special function theory, a problem to which the second of the previous references is devoted. 

The first of these problems will be treated with detail later in this Thesis, namely in Chap- 
ter 4, so let us summarize briefly where the system of interest enters into the second. Essentially, 
the problem is, following the notation of [241, p. 45], torepresent a four dimensional Lie algebra, 
with basis { J+, J~ , J 3 , E} and defining relations 

[J 3 , J ± ] = ±J ± , [J*, E] = [J 3 , E] = 0, (3.68) 

and 2 

[J+, J-] = 2bE-2aJ 3 , (3.69) 

where a and b are real constants, in terms of first order differential operators in two real variables. 
Miller proposes the representation [241] 

2 To be more precise, in [241] it is taken [</+ , J~] = 2a? J 3 — bE, but everything can be generalized to the case we 
consider: Instead of taking only one sign for a in (3.69), we consider all of its possible real valúes. This generalization 
is also discussed in Chapter 4, in relation with the factorization method. 
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where x and y are real variables and the functions j(x) and k(x) are to be determined. Taking 
the commutator of differential operators, it is easy to check that (3.70) satisfy (3.68), for all j(x) 
and k(x). However, we obtain 

[J+ J-] = 2(j'+jk)E - 2(k' + k 2 )J 3 , 

and therefore, comparing with (3.69), it follows that j(x), k(x) have to be solutions of the system 

k' + k 2 = a, j'+jk = b. 

In Chapter 4 we will see how a similar system arises from the development of the theory of the 
factorization method, and related questions as the theory of shape invariance in one-dimensional 
quantum mechanics. 

Therefore, we will treat in this section the system of first order differential equations in the 
variables y and z 

y' + y 2 = a, z' + yz = b, (3.71) 

where we denote the independent variable by x, a and b are real constants and the prime denotes 
derivative with respect to x. The first equation is a Riccati equation with constant coefficients, 
meanwhile the second is an inhomogeneous linear first order differential equation for z, once the 
solution for y is known. 

Since both equations are, separately, instances of Lie systems, we would like to identify the 
whole system, if possible, as a Lie system as well. For doing this note that the solutions of the 
system are the integral curves of the vector field —y 2 d y — yzd z + ad y + bd z . Since a and b can 
take any real valué, the two vector fields d y and d z should be two elements of the basis of vector 
fields, closing on a finite dimensional Lie algebra, which we are trying to identify. Of course we 
have [d y , d z ] — 0. We can try to find the minimal Lie algebra generated by d y , d z and the term 
-y 2 9 v - yzd z . 

Then, denoting (the reason for the notation chosen will be clear afterwards) 

d d 2 d d 

Ai = — , Y 1 = —, X 3 = y—+yz—, 
oy oz dy oz 

and taking the Lie brackets 

X ^l^ X ^4y + Z 2Íz> * = -[*3,*]=»¿, 

we see that the vector fields {A"i, X 2 , X 3 , Y\, Y 2 } cióse on the Lie algebra with non-vanishing 
commutation relations 

[X 1 ,X 2 ]=X 1 , [X 1 ,X 3 ]=2X 2 , [X 1 ,Y 2 ]=Y 1 , [X 2 ,X 3 ]=X 3 , 

[X 2 , Yi] - ~Y X , [X 2 , Y 2 ] = \y 2 , [X 3 , Y,} = -Y 2 . 

This Lie algebra is the member with n = 1 of the family of Lie algebras with Abelian ideáis of 
dimensión n + 1, made up by the vector fields [335, (2.14)]: 

9 ^ d n d 2 d d 

X 1 = —, x 2 = y7r + o z 7T> x ^ = V^-+nyz—, 
oy oy 2 oz oy oz 

Yi = ñ~, Y 2 =y—, Y n+1 =y n —, (3.72) 

oz oz oz 
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where the operators Y¿, i — 1, n + 1 form an Abelian ideal and n € N. For each n, the 
previous vector fields provide a realization of the Lie algebra R™ +1 x 5 ((2, R) in terms of vector 
fields in two real variables [143, Table 1 .11.27], so our system of interest is a Lie system with 
associated Lie algebra R 2 x SÍ(2, R). Moreover, comparing with (3.50), it is not difficult to see 
that the vector fields {Xi, X 2 , X 3 , Yi, Y 2 } cióse on a Lie subalgebra of S 1(3, R). 

Then, the most general Lie system we can construct with our current Lie algebra is those 
whose solutions are the integral curves of the vector field Y^i=i bi(x)Xi + b 4 (x)Yi + b 5 (x)Y 2 , 
i.e., 

^ = b 1 {x) + b 2 {x)y + b 3 {x)y 2 , 
dz 1 

— = 6 4 (a;) + b 5 (x)y + -b 2 {x)z + b 3 (x)yz . (3.73) 
clx 2 

The system of equations (3.71) is of this type, with constant coefficient functions b\ (x) = a, 
b 2 (x) — 0, b 3 (x) = — 1, 64 (x) = b and 65 (x) = 0, for all x. 

Now, so as to find the (general) solution of the system (3.71), it is easier to solve first the 
Riccati equation and then the linear equation. Recall that the general solution of the inhomoge- 
neous linear first order differential equation for v(x) 

dv 

— = a(x)v + b(x) , (3.74) 
dx 

can be obtained by means of the formula 

l x b(Ocxp{-fa( V )d V } d£ + E 

v(x) = ) \ , (3.75) 

exp{-J a(OdC) 

where E is an integration constant. Then, the general solution of the second equation of (3.71) 
is easily obtained once we know the general solution of the first, i.e., 

b rexpífy^dv} dt + D 
z{x) = 1 x , (3.76) 

where we ñame the integration constant as D. So, let us first pay attention to the task of solving 
the constant coefficients Riccati equation of (3.71) in its MI generality. 
The general equation of this type is 

3^ = a-2y 2 + aiy + a , (3.77) 
dx 

where a 2 , ai and ao are now real constants, a 2 7^ 0. This equation, unlike the general Riccati 
equation, is always integrable by quadratures, and the form of the solutions depends strongly on 
the sign of the discriminant A = a\ — Aaoa 2 . This can be seen by separating the differential 
equation (3.77) in the form 
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After one quadrature, we obtain in this way non-constant solutions of (3.77). 

Looking for constant solutions of (3.77) amounts to solve an algebraic second order equa- 
tion. So, if A > there will be two different real constant solutions. If A = there is only one 
constant real solution and if A < we have no constant real solutions at all. 



Table 3.4. General solutions of the system y' + y 2 = a, z' + yz — b. A, B and D are integration constants. 
The constant B selects the particular solution of the Riccati equation in each case. 



Sign of a 



V(x) 



z(x) 



a = c 2 > 



a = 



a = -c 2 < 



B sinh(c(x — A)) — cosh(c(x — A)) 
B cosh(c(x-A))-sinh(c(x-A)) 



1 + B(x-A) 



B sin(c(x — A)) + cos(c(x — A)) 
B cos(c(x — A)) — sin(c(a3 — A)) 



£{B sinh(c(a;-A))-cosh(c(a;-A))}+0 
B cosh(c(x — A))— sinh(c(x — A)) 

b(f (x-A) 2 + x-A) + g 
1+B(x-A) 

¿{B sin(c(x-A))+cos(c(x-A))}+C 
B cos(c(x — A))— sin(c(x — A)) 



The valué of the discriminant A for the Riccati equation of (3.71) is just 4a. If a > we 
can write a = c 2 , where c > is a real number. The non-constant particular solution 



yi(x) = ctanh(c(x — Aj) , 



(3.78) 



where A is an arbitrary integration constant, is readily found by direct integration. In addition, 
there exist two different constant real solutions, 



V2{x) 



VÁx) 



-c . 



(3.79) 



Then, we can find out the general solution from these particular solutions using the non-linear 
superposition formula 

2/2(2/3 - Vi) k + 2/1(2/2 - 2/3) 



y 



which yields 



y{x) 



(2/3-2/1)^ + 2/2-2/3 

B sinh(c(x - A)) - cosh(c(x - A)) 



(3.80) 



(3.81) 



B cosh(c(x - A)) - sinh(c(x - A)) ' 

where B = (2 — k)/k, k being the arbitrary constant in (3.80). Substituting into (3.76) we obtain 
the general solution for z(x), 



z(x) 



\{B sinh(c(a; - A)) - cosli(c(x - A))} + D 
B cosh(c(x - A)) - sinri(c(ir - A)) 



(3.82) 



where D is a new integration constant. 

Let us study now the case with a = 0. By direct integration we find the particular solution 



2/1 0*0 



1 



A ' 



(3.83) 



Sec. 3.4 



An example ofLie systemfrom physics 



81 



where A is an integration constant. It is clear that our Riccati equation admits now the identically 
vanishing solution, and the general solution has to reflect this fact. To find it, is particularly 
simple the application of the change of variable 

with inverse y = , (3.84) 



2/1 - V u + yi 

with ?/i givenby (3. 83), which transforms the Riccati equation of (3.71) with a = Ointo duj 'dx = 
0, which has the general solution u(x) — B, B constant. Then, the desired general solution for 
the case a = is 

y(x) = ^ , (3.85) 

1 + B(x - A) 

with A and B being arbitrary integration constants. If B = we recover the identically vanishing 
solution as expected. Substituting in (3.76) we obtain the general solution for z(x) in this case, 

, . 6(f {x-Af+x- A)+D 

Z ^= ítW ' (3 ' 86) 

where D is a new integration constant. 

The last case to be studied is a < 0. We write then a = — c 2 , where c > is a real number. 
It is easy to find the non-constant particular solution 

yi(x) = -ctan(c(x - A)) , (3.87) 

where A is an arbitrary integration constant, by direct integration. In order to find out the general 
solution, we make again the change of variable (3.84), with y\(x) given by (3.87). After some 
calculations we obtain the general solution for the case a > 0, 

B sin(c(a; - A)) + cos(c(x - A)) 
y(x) — — c — — — — , (3.88) 

yw B cos(c(x — A)) - sin(c(x - A)) 

where B — cF, F an arbitrary constant. Substituting into (3.76) we obtain the corresponding 
general solution for z{x), 

\{B sin(c(x - A)) + cos(c(x - A))} + D 
ZKX) B cos(c(x - A)) - sin(c(x - A)) ' { ' 

where D is a new integration constant. 

These solutions can be written in many mathematically equivalent ways. We have tried 
to give their simplest form and in such a way that the symmetry between the solutions for the 
cases a > and a < were clearly recognized. Indeed, the former can be transformed into the 
latter by means of the formal changes c — > ic, B — > iB and the identities sinh(¿a;) = i sin(x), 
cosh(¿a;) = cos(a;). The results are summarized in Table 3.4. 
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Intertwined Hamiltonians, factorization method 
and shape invariance 



This chapter opens our treatment of the applications of Lie systems to problems from physics. 
The physical problems in which Lie systems appear are very numerous (see, e.g., [69,260, 335] 
and references therein) and to try to deal with all of them is out of the scope of this Thesis. 

Instead, we will study several problems from physics in which there is a Lie system in- 
volved, but either this fact is not recognized, or it is recognized but the associated properties are 
neither (completely) explored ñor exploited. We will see that an appropriate use of the mathe- 
matical properties of Lie systems, having always in mind their associated geometric structure, 
developed in the preceding chapters, may be very useful in order to obtain a deep insight into the 
problems treated. 

Thus, we will study two types of problems in this and the next two chapters. The third 
one is devoted to the study of Lie systems which at the same time can be regarded as well as 
Hamiltonian systems, both in the classical and the quantum frameworks. This and the next one 
are devoted to problems in one-dimensional quantum mechanics in which the Riccati equation 
plays a key role in the relevant aspects of the corresponding theory. 

These problems receive different ñames in the literature, and are closely related amongst 
themselves, as intertwined operators, factorization method, supersymmetric (SUSY) quantum 
mechanics, shape invariance, Darboux transformations, etc. 

More explicitly, the factorization method was introduced by Schródinger [295-297] and 
others (see [176, p. 23]) and later developed by Infeld and Hull [168, 175, 176], and has been 
shown to be very efficient in the search of exactly solvable potentials in quantum mechan- 
ics. It is closely related with the existence of intertwining operators [73, 124, 127, 128,238], 
supersymmetric quantum mechanics [51,53,54,93, 140,263,337] and Darboux transforma- 
tions in this last context [24,25, 104,236]. Moreover, these techniques have important gen- 
eralizations: There exists extensions of these theories to higher-dimensional spaces [15-17], 
to n-dimensional oriented Riemannian manifolds [142], using higher-order factorization oper- 
ators [18-20, 22, 24, 25, 125, 126, 130, 239, 289], and to the class of systems with partial al- 
gebraization of the spectrum [135, 136, 181, 301, 302, 323], amongst others. Actually, most 
exactly solvable potentials can be obtained by making use of an appropriate intertwining op- 
erator transformation, and other related problems can also be approached with similar tech- 
niques [131, 134, 137, 180,298,326] 
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The theory of exactly solvable quantum mechanical potentials in one dimensión was re- 
lated with SUSY quantum mechanics by Gendenshteín [139], who introduced the concept of a 
discrete reparametrization invariance, usually called "shape invariance." In particular, shape in- 
variant problems have been shown to be exactly solvable, and it was observed that a number of 
known exactly solvable potentials can be regarded as belonging to such a class. Moreover, shape 
invariance can be identified exactly with (a slight generalization of) the factorization method, as 
we will show below. This relation has been pointed out also in [248, 31 1]. 

We will treat the following aspects along this chapter. Firstly, we define the concept of 
intertwined Hamiltonians in quantum mechanics and derive its first consequences. We establish 
the relation between this concept, the problem of factorization of Hamiltonians and Darboux 
transformations through an application of the classical Lie theory of infinitesimal symmetries of 
differential equations, when applied to time-independent Schrodinger equations. Then, we define 
the concepts concerning shape invariance and the classical factorization method. We show that 
the former problem is essentially equivalent to a slight generalization of the latter, where we just 
include the necessary parameters. 

After that, we review the classical factorization method, that is, shape invariant problems 
with one parameter subject to translation and, thanks to the properties of the Riccati equation, we 
find the general solutions rather than the particular solutions which had been obtained before, and 
we are able to classify the solutions so obtained according to a criterion based on the geometry 
of the problem. 

Then, following similar techniques, we study the analogous problem of shape invariant 
problems with a finite number of parameters subject to translation, and we are able to find new 
families of potentials of this type, therefore solving one of the open questions of the theory of 
shape invariance. 

We will analyze as well the important aspect of the proper definition of the partnership 
of potentials in these problems. With respect to this question some properties of the Riccati 
equation are essential. The same question is treated for the special subclass of shape invariant 
problems: The interesting result is, roughly speaking, that shape invariance is incompatible with 
taking different partners of a given potential. 

Finally, we study the possibility of obtaining new factorizations of given problems when 
there exists an additional invariance of one potential under a parameter transformation. This can 
explain the existence of certain alternative factorizations which appear in practice. 

In the next chapter we will explain, using the affine action on the set of Riccati equations 
introduced in Chapters 1 and 3, how the problem of intertwined Hamiltonians can be explained 
from a group theoretical point of view, and how a generalization of the classical Darboux trans- 
formations can be easily obtained within this framework. 

4.1 Hamiltonians related by first-order differential operators. 

The simplest way of generating an exactly solvable Hamiltonian H from a known one H is 
just to consider an invertible bounded operator B, with bounded inverse, and defining H = 
BHB^ 1 . This transformed Hamiltonian H has the same spectrum as the starting one H. As a 
generalization (see, e.g., [73]), we will say that two Hamiltonians H and H are intertwined or 
^4-related when AH = HA, where A may have no inverse. In this case, if ip is an eigenvector of 
H corresponding to the eigenvalue E and Atp ^ 0, at least formally Aip is also an eigenvector 
of H corresponding to the same eigenvalue E. 
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If A is a first order differential operator, 



A=4- + W(x) , and A^ = + W (x) , (4.1) 

da; cía; 

then the relation AH = HA, with 

H = -^ + V {x) , H = -^ + V {x) , (4.2) 

leads to 

V = -2W' + V, W(V -V) = -W" - V . 

Taking into account the first equation, the second becomes 2WW — W" + V, which can easily 
be integrated giving 

V = W 2 -W' + e, (4.3) 

and then, 

V = W 2 + W + e , (4.4) 

where e is an integration constant. The important point here is that H and H, given by (4.2), 
are related by a first order differential operator A, given by (4.1), if and only if there exist a 
constant e and a function W such that the pair of Riccati equations (4.3) and (4.4) are satisfied 
simultaneously. Moreover, this means that both Hamiltonians can be factorized as 

H = A^A + e , H = AA^ + e . (4.5) 

Adding and subtracting equations (4.3) and (4.4) we obtain the equivalent pair which relates 
VímdV 

V-e = — (V — e) + 2W 2 , (4.6) 

V = V + 2W' . (4.7) 

The function W satisfying these equations is usually called the superpotential, the constant e is 
the factorization energy or factorization constant and V and V (resp. H and H) are said to be 
partner potentials (resp. Hamiltonians). 

Notice that the initial solvable Hamiltonian can indistinctly be chosen as H or H. In both 
cases the point will be to find a solution W of the corresponding Riccati equation (4.3) or (4.4) 
for a specific factorization energy e. From this solution the expression for the (possibly) new 
potential follows immediately from (4.7). 

Note that these equations have an intimate relation with what it is currently known as Dar- 
boux transformations of linear second-order differential equations [104, 174], or in the context 
of one-dimensional (or supersymmetric) quantum mechanics [236, pp. 7,24]. In fact, it is easy 
to prove that the equation (4.3) can be transformed into a Schrodinger equation — + (V(x) — 
e)4> = by means of the change — 4>' /(¡> = W, and by means of <¡>'/(¡> = W, (4.4) transforms into 
—4>" + (V(x) — e)(p — 0. The relation between V and V is given by (4.7). Obviously, (fxfi = 1, 
up to a non-vanishing constant factor. It is also worth noting that these Schrodinger equations 
express that <p and <p are respective eigenfunctions of the Hamiltonians (4.2) for the eigenvalue 
e. These facts can be related in turn with the classical theory of infinitesimal symmetries of dif- 
ferential equations; because of the interest of understanding better these relations, we devote the 
next section to a further analysis of these aspects. 
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4.2 Dilation symmetry and reduction of a linear second-order 
differential equation 

In this section we recall briefly a well-known method of relating a homogeneous linear second- 
order differential equation to a Riccati equation, which can be regarded as an application of the 
classical Lie theory of infinitesimal symmetries of differential equations. Its importance will 
become clear when applying the method to time-independent Schrodinger equations, and it will 
allow us to understand better the relations between the concept of intertwined Hamiltonians, 
Darboux transformations and factorization of Hamiltonians. 

The homogeneous linear second-order differential equation 

g + <<.)* -0, (4.8) 

admits as an infinitesimal symmetry the vector field X = z d/dz generating dilations (see e.g. 
[72]) in the variable z, which is defined for z ^ 0. According to the Lie theory of infinitesimal 
symmetries of differential equations, we should change the coordinate z to a new one, u — ip(z), 
such that the vector field X = z d/dz becomes a translation generator X = d/duin the new 
variable. This change is determined by the equation Xu = 1, which leads to u = log \z\, Le., 
\z\ = e". In both cases of regions with z > or z < we have 

dz du d 2 z ( du\ 2 ^ 2 n 

— = z— , and -—r = z — + z- 



dx dx ' dx 2 \dx ) dx 2 ' 

so the equation (4.8) becomes 

d 2 u , , .du ( du\ 2 , . 



dx 2 dx \dx 

As the unknown function u does not appear in the preceding equation but just its derivative, we 
can lower the order by introducing the new variable w = du/dx. We arrive to the following 
Riccati equation for w 

— = -w 2 - b(x)w - c(x) . (4.9) 
dx 

Notice that from dz /dx — z du/dx and the definition of w we have 

1 d? 

w=-^. (4.10) 

z dx 

The second order differential equation (4.8) is equivalent to the set of (4.9) and (4.10), because 
given a function w satisfying (4.9), the function z defined (up to a factor) by (4.10), Le., z(x) = 
exp (J x w(() <¿C), satisfies (4.8). We could have followed a similar pattern straightening out 
the vector field in the opposite sense, that is, by imposing Xu = —1. This would have lead to 

u = — log \z\, or \z\ — e~ u . Now, in either case of z > or z < we have dz/dx — —z du/dx 
and d 2 z/dx 2 = z (du/dx) 2 — z d 2 u/dx 2 , so we finally obtain the Riccati equation 



(4.11) 
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where now 



du 1 dz 

w= — = — — . (4.12) 

dx z dx 



We will distinguish in what follows between these two alternatives of reduction of (4.8) by 
means of a subscript + or — in the corresponding functions, respectively. We remark that both 
are defined locally, that is, in open intervals where z has a constant sign. 

Let us apply these ideas to the particular case of the one-dimensional time-independent 
Schrodinger equation 

-^ + (V(x)-e)d> = 0, (4.13) 

where V(x) is the potential and e is some specific energy eigenvalue. As explained before, we 
can reduce (4.13) either to the pair 

W' + = -Wl + {V{x)-e), W+ = ^, (4.14) 

or, alternatively, to the pair 

W'_=W 2 -{V{x)-e), W-=-\^. (4.15) 

4> dx 

The Riccati equations appearing in these pairs resemble those appearing in Section 4.1, namely 
equations (4.3) and (4.4), but in the systems (4.14) and (4.15) the unknown functions W+ and 
W- are related by W + = —W-, while in both (4.3) and (4.4) the unknown W is the same 
function. 

However, the previous remark will be useful in the interpretation of equations (4.3) and 
(4.4). We can rewrite them as 

W = W 2 - (V(x) - e) , (4.16) 
W = - W 2 + (V(x) - e) . (4.17) 

Then, we can regard equation (4.16) (resp. equation (4.17)) as coming from a Schrodinger-type 
equation like (4.13) (resp. like — d 2 (¡>/dx 2 + (V(x) — e)(f> — 0) by means of, respectively, the 
changes 

14^4^, or W=íf, (4.18) 
<p ax (f> dx 

so the two "eigenfunctions" <f) and <¡> of the mentioned Schrodinger-type equations are related by 
4>4> = Const. Of course, the changes (4.18) are locally defined, Le., in common open intervals of 
the domains of cf) and cf) determined by two consecutive zeros of cf) or <f>, or maybe by a zero and 
a boundary of the domain of the problem. Note that there is no reason why they should provide 
functions <f>, <j>, defined in the same way in the entire domain of W, but in general they will be 
defined interval-wise. Moreover, if we choose the function W of the two operators A and 
defined in (4.1) as givenby (4.18), it holds A<j> = and Á*4> = 0. 

We have seen that the Riccati equations (4.16) and (4.17) correspond, by means of the 
changes (4.18), to two Schrodinger-type equations which in turn are equivalent to 

H4> = e(]>, H4> = e4>, (4.19) 
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where H and H are given by (4.2). Then, it is equivalent to say that H and H are A-related, 
with associated constant e, to say that the functions <¡> and <fi, which satisfy <fi(f> = Const., are 
the respective eigenfunctions with eigenvalue e of the Hamiltonians H and H. Each of these 
facts imply that both Hamiltonians can be factorized as in (4.5). If, in addition, we remember the 
relation (4.7) between V and V, we see the relation between the fact that two Hamiltonians are 
intertwinned with the existence of a Darboux transformation amongst them and their factoriza- 
tion. We finally insist again on the fact that these factorizations make sense only locally, Le., in 
common open intervals where <fi and <j> are defined. 

A special case where all becomes globally defined arises when <j> or <j> is the ground state 
wave-function of its respective Hamiltonian, having then no zeros in the entire domain of the 
problem. On the other hand, for e below the ground state energy of H (resp. H) it is sometimes 
possible to find a non-normalizable eigenfunction <p (resp. (f>) of H (resp. H) without zeros, 
leading to physically interesting potentials [127, 128]. 

4.3 Shape invariance and its equivalence with the factorization method 

In this section, we define the concept of shape invariance of a pair of partner potentials. Then, 
after considering a slight generalization of the factorization method, as appeared in [168, 175, 
176], we will show that both approaches are equivalent. 

The idea of shape invariance has been introducedby Gendenshtein in [139], see also [140]. 
He proved that the complete spectrum of quantum Hamiltoniants having this property can be 
found easily. Gendenshtein took equations (4.3) and (4.4) as a definition of the functions V, V 
in terms of the function W and some constant e. After, he assumed that W did depend on certain 
set of parameters a, Le., W = W(x, a), and as a consequence V = V(x, a) and V = V(x, a) 
as well. Then, the necessary condition for V(x, a) to be essentially of the same form as V(x, a), 
maybe for a different choice of the valúes of the parameters involved in V, is known as shape 
invariance. It amounts to assume the further relation between V(x, a) and V(x, a) 

V(x,a)=V(x,f(a))+R(f(a)), (4.20) 

where / is an (invertible) transformation on the parameter space a and R is some function. 

Let us remark that it is the choice of the parameter space a and of the (invertible) transfor- 
mations /(a) what define the different types of shape invariant potentials. Note that in principie, 
different types of shape invariant potentials may have members in common. We will consider 
simple but important classes of shape invariant potentials in Sections 4.4 and 4.5. Note as well 
that the function / may be even the identity, Le., f(a) = a for all a [18]. 

Just writing the a-dependence the equations (4.3), (4.4) become 

V(x, a) - e = W 2 - W , (4.21) 
V(x, a)-e = W 2 + W . (4.22) 

The simplest way of satisfying these equations is assuming that V(x, a) and V (x, a) are obtained 
from a superpotential function W(x, a) by means of 



V(x, a)-e = W 2 {x, a) - W'(x, a) , 
V(x, a)-e = W 2 (x, a) + W'(x, a) . 



(4.23) 
(4.24) 
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The shape invariance property requires the further condition (4.20) to be satisfied, which in these 
terms reads 

W 2 (x, a) - W 2 (x, f(a)) + W'(x, f(a)) + W'(x, a) = R(f(a)) . (4.25) 

In practice, when searching shape invariant potentials with a given parameter space a and the 
transformation function /, what it is done is to (try to) find solutions for W(x,a) and R(a) 
of (4.25), instead of solving the pair (4.23), (4.24) and then imposing (4.20). Apart from the 
practical advantages of this procedure, we will see in Section 4.6 that there is a fundamental 
reason for doing it. 

We turn our attention now to the exposition of a slightly generalized versión of the factoriza- 
tion method appeared in the celebrated paper [176, pp. 24-27], see also [168, 175]. This method 
deals with the problem of factorizing the linear second-order ordinary differential equation 

d 2 v 

-^+r(x,a)y + Xy = 0, (4.26) 

where the symbol a denotes a parameter space as in the shape invariant problems, Le., a set of 
n independent real parameters a — (a\, . . . , a n ). Let us consider a transformation on such 
parameter space f(a) = (/i(a), . . . , ./«(a)). We will denote by f k , where k is a positive 
integer, the composition of / with itself k times. For a negative integer k we will consider the 
composition of / _1 with itself k times and f° will be the identity. The admissible valúes of the 
parameters will be f l (a), where l is an integer restricted to some subset to be precised later. The 
number A is, in principie, the eigenvalue to be determined. 

In a way similar to that of [176], we will say that (4.26) can be factorized if it can be replaced 
by each of the two following equations: 

H r\a) H r\a) y{K a) = [x _ £(/ -i (o))]l/(A) a) , (4.27) 

H a _ H a + y{\, a) = [X- L(a)]y(X, a) , (4.28) 

where 

Hl = 4-+k(x,á), Hl = -^- + k(x,a). (4.29) 
T dx dx 

Here, k(x, a) is a function to be determined which depends on the set of parameters a, and L(a) 
is a real number for each valué of the n-tuple o. The fundamental idea of this generalization is 
expressed in the following theorem: 

Theorem 4.3.1. Let us suppose that our differential equation (4.26) can be factorized in 
the previously defined sense. Ify{\ 1 a) is one ofits solutions, then 

y(X,f- 1 (a))=H f _~ 1{a) y(X,a), (4.30) 
y(XJ(a))=Hly(X,a), (4.31) 

are also solutions corresponding to the same X but to different valúes of the parameter n-tuple 
a, as it is suggested by the notations. 
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Proof. Multiplying (4.27) by hC'^ and (4.28) by H% we have 

#r 1(a) #r (a) H f _~ í{a) y(\a) = [A-L(/- 1 (a))]irr 1(o) »(A,a) ) 

^ ff+2/(A, a) = [A - L(a)]ffXA, a) . 

Comparison of these equations with (4.27) and (4.28) shows that y(X, f _1 (a)), defined by (4.30), 
is a solutionof (4.26) with a replaced by f^ 1 (a). Similarly y(X, /(o)), givenby (4.31), is a solu- 
tion with a replacedby /(a). | 

It is to be remarked that (4.30) or (4.31) may give rise to the zero function; actually, we 
will see that this is necessary at some stage in order to obtain a sequence of square-integrable 
wave-functions. 

Indeed we are only interested here in square-integrable solutions y(X, a). As we are dealing 
with one-dimensional problems, these solutions can be taken as real functions. Under this domain 
the following Theorem holds: 

Theorem 4.3.2. The linear operators H" and H" are formally mutually adjoint. That 
is, if<¡>"4> vanishes at the ends of the interval I, 

j ^(Hlip) dx = j r %l>{H%<¡>) dx . (4.32) 



Proof. It is proved directly: 

j ' (t>{H^ip)dx = - j ' <t>^- dx + j 4>k{x,a)tpdx 

= J ip^-dx + J (j>k{x, a)t¡)dx = J i/>(H+<f>) dx , 

where we have integrated the first term by parts and used that ip<fi\Qi = 0. | 

Moreover, it is important to know when (4.30) and (4.31) produce new square-integrable 
functions. 

Theorem 4.3.3. Let y(X, a) be a non-vanishing, square-integrable solution of (4.27) and 
(4.28). The solution y(X, f (a)), defined by (4.30), is square-integrable if and only if X > 
L(f~ 1 (a)). Similarly, the solution y(X, f(a)), definedby (4.31), is square-integrable if and only 
ifX> L(a). 

Proof. It is sufficient to compute 

j y(X, rHa)) 2 dx = J #r 1(a) y(A, a)H rl(a) y(X, a) dx 

= J y(X, a)(HÍ~ 1(a) H rl(a) y(X, a)) dx = (X - L(f~ \a))) J y(X, a) 2 dx , 
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where Theorem 4.3.2 and (4.27) have been used. In a similar way, 

j y(X, f{a) f dx = j H a + y{\, a)H a + y{\ a) dx 

= J y(X, a)(H a _H a + y{\ a)) dx = (A - L(a)) J y(X, a) 2 dx , 

where use has been made of Theorem 4.3.2 and (4.28). | 

We will consider now the sequence L(f k (a)) and analyze only the cases where it is either 
an increasing or a decreasing sequence. A more complicated behavior of L(f k (a)) with respect 
to k (e.g., oscillatory) will not be treated here. 

Theorem 4.3.4. Suppose that L{f k {a)) is a decreasing sequence with no accumulation 
points. Then the necessary and sufficient condition for having square-integrable solutions of the 
equations (4.27) and (4.28) is that there exists a point ofthe parameter space, b= (&i , . . . , b n ), 
such that 

\ = L(b), H b _y(X,f(b)) = 0, (4.33) 
provided that the function y(L(b), f(b)) so obtained is square-integrable. 

Proof. Let y(X, a) be a non-vanishing, square-integrable solution of (4.27) and (4.28). In 
order to avoid a contradiction it is necessary, by Theorem 4.3.3, that A > L(f~ 1 (a)). If the 
equality does not hold, one can itérate the process to obtain 

J y(X, f- 2 (a)) 2 dx = (X- L(f- 2 (a)))(X - £(/"»)) f y(X, a) 2 dx . 

Since L(f k (a)) is decreasing with k, we have that the difference A — L(f~ 2 (a)) is positive 
or vanishing and smaller than A — L(f^ 1 (a)). If it still does not vanish, the process can be 
continued until we arrive to a valué k such that A = L(f~ k °(a)). It is then necessary that 

y(X, f~ ko (a)) = HÍ~ k ° (a) y{X, f- ko+1 (a)) = 0. It suffices to set b = f- k °(a) to obtain the re- 

sult. | 

Theorem 4.3.5. IfL(f k (a)) is an increasing sequence with no accumulation points, then 
the necessary and sufficient condition for having square-integrable solutions ofthe equations 
(4.27) and (4.28) is that there exists a specific point ofthe parameter space, b = (b\, . . . , b n ), 
such that 

X = L(b) , H h + y(X, b)=0, (4.34) 
provided that the function y(L(b), b) so obtained is square-integrable. 

Proof. Let y(X, a) be a non-vanishing, square-integrable solution of (4.27) and (4.28). In 
order to avoid a contradiction it is necessary by Theorem 4.3.3 that A > L(a). If the equality 
does not hold, one can itérate the process to obtain 



J y(X, f 2 (a)) 2 dx=(X- L(f(a)))(X - L(a)) J y(X, a) 2 dx . 
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Since L{f k {a)) is an increasing sequence, A — L(f(a)) is positive or vanishing and smaller than 
A — L(a). If it still does not vanish, the process can be continued until we arrive to feo such that 

A = ¿(/to-^a)). Then, it is necessary that y(X, f k ° (a)) = H f +°~ 1(a) y{\, /^^(a)) = 0. It 
sufficestDset6 = / feo_1 (a). | 

When L(f k (a)) is a decreasing (resp. increasing) sequence, the functions y defined by 
H^_y(L(b), f(b)) = (resp. H\y(L(b),b) = 0), provided that they are square-integrable, will 
be those from where all the others will be constructed. 

We consider now what relation amongst r(x,a), k(x,a) and L(a) exists. Carrying out 
explicitly the calculations involved in (4.27) and (4.28), and using (4.26), we find the equations 



fc2(X; r 1(o)) + dk(x,r\ a )) = _ r{x ^ a) L(r i (a)) 



(4.35) 



k 2 (x, a) - dk{ 2 a) = -r(x, a) - L{a) . (4.36) 
Eliminating r(x,a) between these equations, we obtain 

k\x, r \a)) - k*(x, a) + dk{XJ dx 1{a)) + = L(a) L(r\a)) . (4.37) 

Moreover, since (4.35) and (4.36) hold for each / fe (a), k in the range of integers corresponding 
to square-integrable solutions, we can rewrite them as 

fc2 + dk^al = (4 3g) 

dx 

k2 _ dk{x,a) = _ _ 
dx 

and from them we can obtain the equivalent pair 

r(x, a) + r(x, f(a)) + 2 k 2 {x, a) +2 L(a) = , (4.40) 
r(x,a)-r(x,f(a))-2^^-=0. (4.41) 

Both of the equations (4.35) and (4.36) are necessary conditions to be satisfied by k(x, a) and 
L(a), for a given r(x, a). They are also sufficient since any k(x, a) and L(a) satisfying these 
equations lead unambiguously to a function r(x,a) and so to a problem whose factorization is 
known. It should be noted, however, that there exists the possibility that equations (4.35) and 
(4.36) did not have in general a unique solution for k(x, a) and L(a) for a given r(x, a). 

The equation (4.37) is what one uses in practice in order to obtain results by means of the 
factorization method. We try to solve (4.37) instead of (4.35) and (4.36) since it is easier to find 
problems which are factorizable by construction than seeing whether certain problem defined by 
some r(x, a) is factorizable or not. 

Conversely, a solution k(x, a) of (4.37) gives rise to unique expressions for the differences 
—r(x, f(a)) — L(a) and —r(x, a) —L(a) by means of equations (4.38) and (4.39), but it does not 
determine the quantities r(x, a) and L(a) in a unique way. In fact, the method does not determine 
the function L(a) unambiguously but only the difference L(f(a)) — L(a). Thus L(a) is always 
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defined up to a constant, and more ambiguity could arise in some situations, as it happens in 
the case which we will study in Section 4.5. However, for the purposes of the application of 
this method to quantum mechanics the interesting quantity is L(f(a)) — L(a), as we will see 
below. The same way is underdetermined r(x, a), with an ambiguity which caneéis out exactly 
with that of L(a) since the differences — r(x, /(o)) — L(a) and —r(x, a) — L(a) are completely 
determined from a given solution k(x, a) of (4.37). 

Going back to the problem of finding shape invariant which depend on the same set of 
parameters a, we recall that the equations to be satisfied are (4.23) and (4.24), or the equivalent 
equations 

V(x, a)-e = - (V(x, a) - e) + 2 W 2 {x, a) , (4.42) 
V(x,a) = V(x,a) +2W'(x,á), (4.43) 

as well as the shape invariance condition (4.20). 

Remember that the potentials V(x, a) and V(x, a) define a pair of Hamiltonians 

H(a) = —^+V(x,a), H(a) = - + V(x, a) , (4.44) 
which can be factorized as 

H(a) = A(a)^A(a) + e, H{a) = A(a)A(a)^ + e , (4.45) 
where e is a real number and 

A{a) = ^- + W{x,a), A\a) = + W(x,a) . (4.46) 
The shape invariance condition reads in terms of these Hamiltonians 

H(a)=H(f(a))+R(f(a)). (4.47) 

We establish next the identifications between the functions and constants used in the gener- 
alized factorization method treated in this section and those used in the theory of shape invari- 
ance. We will see that the equations to be satisfied are exactly the same, and that both problems 
essentially coincide when we consider square-integrable solutions. For that purpose is sufficient 
to identify 

V(x, a) - e = - r(x, /(o)) - L(a) , (4.48) 
V(x, a)-e = - r(x, a) - L(a) , (4.49) 
W(x, a) = k(x, a) , (4.50) 
R(f(a)) = L(f(a))-L(a), (4.51) 

and as an immediate consequence, 

A{a) = H%, A\a) = Hl 1 (4.52) 

for all allowed valúes of a. Indeed, with these identifications it is immediate to see that equations 
(4.38) and (4.39) are equivalent to (4.24) and (4.23), respectively. Moreover 

V(x, a) - V(x, f(a)) = - r(x, /(o)) - L(a) + r(x, /(a)) + L(/(a)) 
= L(/(a)) - L(a) = R(f(a)) , 
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which is nothing but equation (4.20); equations (4.40), (4.41) become 

- (V(x, a) - e) - L(a) - (V(x, a) - e) - L(a) + 2 W 2 (x, a) + 2 L(a) 
= -(V(x, a) - e) - (y (a;, a) - e) + 2 (x, a) = , 

and 

- (y (a;, a) - e) - L(a) + {V(x, a) - e) + L(a) - 2 VK'(x, a) 
= -V(x, a) + V(x, a) - 2 VK'(:r, a) = , 

i.e., equations (4.42) and (4.43), respectively. 

But the identification also applies to the respective eigenfunctions: Let us assume that The- 
orem 4.3.4 is applicable. We shall see what it means in terms of the Hamiltonians (4.45). To 
begin with, we have a certain point of the parameter space b = (bi, . . . , b n ) such that A = L(b) 
and Á* (b)y(L(b), f(b)) = 0, where the function y(L(b), f(b)) so defined is square-integrable. 
We will omit its first argument for brevity, writing y(f(bj). It is given by the expression 



y(f(b)) = Ncxp Q X W(Z,b)d¿;) , (4.53) 

where N is a normalization constant. Note that this wave-function has no nodes. Since L(f k (a)) 
is a decreasing sequence, we have that the function R(f k (b)) = L(f k (b)) — L(f k ^ 1 (b)) < 
for all of the acceptable valúes of k. 

Then, it is easy to check that y(f(b)) is the ground state of the Hamiltonian H(b), with 
energy e. In fact, 

H(b)y(f(b)) = (A(6)A(6)t + e)y(f(b)) = ey(f(bj) . 

From equation (4.47) we have H (b) = H(f^ 1 (b)) — R(b). The function y(b) is the ground state 
of H(b) with energy e — R(b): 

H(b)y(b) = Hif-^Mb) - R(b)y(b) = (e - R(b))y(b) . 

Now, the first excited state of H(b) is A(b)y(b): 

H(b)A(b)y(b) = A(b)H(b)y(b) - (e - R(b))A(b)y(b) , 

where the property H(b)A(b) = A(b)H(b) has been used. In a similar way, it can be proved that 
A(f- 1 (b))y(f~ 1 (b)) is the first excited state of H(b), with energy e - R(b) - R(f~ 1 (b)). One 
can itérate the procedure in order to solve completely the eigenvalue problem of the Hamiltonians 
H(b) and H(b). The results are summarized in Table 4.1. Note that e has the meaning of the 
reference energy chosen for the Hamiltonians, and is usually taken as zero. 

A similar pattern can be followed when it is applicable the Theorem 4.3.5, that is, when 
L{f k {a)) is an increasing sequence. The results are essentially the same as when the sequence is 
decreasing but where now the Hamiltonian with a lower ground state energy is H(b). The basic 
square-integrable eigenfunction y(b) is defined now by A(b)y(b) = 0, that is, 



y(6) = Mcxp - / W(S,b)dS) , (4.54) 
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Table 4.1. Eigenfunctions and eigenvalues of H(b) and H(b) when Theorem 4.3.4 is applicable. The 
function y(f(b)) is defined by the relation Á í {b)y{f{b)) = 0. 

Eigenfunctions and energies H(b) H(b) 



Ground state y(f(p)) y(b) 

e e - R(b) 

kth excited state A(b) ■ ■ ■ A(/- fc+1 (b))y(f- k+1 (fe)) ¿(/-^b)) ■ ■ ■ A(f- k (b))y(f- k (b)) 



where M is the normalization constant. Moreover, now R(f k (b)) > for all of the acceptable 
valúes of k. The results are summarized in Table 4.2. Again, e sets the energy reference level of 
the Hamiltonians. 

In both cases the spectra of both Hamiltonians are exactly the same (with corresponding 
eigenfunctions shifted in one step) except for the ground state of one of them, which has the 
lowest possible energy. Only one of the eigenfunctions, either (4.53) or (4.54) may be square- 
integrable. It might happen, however, that neither of these functions were square-integrable. In 
such a situation none of the schemes we have developed would be of use. The conditions on the 
function W(x, b) such that one of the possible ground states exist are explained, e.g., in [140]. 
Essentially it depends on the asymptotic behavior of J x W(t;, b) dt; as x — > ±oo. 

Table 4.2. Eigenfunctions and eigenvalues of H(b) and H(b) when is applicable Theorem 4.3.5. The 
function y(b) is defined by the relation A(b)y(b) = 0. 

Eigenfunctions and energies H(b) H(b) 



Ground state y(b) y(f(b)) 

e + R(f(b)) 

kth excited state A*(b) ■ ■ ■ ^{f^ 1 (b))y(f k (fe)) (/(&)) ■ ■ ■ A* (f k (b))y(j k+1 (fe)) 

^ + E" =1 ñ(/ r (f>)) 6 + EÍ±íñ(/ r (6)) 



In view of all of these identifications the following result is stated 

Theorem 4.3.6. The problem offinding the square-integrable solutions ofthe factoriza- 
tion of X4.26), given by equations (4.27) and (4.28), is the same as to solve the discrete eigenvalue 
problem ofthe shape invariant Hamiltonians (4.45) which depend on the same set of parameters. 
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We would like to remark that the equivalence between the factorization method and shape 
invariance has been first pointed out before, see, e.g., [248] and [310,311]. However, we have 
not seen so far a complete and clear identification in the general case where arbitrary set of 
parameters a and transformation laws f(a) are involved. This clarification is important because 
then we can identify factorizable and shape invariant problems in more general situations than 
those usually treated. An important example of this will be treated in Section 4.5, where we will 
find shape invariant potentials where an arbitrary but finite number of parameters is subject to 
translation. 

In the next section, instead, we will analyze the case of only one parameter subject to trans- 
lation, Le., the case originally studied by Infeld and Hull. 



4.4 The Infeld-Hull factorization method revisited: Shape invariant po- 
tentials depending on one parameter transformed by translation 

In this section we will consider the simplest but particularly important case of shape invariant 
potentials having only one parameter whose transformation law is a translation. In other words, 
this case corresponds to the whole family of factorizable problems treated in [176], see also 
[168, 175]. Although we will follow their approach closely, at some stage we will see that the 
properties of the Riccati equation will allow us to generalize their solutions, and classify them 
according to a geometric criterion. 

Thus, we will consider problems where the parameter space is unidimensional, and the 
transformation law is 

f(a) = a — e , or f(a) — a + e , (4.55) 

where e ^ 0. In both cases we can normalize the parameter in units of e, introducing the new 
parameter 

a a 
m = — , or m — , (4.56) 

e e 

respectively. In each of these two possibilities the transformation law reads, with a slight abuse 
of the notation /, 

/(to) = to - 1 . (4.57) 

Then, the relation amongst the relevant functions and constants between the two approaches, 
shape invariance and factorization method, becomes in this case 

V(x, m) - e = - r(x, m - 1) - L(m) , (4.58) 

V(x, m) - e = - r(x, m) - L(m) , (4.59) 

W(x, to) = k(x, m) . (4.60) 

R(m - 1) = L(m - 1) - L(m) , (4.61) 

and the equations which should be solved in order to find potentials in this class are 

V(x,m) - e = W 2 (x,m) - W'(x,m) , (4.62) 

V{x,m)-e = W 2 (x,m) + W'(x,m), (4.63) 

or the equivalent equations 

V(x, to) - e = - (V(x, m) - e) + 2 W 2 (x, to) , (4.64) 

V(x,m) = V(x,m) +2W'(x,m), (4.65) 
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as well as the shape invariance condition 

V(x,m) =V(x,m-l) + R(m-l). (4.66) 

According to what we have said in Section 4.3, we will try to find solutions for W(x, m) = 
k(x, ra) of this last equation, when written in the form 

,2/ ,2/ x dk(x, ra + 1) dk(x,m) T , . T . „. 

fe 2 (a:, m + 1) - fe 2 (:r, m) + — H V — ~ = L ( m ) - L ( m + 1) , ( 4 -67) 

cía; cía; 

which is obtained from (4.66) after shifting m in one unit, and using (4.60), (4.61), (4.62) and 
(4.63). The equation (4.67) is a differential-difference equation. The task of solving it in its full 
generality seems to be very difficult, at least at first sight. Instead, it seems to be more appropriate 
to try to solve it with particular forms of the dependence of k(x, m) on x and m. Then, we will 
find out whether (4.67) is satisfied in each particular case. 

First of all (see [176]), note that there exists a trivial solution of (4.67), namely 

k(x, m) = /(ra) , L(m) = -/ 2 (m) , 

where /(ra) is any function of m. This gives rise to the problem 

which has been discussed by Schródinger [296]. 

We next try a solution with an affine dependence on m [176] 

k(x, m) = ko(x) + mki(x) , (4.68) 

where feo and k\ are functions of x only. Substituting into (4.67) and simplifying we obtain the 
equation 

L{m) - L{m + 1) = 2m(k¡ + k[) + k\ + k[ + 2(k Q k 1 + k' ) . (4.69) 

Since L(m) is a function of m alone, the coefficients of the powers of m on the right hand side 
must be constant. Then, the equations to be satisfied are 

k\ + k[ = a , (4.70) 
fcifco + k' = b, (4.71) 

where a and b are, in principie, real arbitrary constants. When these equations are satisfied, (4.69) 
becomes 

L(m) - L(m + 1) = 2(ma + b) + a . 

Let us now look for the most general polynomial L(m) which solves this equation. It should be 
of degree two in ra if a ^ (degree one if a = 0); otherwise we would find that the coefficients of 
powers greater or equal to three (resp. two) have to vanish. Then we put L(m) = rm 2 + sm + 1, 
where r, s, t are constants to be determined. Substituting into the previous equation we find the 
relations 

r = —a, s = —2 6, 
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and as a result we have that 



L(m) = —am 2 — 2bm + t , 



(4.72) 



where t is an arbitrary real constant. This expression is even valid in the case a — 0, being then 

L(m) = -2bm + t. 

In [176, Eqs. (3.1.5)] equations (4.70), (4.71) are written in the slightly more restricted way 
(we use Greek characters for the constants in order to avoid confusión) 



where ¡i — —7a 2 if a 7^ 0. This means to consider only negative or zero valúes of a in (4.70). 
Accordingly, the solutions of (4.70) for a > are absent in [176, eqs. (3.1.7)]. But these 
solutions have their own physical importance, and they are somehow recovered in [176, pp. 27, 
30, 36, 46] after having made the formal change a — > —ia, when treating particular cases of 
their general factorization types (A), (B) and (E). 

However, the important point from the point of view of Lie systems, is that even when 
dealing with their slightly restricted differential equation system (4.73) and (4.74), in [176] are 
not considered the general solutions but particular ones: Only two particular solutions of the 
Riccati equation with constant coefficients (4.73) when a^0, and another two when a = 0, are 
considered. 

At this point, we would like to treat three main aspects. In the first place, we will study 
the system of differential equations made up by (4.70) and (4.71) for all real valúes of a and 
b. For each case of interest, we will find the general solution of the system by first considering 
the general solution of the Riccati equation (4.70). Secondly, we will prove that the solutions 
included in [176] are particular cases of that general solutions. In addition, we will see that there 
is no need of making formal complex changes of parameters for obtaining some of the relevant 
physical solutions, since they already appear in the general ones. And thirdly, we will see that 
rather than having four general basic types of factorizable problems (A), (B), (C) and (D), 
where (B), (C) and (D) could be considered as limiting forms of (A) [176, p. 28], there exist 
three general basic types of factorizable problems which include the previously mentioned ones 
as particular cases, and they are classified by the simple distinction of what sign takes a in (4.70). 
The distinction by the sign of a has a deep geometrical meaning: As we have seen in Section 3.2, 
see the paragraph after Proposition 3.2.1, Lie systems with associated Lie algebras((2, R) (like 
the Riccati equation) with constant coefficients, can be classified according to the coadjoint orbits 
of SL(2, R), that is, by the valúes of the associated discriminant, which in the case of (4.70) is 
4a. It is welLknown that the coadjoint orbits of SL(2, R) are of three types (apart from the 
isolated zero orbit), distinguished by the sign of the Casimir. This kind of analysis could be 
useful for a better understanding of other works based on the factorization method as exposed 
in [176], like, e.g., [169-172]. 

Therefore, let us find the general solutions of (4.70) and (4.71). They are just the same 
as that of the differential equation system (3.71), simply identifying y(x) as k\(x) and z(x) as 
ko(x), with the same notation for the constants. The results are shown in Table 4.3. In the same 
table we show how these solutions reduce to the ones contained in [176]: For the case a < 0, 
taking B — > we recover the factorization type (A) [176, eq. (3.1.7a)]. And taking B — > i, 
with a slight generalization of the valúes B can take, we obtain their type (B) (see eq. (3.1.76)). 
For practical cases of physical interest, they use these factorization types after making the formal 



fe^ -\- fe-^ — 
felfeo + feó = P i 



a: 



2 



(4.73) 
(4.74) 
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Table 4.3. General solutions of the equations (4.70) and (4.71), and some limiting cases. A and B are 
integration constants. The constant B selects the particular solution of (4.70) in each case. D is not defined 
always in the same way, but always represents an arbitrary constant. 

Signofa ki(x) and limits ko(x) and limits Comments 



a = c 2 > 



B sinh(c(x-A))-cosh(c(:r-A)) ¿{B sinh(c(x — A)) — cosh(c(x — A) ) } +-P 
B cosh(c(x — A)) — sinh(c(x — A)) B cosh(c(x — A) ) — sinh(c(x — A) ) 

ctanh(c(x - A)) \ tanh(c(x - A)) + cosh(c ^_ A)) See (3.78) 

c coth(c(x - A) ) \ coth(e(:r - A) ) + sinh(c f x _ A)) See text 

g ^ T S ±c B ^ T S ±- + D cxp(=Fc(x - A)) See (3.79) 



a = 



¡>(-f (x-A) 2 +x-A)+.D 



1 + B(x-A) 1 + B(x-A) 

^I^-^ + ^a T yp e ( c ) 



B^oo t i B— >oo^ 5 
i^A 



a = -c 2 < 



6(x - A) + D Type (D) 

_ B sin( e (x-A))+cos( e (x-A)) |j_g sin( e (x - A) )+cos(c(i- A)) } + D 

C B cos(c(x — A))— sin(c(x — A)) B cos(c(x — A) ) — sin(c(x — A)) 

-£±22»-ctan(c(a;-A)) ^S£» g t an(c(x - A)) + cos(e g_ A)) See (3.87) 

-£Accat(c(x-A)) -g^_^ cot (c(x-A)) + iI ^g r ^ Type (A) 

B ^ ±¿ > ±¿c B ^ ± '> T¿- + 7) cxp(=F¿c(x - A)) Type (73) 



change a — > — ¿a [176, pp. 27, 30, 36, 46]. The same results would be obtained if one considers 
the limiting cases B — > or i? — > 1, respectively, when a > 0, so there is no need of making such 
formal changes. For the case a = 0, taking B — > oo or S — > we recover their factorization 
types (C) and (7J) (see their equations (3.1.7c) and (3.1.7d)), respectively. We show as well 
some limiting cases of B which give us the particular solutions used in the construction of the 
general ones. 

We analyze now the generalization of (4.68) to higher powers of ra. If we try 

k(x, ra) = k (x) + ra k\(x) + m 2 k 2 {x) , (4.75) 

substituting it into (4.67) we obtain 

L(m) - L(m + 1) = 4ra 3 fc2 + 2m 2 (3k 1 k 2 + 3k 2 + k' 2 ) 
+ 2m{k\ + 3hk 2 + 2k\ + 2k a k 2 + k[ + k 2 ) + . . . , 
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where the dots stand for terms not involving ra. Since the coefficients of powers of ra must 
be constant, from the term in ra 3 we have fc 2 = Const. From the other terms, if fc 2 7^ we 
obtain that both of k\ and k have to be constant as well. That is, a case of the trivial solution 
k(x, ra) = f(m). The same procedure can be used to show that further generalizations to higher 
powers of ra give no new solutions [176]. 

Table 4.4. New solutions of equations (4.70), (4.71) and (4.77). A is an arbitrary constant. B selects the 
particular solution of (4.70) for each sign of a. 

Signofa k\ (x) and limiting cases ko(x) k-i(x) Comments 



B síiíh(c(x — A))—cosh(c(x — A)) ~ 
C B co¡¡h(c(x~A))-sinh(c(x-A)) U q ^ 



B ^"> ccoth(c(x -A)) ggR See text 



a = 



1+B(x-A) 



Type (F) 



a = -c 2 < 



B sin(c(x — A)) + cos(c(x — A)) 
C S cos(c(a;-A))-sin(c(a;-A)) 



-t ccot(c(x — A)) 



Type (E) 



Let us try now the simplest generalization of (4.68) to inverse powers of ra. Assuming 
m^O.we propose 

k-t(x) 

k{x,ra) = — + k ü (x) + mkAx) . (4.76) 

ra 

Substituting into (4.67) we obtain 

tí \ tí j.u ( 2m + 1 ) fc -i o fc o fc -i , (2m + l)fc^ 

L(m) - L(m + 1) = — ^ — — — r - 2— — —— + — — — + . . . , 

m z (m + l) z mym+l) raym + 1) 

where the dots denote now the right hand side of (4.69). Then, in addition to the equations (4.70) 
and (4.71) the following have to be satisfied 

k\=e, fc fc_i=3, k'_ 1 =h, (4.77) 

where the right hand side of these equations are constants. Is easy to prove that the only non- 
trivial new solutions appear when k-i(x) = q, with q non-vanishing constant, k (x) = and 
k\(x) is not constant. We have to consider again the general solutions of (4.70) for each sign 
of o, shown in Table 4.3. The new results are shown in Table 4.4. In this table, to obtain really 
different new non-trivial solutions, B should be different from ± 1 in the case a > 0, and different 
from in the case a = 0, otherwise we would obtain constant particular solutions of (4.70). 

For the case a < 0, taking fi^Owe recover the factorization type (E) [176, eq. (3.1.7e)]. 
Again, they use this factorization type for particular cases of physical interest after having made 
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the formal change a — > ia [176, pp. 46, 47]. The same result is achieved by considering 
the limiting case B — > in a > 0. For the case a = 0, taking B — > oo we recover the 
factorization type (F) (see their equation (3.1.7/)). For all these solutions of (4.67) of type 
(4.76), the expression for L{m) is L(m) = —ara 2 — q 2 ¡ra 2 + t, with t an arbitrary real constant. 
The expression is also valid for the case a = 0. 

It can be checked that further generalizations of (4.76) to higher negative powers of m lead 
to no new solutions apart from the trivial one and that of Tables 4.3 and 4.4. 

Therefore, we have obtained all possible solutions of (4.67) for k(x, m) if it takes the form 
of a finite sum of terms involving functions of only x times powers of ra. As a consequence, 
we have found six different families of shape invariant potentials in the sense of [139] which 
depend on only one parameter m transformed by translation. These are calculated by means of 
the formulas (4.62), (4.63), (4.60) and (4.61). We show the final results in Tables 4.5, 4.6 and 
4.7. We would like to remark several relations that satisfy the functions defined in Table 4.5. In 
the case a — c 2 we have 

/; = c(l - fl) = c(B 2 - l)h% , h' + = -cf + h + , 

in the case a = 0, 

f = -Bf 2 , h' = -Bf h + l, 

and finally in the case a = —c 2 , 

f- = c(l + /£) = c(B 2 + l)h 2 _ , h'_ = cf-h- , 

where the prime means derivative respect to x and the arguments are the same as in the mentioned 
table, but they have been dropped out for simplicity. 

4.5 Shape invariant potentials depending on an arbitrary number of 
parameters transformed by translation 

In this section we will generalize the class of possible factorizations arising in the preceding sec- 
tion by considering superpotentials depending on an arbitrary but finite number n of parameters 
which are transformed by translation. This will give, in turn, a class of shape invariant potentials 
with respect to n parameters subject to translation, or in other words, a solution of a previously 
unsolved problem [92]. 

More explicitly, suppose that within the parameter space some of them transform according 

to 

f(a i )=a i -e i , VreT, (4.78) 

and the remainder according to 

f(a j ) = a j +e j , V j e V , (4.79) 

where T U T' = {1, . . . , n}, and e¿ 7^ for all i. Using a reparametrization, one can normalize 
each parameter in units of e¿, that is, we can introduce the new parameters 



mi = —, V¿eT, and m, = -^, VjeT', 



(4.80) 
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Table 4.5. General solutions for the two forms of k(x, ra) given by (4.68) and (4.76). A, B, D, q and t are 
arbitrary constants. The constant B selects the particular solution of (4.70) for each sign of a. The constant 
feisthatof (4.71). 

Signofa k(x, ra) = ko(x) + ra ki(x), L(m) k(x,m) = q/ra + ki(x), L(m) 



a = c 2 >0 tkimf + ( Xy A,B,c) + Dh+(x,A,B,c) % + racf+(x, A, B, c) 

-c 2 m 2 -2bm + t -c 2 ra 2 -sL+t 

a = bh (x,A,B) + (mB + D)f (x,A,B) £ + mBf (x, A, B) 

-2bm + t --4-+ i 

a = _ c 2 <0 ttmíf_^ A ,B,c) + Dh-(x,A,B,c) ±-mcf-(x,A,B,c) 

c 2 m 2 - 2bm + t c 2 m 2 - ^ + t 



where 

f i A '\ ^ sinh(c(x — A))—cosh(c(x — A)) h ( A \ 1 

J + (X,A,tí,C) - B cosh ^ x _ A) )_ sinh(c(x _ A)) n +( x > A, tí, C) - g rosh ( c ( x _ A) ]_ sinh(c(x _ A)) 

fo(x, A, B) = 1+B ¡ X _ A) h (x, A, B) = 

f (t A R r\ — B Bin ( c (x- A ))+ C ° B ( C ( X - A )) f, (~ A R r\ — 1 

J-(X,SÍ, tí,C) — £j cos(c(x — A))—sin(c(x — A)) a- (X , /í, tí , C) — £j cos(c(x — A))—sin(c(x — A)) 



for which the transformation law reads, with a slight abuse of the notation /, 

/(m i )=m¿-l, Vi = l, ...,n. (4.81) 

Note that with these normalization, the initial valúes of each m¿ are defined by some valué 
in the interval (0, 1] (mod Z). We will use the notation m — 1 for the n-tuple m — 1 = 
(mi — 1, m2 — 1, ... , m„ — 1). The transformation law for the parameters (4.81) is just a 
particular case of the general transormations considered in Section 4.3. 

In order to find solutions for the corresponding problems, we should find solutions of the 
equation (4.37) adapted to this case, Le., of the difference-differential equation 

,o, * \ ,■>, s dk(x,m+í) dk(x.m) , . , , „. 

k 2 (x, m + 1) - k 2 (x, m) + — y — t '- + — V — " = L ( m ) ~ L ( m + *) » ( 4 - 82 ) 

dx dx 

where now ra = (mi, mi, . . . , m n ) denotes the set of parameters, m + 1 means m + 1 = 
(mi + 1, m,2 + 1, . . . , m n + 1), and L(m) is some function to be determined, related to R(m) 
by R(m) = L(m) — L(m + 1). Recall that equation (4.82) is essentially equivalent to the 
shape invariance condition V(x, m) = V(x, m — 1) + R(m — 1) for problems defined by (4.81). 
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Table 4.6. Shape invariant potentials which depend on one parameter ra transformed by traslation, when 
k(x, m) is of the form (4.68). A, B, and D are arbitrary constants. The constant B selects the particular 
solution of (4.70) for each sign of a. The constant b is that of (4.71). The shape invariance condition 
V(x, m) = V(x, ra — 1) + R(m — 1) is satisfied in all cases. 

Sign of a V(x, m) — e, V(x, m) — e, R(m) when k(x, m) = ko(x) + mk\ (x) 

a = C 2 >0 (h+ma) 2 f 2 + £ (2(6 + ma) + a )f +h+ + (£>2 _ ( fi 2 _ 1)(¡) + ma ))^2_ 

(b+ma) 2 ^ + £ (2(fe + ma) _ a)/+fe+ + (D 2 + (fi 2 _ 1)(f) + ma))ft 2_ 

H(m) = L(m) - L(m + 1) = 2(6 + ma) + a 
a = b 2 hl + {D + mB)(D + (m + 1)B)/, 2 + 26(D + (m + \)B)f h - b 

b 2 hl + {D + mB){D + (m - l)B)/ 2 + 26(D + (m - \)B)f h + b 
R(m) = L(m) - L(m + 1) = 2b 

a = -c 2 < - (6+ ^ a)2 /- + f ( 2 + ma ) + a )f- h - + (D 2 ~ (B 2 + + ™a))h 2 _ 

_ (b+rna)* f 2 + £ (2(ft + m£¡) _ a)/ _ fe _ + (£) 2 + (fi 2 + + ma))?i 2_ 

ñ(m) = L(m) - L(m + 1) = 2(6 + ma) + a 

where /+ = f+(x,A,B,c), f =f (x,A,B), /_ = f-{x,A,B,c) 

h+ = h+(x, A, B,c), ho = ho{x, A, B), h- = h-(x, A, B,c) are defined as in Table 4.5 



We would like to remark that (4.82) always has the trivial solution k(x, m) = h(m), for every 
arbitrary function h(m) of the parameters only. 

Our first assumption for the dependence of k(x, m) on x and m will be a generalization of 
(4.68) to n parameters, Le., 

n 

k(x, m) = g (x) + m.g^x) . (4.83) 

This form for k(x, m) is the same as the one proposed in [92, Eq. (6.24)], taking into account 
(4.80) and (4.81), and up to a slightly different notation. Substituting into (4.82) we obtain 

L(m) - L(m + 1) 

n / n \ n n / n \ 

= 2j2m j (g' j +g j J29i) + ¿(sj + 9, + 2 K + 9o $>i ) • (4.84) 

j = l ^ i=l ' j = l i=l ^ i=l ' 
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Table 4.7. Shape invariant potentials which depend on one parameter m transformed by traslation, when 
k(x, m) is of the form (4.76). A, B, D and q are arbitrary constants. The constant B selects the particular 
solution of (4.70) for each sign of a. The constant b is that of (4.71). The shape invariance condition 
V(x, m) — V(x, m — 1) + R(m — 1) is satisfied in all cases. 

Sign of a V(x, m) — e, V(x, ra) — e, R(ra) when k(x, ra) = q/ra + mk\(x) 



a = c 2 > + m 2 c 2 + 2qcf + - m(m + l)c 2 (B 2 - l)h\ 

£¡ + m 2 c 2 + 2qcf+ - mira - l)c 2 (B 2 - l)h\ 
R(ra) = L(ra) - L(m + 1) = - ¿ + (2m + l)c 2 

a = ■£r + 2qBh+m(ra + l)B 2 f 2 

£ + 2qBf +ra(ra-l)B 2 f 2 
R{rn) = L{rn)-L{ra + l) = T ^-£ 

a = -c 2 < ¿ - m 2 c 2 - 2qcf- + ra(ra + l)c 2 (B 2 + l)h 2 _ 

¿¿ - m 2 c 2 - 2qcf_ + ra(ra - l)c 2 (B 2 + l)h 2 _ 

R{ra) = L(m) - L(ra + 1) = _ ¿ _ ( 2m + l)c 2 

where /+ = /+(*, A, B, c), /o = /o(x, A, B), /_ = /_ (x, A, B, c) 

= /i_|_(x,j4,B,c), /lo = feo(x, A, B), h- = h—(x, A, B,c) are defined as in Table 4.5 



Since the coefficients of the powers of each m¿ have to be constant, we obtain the following 
system of first order differential equations: 

n 

9' 3 +9iY.9^ c ^ Vj e {1, n}, (4.85) 

¿=i 

n 

5Ó + .9o X] 5» = c o , (4-86) 

i=i 

where c¿, i £ {0, 1, . . . , n} are real constants. 

An important point is that the solution of this system can be found by using barycentric 
coordinates for the gi's, that is, the functions which sepárate the unknowns g¿'s in their mass- 
center coordinates and relative ones. Henee, we will make the following change of variables and 
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use the notations 

1 " 

g cm {x) = -^Si(ar) , 
n í=i 

= ffjW - 3cm(a;) = - (ng 3 {x) - ¿&(a;) ) , 
n v í=i / 

1 " 

rj. ¿ — ' 
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(4.87) 
(4.88) 
(4.89) 



¿=i 



where j e {1, . . . , n}. Note that not all of the functions Vj are now linearly independent, but 
only n — 1 since ^™ =1 u ¿ = 0- 



Table 4.8. General solutions for the differential equation system (4.90), (4.91) and (4.92). A, B, D and 
Dj are arbitrary constants. The constant B selects the particular solution of (4.90) for each sign of nc cm . 



Sign of nc c 



ng cm (x) 



Vj(x) for j G {2, . . . , ra} and g (x) 



nc cm = C 2 >0 Cf+(x,A,B,C) 



nCcm = 



rac cm = -C 2 < 



where 



Bf Q (x,A, B) 



-Cf-(x,A,B,C) 



f.ÍT A R r') — B sinh(C(x-A))-cosh{C(x-A)) 
J+V x ' ^' ' B cosh(C(x-A))~sinh(C(x-A)) 



Mx,A,B) 



1+B(x-A) 



^f^j+{x, A, B, C) + Djh+ix, A, B, C) 
j±f+(x, A, B, C) + D h + (x, A, B, C) 
(cj - c cm )h (x,A,B) + Djfo(x, A, B) 
c o h (x, A, B) + D fo(x, A, B) 

Cj-Cem f_ ^ B¡ C j + D . h _ ^ B ^ 

%f- (x, A, B, C) + D /i- (x, A, B, C) 

A, B, C) = s cosh(C(x-A))-sinh{C(x-A)) 

feo(x,A,B) = 



f (r A R r\ — B sin(C(x-A)) + cos(C(x-A)) 
J-V- L > rí > ID >'~'} — B cos(C(x-A))-sMC(x-A)) 



h-(x,A,B,C) 



B cos(C(x-A))-s\n(C(x-A)) 



Taking the sum of equations (4.85) we obtain that ng cm satisfies the Riccati equation with 
constant coefficients 

n 9cm + (ng cm ) 2 = nc cm . 
On the other hand, we will consider the independent functions Vj(x), j G {2, . . . , n} to com- 
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píete the system. Using equations (4.88) and (4.85) we find 

1 n 
v 'j = - K 

i=l 

= \{g'j -g[+ g'j -g' 2 + --- + g'j -$ + ••• + g'j - g' n ) 

and we will take the corresponding equations from 2 to n. The system of equations (4.85) and 
(4.86) is written in the new coordinates as 

«5cm + {ng cm ) 2 = nc cm , (4.90) 
v'j + v 3 ng crn = c 3 - c cm , V j e {2, . . . , n} , (4.91) 
9o + gong cm = c , (4.92) 

and therefore the motion of the center of mass is decoupled from the other coordinates. But we 
already know the general solutions of equation (4.90), which is nothing but the Riccati equation 
of (3.71) studied in Section 3.4 with the identification of y and a with ng cm and nc cm , respec- 
tively. Therefore, the possible solutions depend on the sign of nc cm , that is, on the sign of the 
sum Y^i=i c i °f a U th e constants appearing in equations (4.85). Moreover, all the remaining 
equations (4.91) and (4.92) are linear differential equations like the linear equation of (3.71), 
identifying z as Vj or go, and the constant b as Cj — c cm or cq, respectively. The general solution 
of these equations is readily found once ng cm is known, by means of the formula (3.76) adapted 
to each case. As a result, the general solutions for the variables ng cm , Vj and g are directly 
found by just looking at Table 3.4 and making the proper substitutions. The results are shown in 
Table4.8. 

Table 4.9. General solutions for k(x, m) of the form (4.83). A, B are arbitrary constants. D denotes the 
combination Do + X^=2 {mi — mi), where Do, Di are the same as in Table 4.8. The constant B selects 
the particular solution of (4.90) for each sign of nc cm . 

Sign of nccm k{x, ra) = g (x) + J2?=i m i 9i( x ) 



nc cm = C 2 > ¿ (en + ELl m i c i) U ( x > A > B > C ) + 0> A > B > C ) 

nc cm = (co + E?=i rruci) h (x, A, B) + (p + B E ^= lTn ' ) f (x, A, B) 

nc C m = -C 2 < é (co + E"=i m i cA f- ( x < A > B > c ) + Dh- (x, A, B, C) 

where /+ = f+(x, A, B, C), f = f (x, A, B), /_ = f-(x, A, B, C) 

h + = h + (x,A,B,C), ho = h (x,A,B), h- = h-(x, A, B,C) are defined as in Table 4.8 



Once the solutions of equations (4.90), (4.91) and (4.92) are known it is easy to find the 
expressions for gi(x) and go(x) by reversing the change defined by (4.87) and (4.88). It is easy 
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to prove that it is indeed invertible with inverse change given by 

n 

9l(x)= 9cm (x) - Wí ( X ) ' ( 4 ' 93 ) 

»=2 

9j {x) = g cm (x) + Vj (x), Vj e {2, . . . , n} . (4.94) 

For each of the three families of solutions shown in Table 4.8, one can quickly find the corre- 

sponding functions gi(x), go{x), and henee the function k(x, m) according to (4.83). The results 
are shown in Table 4.9. 



Table 4.10. Shape invariant partner potentials which depend on n parameters transformed by trasla- 
tion, when k(x,m) is of the form (4.83) and m = (mi, . . . , m n ). The shape invariance condition 
V(x, m) = V(x, m — 1) + R(m — 1) is satisfied in each case. A, B and D are arbitrary constants. 

Sign of nc cm V(x, ra) — e, V(x, m) — e and R(m) when k(x, ra) = go(x) + E¿Li m i9i( x ) 



nc cm = C 2 > (C ° + sfcl^ Ci) *+ + # (2(co + ^"=i m ' c¿) + ^fc=i c ')/+ /l + 

+ (52 - (B 2 - l)(c + E?=i ™¿c ¿ ))fc + 

(co+Eg^c) 2 ^ + ó (2(co + E n =i miQ) _ E?=i c . )/+ ^ + 

+ (Ó 2 + (B 2 - l)(co + E?=i ™iC¿))>> + 

R{m) = L(m) - L(m + 1) = 2(c + E1U ™¿c¿) + £™ =1 c¿ 

nc cm =0 (c + E?=i ™ lCl ) 2 ft 2 + (5 + B £ ^ m - )(¿> + B( S ^ m - + l))/ 2 

+2(c + E?=i miCi)(Ó + B( £ ^ m ' + ¿))/o/io - (co + E"=i 

(co + E"=i ™ iCi ?hl + (D + B^^){D + B(£%^ - l))/ 2 
+2(c + E?=i m iCi )(D + B( £ ^ m ' - \))foh + (co + E"=i m * c *) 

fl(m) = L(m) - L(m + 1) = 2(c + EIU m ¿ c ¿) 

„ Ccm = -C 2 < - (co+ || 1 i "' Ci)2 /£ + #(2(co + E"=i "«iCi) + E?=i Ci)f-h- 

+ (D* 2 - (B 2 + l)(co + E"=i miCi))h 2 _ 

- (C ° + gU"' C ' )2 /£ + ó (2(co + E?=i ^ _ E?=i C¡)/ _ A _ 
+ (D* 2 + (B 2 + l)(co + E?=i m iCi ))h1 

R(ra) = L(m) - L(ra + 1) = 2(c + E"=i m i c i) + E"=i c ¿ 



where /+ = f+(x, A, B,C), /o = fo{x, A, B), /_ = f-(x,A,B,C) 

h+ =h + (x,A,B,C), ho = ho(x,A,B), h- = h-(x,A,B,C) are defined as in Table 4.8 
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We can now calcúlate the corresponding shape invariant partner potentials by means of 
the formulas (4.23), (4.24), (4.50) and (4.51) adapted to this case. The results are shown in 
Table4.10. 

Let us comment on the solutions for the function k(x, m) in Table 4.9 and for the shape 
invariant potentials in Table 4.10 we have just found. It is remarkable that the constants c¿, 
Co, of equations (4.85), (4.86) appear always in the solutions by means of the combination cq + 
Sr=i m i c i- Onthe other hand, D does not change under the transformation m¿ — > m¡ — 1 since it 
depends only on differences of the m,'s. As Do, Di, • • • , D n are arbitrary constants, D = Dq + 
*Y^l=2 Di(m,i — mi) can be regarded as an arbitrary constant as well. It is very easy to check that 
the functions k(x, ra) satisfy indeed (4.82), just taking into account that nc cm — Y^íi=i Ci an< ^ 
that when nc cm — C 2 , Y^i=i C ¿/C = C, meanwhile J27=i C ¿/C = — @ when nc cm = —C 2 . 
Obviously, for the — we have X)"=i Ci ~ As we have mentioned already, (4.82) 

is essentially equivalent to the shape invariance condition V(x, m) = V(x, m — 1) + R(m — 1), 
but it can be checked directly. In order to do it, it may be useful to recall several relations that 
the functions defined in Table 4.8 satisfy. When nc cm = C 2 we have 

/; = (7(1 - fl) = C(B 2 - l)h\ , h' + = -Cf+h + , 

when nc cm = 0, 

f = -Bf 2 , h' = -Bf h + l, 

and finally when nc cm = — C 2 , 

f'_ = C(í + f 2 ) = C(B 2 + l)h 2 _ , h'_ = Cf-h- , 

where the prime means derivative respect to x. The arguments of these functions are the same 
as in the mentioned table and have been dropped out for simplicity. When we have only one 
parameter, that is, n = 1, we recoverthe solutions for k(x, ra) = ko(x) + mk\(x) shown in the 
first column of Table 4.5, and the corresponding shape invariant partner potentials of Table 4.6. 

For all cases in Table 4.10, the formal expression of R(m) is exactly the same, but either 
Y^i—i c í — nc cm have different sign or vanish. Although for the purposes of quantum mechanics 
the relevant function is R(m), from which the energy spectrum is calculated, let us consider the 
problem of how to determine L(ra) from R(ra). Since 

(n \ n 

c + ra lCl + c * ( 4 - 95 ) 
¿=1 / ¿=i 

is a polynomial in the n parameters m¿, and we have considered only polynomial functions of 
these quantities so far, L(m) should be also a polynomial. It is of degree two, otherwise a simple 
calculation would show that the coefficients of terms of degree 3 or higher must vanish. So, 
we propose L(m) = Y^ij=i r ij m i m j + S"=i s i m i + *> where r¿j is symmetric, r¿j = r^. 
Therefore, there are \n{n + 1) + n + 1 constants to be determined. Then, making use of the 
symmetry of in its Índices we obtain 

n n n 

L(ra) - L(m + 1) = - 2 ^ r ij m i ~ Y Ti i ~ ^2 Sl ' 

i,j=l i,J=l ¿=1 
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Comparing with (4.95) we find the following conditions to be satisfied 

n n 

- ^ nj = Cj , V i e {1, . . . , n} , and - ^ s¿ = 2c . 

j=l i=l 

The first of these equations expresses the problem of finding symmetric matrices of order n 
whose rows (or columns) sum n given numbers. That is, to solve a linear system of n equations 
with \n(n + 1) unknowns. For n > 1 the solutions determine an affine space of dimensión 
\n(n + 1) — n = \n{n — 1). Moreover, for n > 1 the second condition determines always 
an affine space of dimensión n — 1. The well known case of of n = 1, cf. Section 4.4, gives a 
unique solution to both conditions. However, the constant t always remains underdetermined. 

We will try to find now other generalizations of shape invariant potentials which depend 
on n parameters transformed by means of a translation. We should try a generalization using 
inverse powers of the parameters m¿; we know already that for the case n = 1 there appear at 
least three new families of solutions, see Table 4.7. So, we will try a solution of the following 
type, provided that m¡ ^ 0, for all i, 

k(x, m) = V + 9o{x) + rmgi(x) . (4.96) 
¿=i mi »=i 

Here, fo(x), gi{x) and go{x) are functions of x to be determined. Substituting into (4.82) we 
obtain, after a little algebra, 

fifj{l + m,i+m,j) fi 



L(m) - Lím + 1) = - > — — — — - 2g 



m¿(m¿ + l)m j (m j + 1) ^ m¿(m¿ + 1) 

_ 2 y- m j.9j/» | o y- ffj/» h y^ 2m t + 1 d/¿ | 
.^ to¿(to ¿ + 1) .-4^ m¡ + 1 ^-f mAmi + 1) dx 

where the dots represents the right hand side of (4.84). The coefficients of each of the different 
dependences on the parameters m¿ have to be constant. The term 

_ \p /¿/j(l + m i + 

¿ j^l m¿ ( TOi + ^) m Á m 3 + !) 

involves a symmetric expression under the interchange of the Índices i and j. As a consequence 
we obtain that fofo = Const. for all Since i and j run independently the only possibility 
is that each fo = Const. for alH e {1, . . . , n}. We will assume that at least one of the fo is 
different from zero, otherwise we would be in the already studied case. Then, the term 

n p 

-2.9o E 



m¿(m¿ + 1) ' 

gives us 3o = Const. and the term which contains the derivatives of the fo's vanishes. The sum 
of the terms 



, y- 9jfo _ 2 V m ó3ih 
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is only zero for n = 1. Then, for n > 1 the first of them provides us X)¿=i 5¿ = Const. 
and the second one, g t = Const. for all i € {1, . . . , n}. This is just a particular case of the 
trivial solution. For n = 1, however, we obtain more solutions; is the case already discussed in 
Section 4.4. It should be noted that, in general, 

2 y* 9jfi _ 2 V TOilí ¿ 2 V ^ gj " (l - ^ ) 

Using this equation as being true will lead to incorrect results. As a conclusión we obtain that 
the trial solution k(x, m) given by (4.76) admits no non-trivial generalization to solutions of the 
type (4.96). 

It can be shown that if we propose further generalizations to higher degree inverse powers 
of the parameters m¿, the only solution is also a trivial one. For example, if we try a solution of 
type 

k{x ,m)= ¿ hiM + f^^+goixJ+f^rnMx), (4.97) 

1 ^ i— 1 i— 1 

where hij(x) = hji(x), the only possibility we will obtain is that all involved functions of x 
have to be constant. 

Now we try to generalize (4.83) to higher positive powers. That is, we will try now a 
solution of type 

n n 

k(x, m) = g (x) + ^ m i9i( x ) + ^ mimjeij(x) . (4.98) 

1=1 i,j = l 

Substituting into (4.82) we obtain, after several calculations, 

n n 

L(m) - L(m + 1) = 4 ^ m l rn j rn k e lj e k i +4 m¿e¿¿mfc(e fc ¡ + g k ) 

i,j,k,l — l i,j.k.l—l 
n / n ^ 

íj=i \k,i=i 

n i n 

+ 4 ^2 m * e v X! ( efc¡ + g ^ + g ° 

i,j=l \k,l=l 
n i n ^ 

+ 2 ^2 m í \9i ^2 ( e i k + g ^ + ¿a¡ X^( e¿fe + g ^ 
¿=i y j,k=i fe=i 

+ ¿ {eij + 9i) ( ¿ (eik + gi) + 2.9o ) + ^ I Y, ( e <¿ + ^) + 2ffo ] • (4.99) 

»,j=l \k,l=l / X \i,j=l 

As in previous cases, the coefficients of each different type of dependence on the parameters 
m, have to be constant. Let us analyze the term of highest degree, Le., the first term on the 
right hand side of (4.99). Since it contains a completely symmetric sum in the parameters m¿, 
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the dependence on the functions e¿j should also be completely symmetric in the corresponding 
índices. For that reason, we rewrite it as 

n 4 " 

4 ^2 miiTijmkeijeki = - ^ rnimjmk(eije k i + ej k eu + e ki e^) , 

i,j,k,l—l i,j.k 7 l—l 

from where it is found the necessary condition 

n 

^(e^eki + e jk eu + e ki eji) = d ijk , Vi, j, k e {1, . . . , n} , 

2 = 1 

where dij k are constants completely symmetric in their three Índices. The number of independent 
equations of this type is just the number of independent components of a completely symmetric 
tensor in its three Índices, each one running from 1 to n. This number is ^n(n + l)(n + 2). The 
number of independent variables e,j is T¡n(n + 1) from the symmetry on the two Índices. Then, 
the number of unknowns minus the number of equations is 

11 1 

-n{n + 1) - -n(n + l)(n + 2) = --(n - l)n{n + 1) . 

Z¿ O D 

For n = 1 the system has the simple solution en = Const. For n > 1 the system is not com- 
patible and has no solutions apart from the trivial one e¿j = Const. for all i, j. In either of these 
cases, it is very easy to deduce from the other terms in (4.99) that all of the remaining functions 
have to be constant as well, provided that not all of the constants vanish. For higher positive 
power dependence on the parameters m¿'s a similar result holds. In fact, let us suppose that 
the highest order term in our trial solution is of degree q, J^™ i =1 mi 1 m Í2 ■ ■ ■ m iq Ti 1 , ,,,, iq , 
where X^. ...^ is a completely symmetric tensor in its Índices. Then, is easy to prove that the 
highest order term appearing after substitution in (4.82) is a sum whose general term is of degree 
2q — 1 in the m¿, being completely symmetric under the interchange of these parameters. This 
sum contains the product of Ti lt ¿ q by itself, but with one index summed. One then has to 
symmetrize the expression for two T's in order to obtain the number of independent equations to 
be satisfied, which is equal to the number of independent components of a completely symmetric 
tensor in its 2q — 1 Índices. This number is (n + 2(q — 1))!/ (2q — l)!(n — 1)!. The number of 
independent unknowns is (n + q — l)\/q\(n — 1)!. Thus, the number of unknowns minus the one 
of equations is 

(n + q-iy. _ (n + 2(q-í))\ 
g!(n-l)! (2q - l)!(n - 1)! ' 
This number vanishes always for n = 1, which means that the problem is determined and we 
obtain that Ti, i = Const., in agreement with [176, p. 28], see also Section 4.4. If n > 1, 
one can easily check that for q > 1 that number is negative and henee there cannot be other 
solution apart from the trivial solution T^, i q — Const. for all ¿i, . . . , i q £ {1, . . . , n}. From 
the terms of lower degree one should conclude that the only possibility is a particular case of the 
trivial solution. 

4.6 On the ambiguity in the definition of the partner potential 

We will study in this section an important conceptual aspect concerning the definition of a partner 
potential, in the sense of Section 4.1, when a specific potential is given. We will see that there 
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appear several ambiguities in such a definition, and part of them are due to the properties of the 
Riccati equation. 

More explicitly, looking for a factorization of a given Hamiltonian amounts to find a con- 
stant e and a solution of a Riccati differential equation for the superpotential function. The first 
ambiguity is due to the choice of the factorization energy e, which is not unique in general. After 
that, it arises the ambiguity in the choice of the solution of the corresponding Riccati equation. 
The choice of different solutions of the Riccati equation has been shown to be very useful in 
the search of isospectral potentials, an idea due to Mielnik [238] and later developed in other 
articles, see, e.g., [108, 111, 124,263]. However, we feel that the mentioned underdeterminations 
are worth having a new look in their own right because their understanding allows us to interpret 
certain facts treated in the literature as consequences of this underdetermination. 

Moreover, the ambiguity in the definition of the partner potential is inherited in the case 
of shape invariance, so one may wonder to what extent it makes sense the relation between a 
potential and its partner characterizing such a kind of problems. 

Therefore, two main questions arise. Are there different solutions for the same Riccati 
equation leading to the same partner?. On the other hand, if the shape invariance condition holds 
for a certain partner, is it also true for any other possible partner?. 

Given one potential function V, the equation (4.3) to be solved when searching for a su- 
perpotential function W, once e is fixed, is a Riccati equation. In general, its general solution 
cannot be found by means of quadratures. However, now we only need to compare solutions of 
the same equation when a particular solution is known, in which case its general solution can be 
written using two quadratures, cf. Sections 1.3 and 1.5. Thus, if W p is a particular solution of 
(4.3) for some specific constant e, the change of variable 

v = 1 i with inverse W = W p - - , (4.100) 



Wp-W 



v 



transforms (4.3) into the inhomogeneous first order linear equation for v 



— = -2W p v + l, (4.101) 



which has the general solution 



¡ x cxp{2fw p ( V )dr ] } dt + F 

V ^ = jo füttzAt ' (4 ' 102) 

exp{2J W p (£)(%} 

where F is an integration constant. Therefore, the general solution of (4.3) reads as 

exp{2 rWJOdt] 
W g (x) = W p {x) - fLJ . (4.103) 

¡ x cxp [2 f W P ( V ) drjj d^ + F 

Then, "the partner" V of V is constructed by using (4.4), or equivalently, (4.7). But these for- 
mulas explicitly show that V does depend upon the choice of the particular solution of (4.3) 
considered. Since the general solution of (4.3) can be written as W g = W p — 1/v, where v is 
given by (4.102), the general solution obtained for V g is, according to (4.7), 
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This answers one of the questions above: all the partner potentials, obtained by using (4. 1 04) 
are different, apart from the trivial case in which W p and V are constant, because the differential 
equation (4.101) only admits a constant solution when W p is constant. 

This implies that "the partner" of one given potential is not a well defined concept and it 
seems better to say that an ordered pair (V, V) is a (supersymmetric) pair of partner potentials if 
there exists a constant e and a function W such that the latter is a common solution of the Riccati 
equations (4.3) and (4.4) constructed with these potentials, respectively. Of course the preceding 
comment shows that in such a case the superpotential function W is essentially unique for each 
e, which moreover makes the problem of A-related Hamiltonians be well defined. Note as well 
that this reformulation of partnership comprehends the situation where V is the potential we have 
started this section with, V is one of the functions obtained from (4.104) for a specific valué of 
the constant F, and W is obtained from (4.103) for the same valué of F. 

Now we will show what consequences have this underdetermination in the subclass of shape 
invariant potentials. For that, we should use instead of (4.3) and (4.4) the equations 

V(x,a)-e(a) = W 2 (x,a)~ W'(x,a), (4.105) 
V(x, a) - e(o) = W 2 {x, a) + W'(x, a) , (4.106) 

where now the factorization constant depends on the parameter a, changing slightly the conven- 
tion for the notations used so far. Consider a particular solution W p (x, a) of equation (4.105) 
for some specific constant e(a), such that it is also a particular solution of (4.106), V(x, a) and 
V(x, a) being related by the further condition (4.20). As in the previous case, we can consider 
the general solution of (4.105) starting from W p (x, a), which is 

W 9 (x,a,F)=W p (x,a)+g{x,a,F), (4.107) 

where g(x, a, F) is defined by 

exp{2 rw p (£, a) d£\ 

g(x,a,F) = — iü-J V , (4.108) 

J x exp\2pW p {n,a)dril d£ + F 

and F is an integration constant. Note that the particular solution W p (x, a) is obtained from 
(4.107) as F — > oo. Then, inserting W g (x, a, F) into (4.106) we obtain the general family of 
partner potentials 

V(x, a, F) = V(x, a) - 2g'(x, a, F) . (4.109) 

The question now is whether the condition (4.20) is maintained when we consider the pair 
V(x, a, F) and V(x, a) instead of V(x, a) and V(x, a). Then, we ask for 

V(x,a,F) =V(x,f(a)) +R(f(a),F) , (4.110) 

for some suitable F, where / is the same as in (4.20), and R(f(a) , F) is a number not depending 
on x, maybe different from the R(f(a)) of (4.20). Taking into account (4.20) and (4.109), the 
equation (4.1 10) reads as 



2g'(x,a,F) = R(f(a),F) - R(f(a)) , 
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that is, 2g'(x, a, F) should be a constant, which we ñame as k for brevity. Integrating respect to 
x we obtain 2g(x, a, F) = kx + l, where l is another constant depending at most on a and F. 
On the other hand, since g(x, a, F) is given by (4. 108), it follows 

r í f 6 , s 1 2 exp{2 rw p (£, a) á£\ 
J exp^j ^,0)^^ + ^= 1 kx + l ■ (4-111) 

Differentiating this last equation, and solving for W p (x, a), we obtain 

where we have made explicit that the parameter space should be a = {k, l}. Introducing this 
expression into (4.1 1 1) and performing the integrations, we obtain 

_2 e -x{kx+2l) / i + p _ _2 e -x{kx+2l) / i 

and henee F — 0. Now we have to check whether this particular case we have found, which is 
the only candidate for fulfilling (4.110), satisfies our hypothesis (4.20). The partner potentials 
defined by W p (x, k, l) and equations (4.105), (4.106) are 

V{x, k, l) - e(k, l) = W^(x, k, l) - W' p {x, k, l) 

V(x, k, l) - e(k, l) = W*{x, k, l) + W p (x, k, l) 

Now, we have to find out whether there are some transformation of the parame ters {k, 1} such that 
the condition (4.20) be satisfied. Denoting the transformed parameters as {k\ , l{\ for simplicity, 
we have 

V(.,M - v(*M,k) - 4U) - t (k lM - \ -Kjg^ + ^) 

+ ^((fc - k x )x + l - h)((k + h)x + l + h). 

The right hand side of this equation must be a constant and therefore, each of the different 
dependences on x must vanish. The term ((fc — k{)x + l — h){{k + ki)x + l + li) vanish for 
the combinations k x = —k, l\ = —l or k\ = k, l\ = l, apart form the case fci = — k\ = k = 0, 
which will be studied separately. However, the term 

Skf k 2 

{hx + h) 2 + (kx + l) 2 

is equal to 4 k 2 /(kx + 1) 2 for both combinations and does not vanish. Then, the shape invariance 
hypothesis is not satisfied. In the case of k = we have that the corresponding W p (x, a) is 
a constant and henee provides the trivial case where the corresponding partner potentials are 
constant as well. 



(kx + lf 3fc 2 
16 + A (kx + l) 2 1 

(kx + l) 2 k 2 k 

16 A(kx + l) 2 ~ 2 ' 
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This answers the other question posed above, and it is closely related with the previous one. 
That is, if the shape invariance condition holds for a possible partner, then it does not hold for any 
other choice of partner, apart from the trivial case where all the involved functions are constant. 

As a consequence, it would be better to reformulate the shape invariance condition (4.20) 
in terms of appropriate W and e only. Now, considering a particular common solution W(x, a) 
of (4.105) and (4.106) for some e(a), together with (4.20), allows to write this last condition as 
(4.25), where R(f(aj) = e(/(a)) — e(a). This way, beginning from W(x,a) and e(a) which 
solve (4.25) for some /, we will obtain through (4. 105) and (4. 106) well defined shape invariant 
partner potentials (V(x, a), V(x, a)) by construction. We have seen in previous sections how the 
key point, when finding shape invariant potentials, is indeed to solve an equation of type (4.25). 
Now we have found the important reason why it should be done in that way. 

4.7 Parameter invariance and shape invariance: existence of several 
factorizations 

We will analyze in this section what happens if there exists a transformation in the parameter 
space, g : a i-> g(a) such that leaves the potential V(x, a) in (4.105) invariant. 

Then, whenever (W(x, a), e(o)) is a solution of (4.105), we will have another different 
solution provided that W(x,g(a)) ^ W(x,a). In fact, if we transform all instances of a in 
(4. 105) by the map g, and use such an invariance property, it follows that we have another solution 
(W(x,g(a)), e(g(a))) of (4.105) in addition to (W(x, a), e(a)). Inserting each of these pairs 
into (4.106) we will obtain in general different partner potentials V(x,g(a)) and V(x,a) of 
V(x, a). This also gives an example of the fact that there may exist several different constants e 
such that we could find a particular solution W of an equation of type (4.3) or (4.105) for a fixed 
V. 

Another interesting case in which new factorizations can be generated from known ones is 
when we have a pair of partner potentials V(x, a) and V(x, a) satisfying the shape invariance 
condition (4.20), properly understood. In this case this condition shows that 

V(x,a) = V(x,f- 1 (a))-R(a), 

or, in terms of the Hamiltonians, 

H(a) = H(f- 1 (a))-R(a), 
which pro vides an alternative factorization for H(a): 

H(a) = (¿ + W(x, /"»)) + W(x, f~ \a))^ + e(f-\a)) R(a) , 

where it has been used (4.5) with A(a) = ■£ + W(x, a) and A^(a) = + W(x, a). Thus, 
had we started only with the potential V(x, a) of this paragraph, we would have been able to 
find a factorization of H(a) as a product of type A^(a)A(a) + Const. and another as a product 
A(f _1 (a))^ (a)) + Const., being these constants different, in general. 

Of course one can have the situations described in the preceding paragraphs at the same 
time. We shall illustrate them in the next subsection. 
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4.7.1 Illustrative examples 

As a first example we will interpret the so-called four-way factorization of the isotropic harmonio 
oscillator, introduced in [131, pp. 388-389]. In their notation, the potential and Hamiltonian of 
interest are 

V(r, l) = + r 2 , H(l) = ~ + V(r, l) , 

where the independent variable is r e (0, oo) and the set of parameters is simply l. Their 
factorization (6) is 

ff '^(-¿ + ; +r )(¿ + ; +r )- (2, - 1) - <4J12) 

from where it is suggested that W(r,l) — £ + r. Substituting it into V(r, l) = W 2 (rJ) — 
w< ^ l ^ + e(l) we obtain e(l) = —(21 — 1), so (4.112) is the appropriate versión of (4.5) as 
expected. Now, as the potential V(r, l) is invariant under the map g : 1 1-> — l — 1, we will obtain 
a new solution (W(r, g(l)) , e(g(l))) = (W(r, —l — l), e(—l — 1)) of the equation 

V(r,l) = W 2 - — + e. 

dr 

ButW(r,g(l)) = W(r,-l-l) = +r and e(g(l)) = e(-Z-l) = 2/ + 3,whichis exactly 
what corresponds to the factorization (4) of [131]. The factorizations (5) and (7) loe. cit. are 
related in a similar way; (7) is obtained from (5) by means of the change g : l — l — 1 as well. 

As far as the relation between their factorizations (6) and (5) loe. cit. is concerned, we have 
already seen that, from their factorization (6), here reproduced as (4.112), it follows W(r, l) = 
í + r, and thus, the corresponding V(r,l) through (4.106) is 

V(r, l) = W 2 (r, l) + + e(í) = + r 2 + 2 . 

dr r ¿ 

Then it is very easy to check that V(r, l) = V(r, /(/)) + R(f(l)), where R(l) = 2 for all l, and 
/ is defined either by f(l) = l — 1 or f(l) = —l. We obtain 

H(l) = H(l + 1) - R(l) , V(r, l) - V(r, l + l)- R(l) , 

and 

H(l) = H(-l) - R(l) , V(r, l) = V(r, -l) - R(l) , 

as well. In this way the factorization (5) of [131] is achieved. 

As a second example we will consider the modified Poschl-Teller potential, analyzed in an 
interesting recent article [108]. The potential is now 

V(x,a,X) = -a 2 ^^ , (4.113) 
cosh ax 

where x e (— oo, oo) and a > 0, A > 1 are two real parameters. 

Two different particular solutions (W(x, a, A), e(a, A)) of the Riccati equation 

W 2 — W' = V(x, a, A) - e , 
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have been found in [108], p. 8450, namely, 

(W\(x, a, A), ei(a, A)) = (— Aatanh 2 ax, — \ 2 a 2 ) , 

(W 2 (x, a, A), e 2 (a, A)) = (-(1 - A) a tanh 2 ax, -(1 - A) 2 a 2 ) . 

It is clear that the second pair is obtained from the first by means of the parameter transformation 
g : (a, A) i->- (a, 1 — A). The reason is that V(x, a, A) is invariant under g, or more precisely, its 
factor A(l - A). 

The associated partner potentials V(x, a, A) obtained using (4.106), are 

Vi (x, a, A) = W 2 (x, a, A) + W[ (x, a, A) + ei (a, A) 

V 2 (x, a, A) = Wf^a, A) + W' 2 (x,a, A) + e 2 (a, A) 

We see that both of the previous functions are just second degree monic polynomials in A, with 
roots spaced one unit, times — a 2 / cosh 2 ax, like V(x, a, A) itself. It is then obvious that a 
translation of the type Ah^A — 6orA c- A should transform Vi (x, a, A) and V¿ (x, a, A) into 
V(x, a, A). This is in fact so, since V(x, a, A) = Vi(x, a, ,f _1 (A)), where / is defined eitherby 
/(A) =A-lor/(A) =-A, and similarly V(x, a, A) =V 2 (x,a, f _1 (A)) when /(A) =A-1 
or/(A)=2-A. 

In this way one could propose other different factorizations for the potential V(x, a, A), 
being able, in principie, to perform a differential operator analysis for this potential similar to 
what it is done in [131] for the first example of this subsection. 



-a' 



-a 



í MA + 1) ^ 
cosh 2 ax ' 
2 ( A-l)(A-2) 
cosh 2 ax 
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Hamiltonians 



5.1 Introduction and the theorem of the finite-difference algorithm 

In this chapter we will study the problem of intertwined Hamiltonians from the group theoretical 
point of view provided by the affine action on the set of Riccati equations introduced in Chap- 
ters 1 and 3. We will explain in these terms the above problem and, moreover, we will be able to 
find the most general versión, in some sense, of the classical Darboux transformation by means 
of the previous action. In addition, we will give to these transformations a group theoretical 
foundation. 

Let us make some comments about how we have arrived to these problems and results. 
As we have mentioned in the preceding chapter, the factorization of Hamiltonian problems in 
quantum mechanics and other related techniques play an important role in the search of quantum 
systems for which the energy spectrum is completely known. However, there has been recently 
an increasing interest in generating new exactly solvable Hamiltonians from known ones. To this 
respect, concerning iterations of the first order intertwining technique, it has been recently used a 
finite difference algorithm in [128], which pro vides in an algebraic fashion the solution of the key 
Riccati equation at a given iteration step in terms of two solutions of the corresponding Riccati 
equation at the previous step, associated to two different factorization energies. This procedure 
has been successfully applied in order to obtain new exactly solvable Hamiltonians departing 
from the harmonic oscillator and Coulomb potentials [127, 128, 289]. 

On the other hand, as we have shown in Sections 1 .4 and 3.2, it is possible to define an affine 
action on the set of Riccati equations. From the perspective of Lie systems (with associated Lie 
algebra 5Í(2, R)) as connections in principal and associated bundles, this affine action can be 
identified as a kind of gauge transformations or, in other words, with how the given connection 
changes under the group of automorphisms of the involved bundle. We have used this affine 
action in order to analyze the integrability properties of the Riccati equation in Section 1.5. 

We wondered about whether this group theoretical approach could shed a new light on the 
abovementioned problem of intertwined or A-related Hamiltonians, and, in particular, a natural 
question is whether there is a relation of this group action with the finite difference algorithm. 
The first result to this respect is immediate, since a direct proof of the theorem of the finite 
difference algorithm can be obtained by means of the cited group action. From now on, we will 
follow the definitions and notations of Sections 1.4 and 3.2, but we will denote the independent 
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variable as x instead of t, and the dependent variable will be y instead of x. Likewise, the 
derivatives with respect to t, denoted with a dot, become derivatives with respect to x, to be 
denoted with a prime. 

Theorem 5.1.1 (Finite difference Backlund algorithm [128,239]). Letw k (x), wi(x) be\ 
two solutions ofthe Riccati equations w' + w 2 = V{x) — e k and w' + w 2 = V(x) — ej, respec- 
tively, where e k < e;. Then, the function Wki(x) definedby 

w k i{x) = -w k {x) -4íj — — — r^- , (5.1) 

w k (x) - wi(x) 

is a solution ofthe Riccati equation w' + w 2 = V(x) — 2 w' k {x) — e¡. 



Proof. The function w¿ (x) satisfies the Riccati equation w'+w 2 = V(x)—ei by hypothesis. 
We transform it by means of the element A of Q given by 

where h(x) is a function with the same domain as wi (x) and a is a positive constant. Notice that 
Ao e Q since its determinant is always one, for all x in the domain of h(x). According to (1.32), 
we compute 

/ n , u h(x)wi(x) - h 2 (x) + a 
<P(A (x), Wl (x)) = f ' = -h(x) + 



h{x) — wi(x) h(x) — wi(x) 

This is a solution of the Riccati equation with coefficient functions given by (1.34), (1.35) and 
(1.36), with matrix elements 

a{x) = 6(x) = ^2 , P(x)= - h ^ + a , 7(*) = -^, 

and coefficients of the initial Riccati equation 

a 2 (or) = -l, ai(or)=0, a (x) = V(x) - e t . 
Simply performing the operations, we find 

a 2 {x) = -{-h 2 (x) - tí{x) + V(x) - ei + a} - 1 , 
a 

a^x) = ^l{-h 2 (x) - h'(x) + V(x) - ei + a} , 

a (x) = ^-^{-h 2 (x) - h'(x) + V(x) -et+a} 
+ h 2 (x) + h'(x)-2h'(x)-a. 

Therefore, if the function h(x) satisfies the Riccati equation w 2 +w' = V(x) — e k , with e k = e¡ — 
a, and we rename it as h(x) = w k (x), the new coefficients reduce to ü2(x) = —l,a\{x) = and 
a (x) = V{x)-2w' k {x)-ei. | 
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Let us remark that in [128] the proof of Theorem 5.1.1 was just sketched. In addition, there 
exists an alternative proof [239]. 

Thus, motivated by this result, we wondered about what are the group elements which 
preserve the subset of Riccati equations arising from the set of Schrodinger equations, after 
applying the reduction process outlined in Section 4.2, with respect to the affine action on the 
set of Riccati equations. This question is studied in Section 5.2. As a result of this analysis, we 
will be able to find a new transformation relating three different Schrodinger equations, which 
represents a generalization of both the finite difference Bácklund algorithm and the classical 
Darboux transformation technique. As an application, we find in Section 5.3 that the problem 
of A-related Hamiltonians can be explained exactly in terms of the affine action on the set of 
Riccati equations and the reduction procedure of Section 4.2. In Section 5.4 we illustrate the 
use of the new theorems of Section 5.2 in the search of potentials for which one eigenstate 
and the corresponding eigenvalue will be exactly known. In particular, Examples 5.4.1, 5.4.3 
and 5.4.4 will provide potentials essentially different from the original ones. Since we know by 
construction an exact eigenvalue and eigenfunction of the new potential, this technique is a new 
alternative in order to find potentials for which only part of the eigenvalue prolem can be solved 
exactly. Finally, we give in Section 5.5 some remarks and directions for further research. 



5.2 Group elements preserving Riccati equations oftype w'+w 2 = V(x) — e 



We have seen how the affine action on the set of Riccati equations provides a direct proof of 
Theorem 5.1.1. It relates one solution wi(x) of the initial Riccati equation w' + w 2 — V(x) — e¡ 
with one solution Wki(x) of the final Riccati equation w' + w 2 = V{x) — 2w' k (x) — e¡ by using 
a solution Wk(x) of the intermedíate Riccati equation w' + w 2 = V(x) — e^. These three Riccati 
equations can be obtained from another three Schrodinger-like equations by means of one of the 
reduction possibilities explained in Section 4.2. Moreover, those associated with the initial and 
intermedíate Riccati equations, namely — V" + (V(x) — ei)ip = and — tp" + (V(x) — e k )i¡j = 0, 
can be seen as the eigenvalue equations for the two energies e;, e k of the same potential V(x), 
meanwhile the final Riccati equation can be associated to the eigenvalue equation for the potential 
V(x) — 2 w' k (x), with eigenvalue e¡. 

Then, we are naturally led to the question of which are the most general elements of Q such 
that, by means of the affine action on the set of Riccati equations, we transform an arbitrary 
but fixed Riccati equation with coefficients a 2 (x) = — 1, di (a;) = and a (x) equal to some 
function, which we will write as an expression of the form V(x) — e, into another equation of the 
same type, Le., with coefficients ü2(x) = — 1, ai (a;) = and cio(x) = V(x) — e. 

The Riccati equation we will start from is 

w' = -w 2 + V(x) - e , (5.3) 
which according to (1.16) has the coefficients a 2 (x) = —1, a\{x) = and a (x) — V(x) — e. 
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The condition for obtaining a final Riccati equation in the mentioned subset is 

5 2 -á 7 l 2 \ ( -1 
-2136 aS + fi-f -2a 7 
1 ~a¡3 a 2 

7 5> - Si 

+ | 5a' - a6' + pi - -y/3' | , (5.4) 
a/3' - /3a' 

for an A e G of type (1.33) to be determined, and where V(x) — 1 will be in general different 
to V(x) — e. Therefore, the elements of the subset of Q we are trying to characterize will not 
necessarily form a subgroup. The matrix equation (5.4) is equivalent to three scalar equations 

-1 = - 5 2 + i (V(x) - e) + 7¿' - Si , (5.5) 
= 2 (35 - 2 a 7 (V(x) - e) + 5a' - a5' + M - 7 /3' , (5.6) 
V(x) - e = - ¡3 2 + a 2 (V(x) - e) + a/3' - ¡3a' . (5.7) 

Differentiating det A(x) = a(x)5(x) — (3(x)j(x) =lwe have as well 

a' 5 + S'a - i /3 - /3' 7 = . (5.8) 

Out of these four equations, (5.5), (5.6) and (5.8) will give conditions on the matrix elements a, 
¡3, 7, 5 and their derivatives such that the preserving condition be satisfied. The remaining (5.7) 
will define V(x) — e in terms of all the other functions, including V(x) — e. 
After taking the sum and the difference of (5.6) and (5.8) it follows 

(V(x) - e)a 2 = —— + a/3' , (5.9) 

7 7 

( y W -e)7 2 = ^ + ^-7¿'. (5.10) 
a a 

Substituting them into (5.5) and (5.7) gives 

-1= -5 2 + l^ + ^-6i, 
a a 

tt/ \ r.o a /35 5aa' n . 
V(x) -e = - /3 2 + — — -\ ¡3a' . 

7 7 

Multiplying the first of these equations by a and the second by 7 , and using the fact that aS — 
/? 7 = 1, we arrive to 

a = 6 + i, (5.11) 
(V(x) - e) 7 = + a' . (5.12) 

Substituting (5.11) into (5.10) yields 



(V(x) -e) 7 = /3-5'. 



(5.13) 
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We have two relations amongst the functions a, ¡i, 7 and 6, namely (5.11) and the determi- 
nant condition, so we can express these matrix elements in terms of only two of them and their 
derivatives. Then we have a = 5 + 7' and fi = (6(6 + 7') — 1) /*y. Using moreover the fact that 

the equation (5.13) becomes 



9 ' 



;)' + H)'-"« + 7- 

so the new function v defined as v = — S/j must satisfy the Riccati equation 

v' + v 2 = V(x) + \ - e . (5.14) 

7 2 

Now, substituting in (5.12) the expressions of ¡3 and a' in terms of 6, 7 and their derivatives, and 
using the definition of v and the equation (5.14) gives 

V(x) - e = V(x) -2(^v + v') +^-e. 

V 7 / 7 

It only remains to find the expression of the function solution of the final Riccati equation, in 
terms of w and v. The SL(2, IR)-valued curve used for the transformation can be written as 

so the desired function is 

-VW + wy'/'y — I/7 2 + v 2 — wy'/'y 



w = 6(Cq, w) 



w — v 

,,2 



I/7 2 7' 

11 (5.16) 



w — v 7 

In summary, we have just proved the following theorem: 

Theorem 5.2.1. Let w(x) be a solution ofthe Riccati equation 

w' + w 2 = V(x) - e (5.17) 

for some function V(x) and some constant e, and let j(x) be a never vanishing differentiable 
function defined on the domain ofV(x). Ifv(x) is a solution ofthe Riccati equation 

v' + v 2 = V(x) + ^---e, (5.18) 

7 2 (x) 

such that is defined in the same domain as w(x) and w(x) — v(x) does not vanish, then the 
function w(x) defined by 

w(x) = -v(x) } I ^ {X ) + (5.19) 
w(x) — v(x) 7(x) 
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is a solution ofthe Riccati equation 



,-' - w 2 = V(x) -2[-t-v + v' j+^-e. (5.20) 



Needless to say, the coefficients of the final equation can be calculated directly by using 
(1.34), (1.35), (1.36) and taking into account (5.15), (5.17) and (5.18). 

Corollary 5.2.1. The Theorem 5.1.1 is a particular case ofTheorem 5.2.1. 

Proof. Itis sufficientto choosein Theorem 5.2.1 w(x) = wi(x), v(x) = Wk(x), e = e¡ and 
7 = 1/ y/ei - efe, with e fe < e¡. | 

Theorem 5.2.1 has a counterpart for linear second-order differential equations of Schrodin- 
ger type, which will be in turn of direct interest in physical applications. The key is to use in a 
inverse way the reduction procedure outlined in Section 4.2. 

Consider the solution w of the Riccati equation (5.17). We can define (locally and up to a 
non-vanishing multiplicative constant) the new function (¡> w as 



<Mz)=exp|J w(£)d£), (5.21) 

which will satisfy 

-C + (V(x) - e)4> w = , 

for the specific constant e. Analogously, by considering a solution v of the Riccati equation 
(5.18) we can define (locally etc.) <¡> v as 



<^(z) = exp ütéKJ, (5-22) 

which will satisfy 

-<+(v(*) + ^-e)^=0, 

for the same specific constant e. Then the function w defined by (5.19) will satisfy the Riccati 
equation (5.20). We could define as well (locally etc.) the new function <^ as 



cfoj(x)=exp^J WiOdS), (5.23) 

which in turn will satisfy 

-4& + {v{x)-2^v + t/^+^-e}fe = 0. 

What has to be done now is to relate the function (fe- with <f> w and <f> v , taking into account the 
relation amongst w, w and v. 



Sec. 5.2 Group elements preserving Riccati equations oftype w' + w 2 — V(x) — e 127 

Proposition 5.2.1. Let w, v, w be the functions for which the Theorem 5.2.1 holds, and 
<Pw, <f>v, 4>w the ones define d by (5.21), (5.22) and (5.23), respectively. Then we have 

f=v, &=w, (5.24) 

4> w 4>v <t>w 

and it holds 

(5 - 25) 

up to a non-vanishing multiplicative constant. 



Proof. The first assertion is immediate. As a consequence, we have 

dx <¡) v t 

Taking the logarithmic derivative 



7 f ~T" + X 1 ) <f>w = l{v - w)4> u 



{j(v - w)4> w y = i_ + v ' - w ' + ti» 

-f(v - w)4> w 7 v-w <j) w 

Í , w 2 - v 2 , 1/7 2 , Í , 1/7 2 , 

W = W — V -\ h W 



7 v — w v — w 7 v — w 

i 1/7 2 4>- 

2- - v + -U— = w = 

7 v-w <pv> 



where equations (5 . 1 7), (5 . 1 8) and (5.19) have been used. | 
With the previous results we have the following: 

Theorem 5.2.2. Let <p w (x) be a solution ofthe homogeneous linear second order differ- 
ential equation 

-C + (V(x) - e)4> w = , (5.26) 

for some specific function V(x) and constant e, and let 7(2) be a never vanishing differentiable 
function defined on the domain ofV(x). If the function <p v (x) 7^ <p w {x) is a solution of the 
equation 

0, (5.27) 



-€+(v(x) + -±-j-e^ v 



defined in the same domain as <f> w (x), then the function <¡>w{x) defined (up to a non-vanishing 
multiplicative constant) by 

^ = -r(-4- + T-)<K, (5-28) 

V dx <p v J 

satisfies the new equation 

-4¡L + ^V( x )-2(^-v + v^j +^- e | ( ^ r = 0, (5.29) 
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Corollary 5.2.2 (Darboux theorem [104, 174]). Let <j> w (x) be a solution ofthe homo- 
geneous linear second order differential equation 

- ( j>l + (V(x)-e)<j> w =0, (5.30) 

for some specific function V(x) and constant e, and let 7 be a non-vanishing constant. If the 
function 4> v {x) =¿ (f) w (x) is a solution ofthe equation 

-<j>'¿ + (v(x) + ^ -e^„=0, (5.31) 

defined in the same domain as <f> w (x), then the function (j>m{x) defined (up to a non-vanishing 
multiplicative constant) by 

<kw=(-^r + ^A<t> w , (5.32) 



dx 

satisfies the new equation 

+ (V(x) -2 v' -e)<fe = 0, (5.33) 
where the function v(x) is defined (locally) as (f>' v /4> v = v. 



Proof. It is sufficient to take j(x) equal to a non-vanishing constant in Theorem 5.2.2. j 

Note that Theorems 5.2.1, 5.2.2 are invariant under the change of sign of 7. On the other 
hand, to recover Darboux theorem completely would mean that instead of having I/7 2 in (5.31), 
we would need to have an arbitrary non-vanishing constant. We will see how to solve this appar- 
ent difficulty in the final section of this chapter. 

5.3 Finite difference algorithm and intertwined Hamiltonians from 
a group theoretical viewpoint 

We have already said that the finite difference algorithm, based on the Theorem 5.1.1, appeared 
in [128] when the authors wanted to itérate the standard first order intertwining technique. This 
idea has been kept also in subsequent works [127,289], and in all of these articles the algorithm 
has been shown to be of use for obtaining new exactly solvable Hamiltonians. Moreover, the 
proof of Theorem 5.1.1 given recently in [239, Sec. 2], alternative to that which has been given 
here, still relies on the idea of iteration of the intertwining technique. 

On the other hand, we have given a direct proof of Theorem 5.1.1 by making use of the 
affine action of Q on the set of Riccati equations, and we wonder whether it is possible to estab- 
lish a further relation between this transformation group and the (maybe iterated) intertwining 
technique. 



Sec. 5.3 Group theory of intertwined Hamiltonians andfinite difference algorithm 129 

The important result, which we show next, is the following. By using properly the finite 
difference algorithm just once, jointly with the reduction procedure described in Section 4.2, 
it is possible to explain from a group theoretical viewpoint the usual problem of A-related or 
intertwined Hamiltonians. 

With this aim, let us consider two Hamiltonians 

H Q = -^ + V Q (x), H 1 =-^ + V í {x), (5.34) 
which by hypothesis are Ai-related, Le., A\Hi = H A\ and HiA[ = A\H , where 

A 1 = -£-+w 1 , A\ = ~ + wi , (5.35) 

dx dx 

and wi is a function to be determined. 

Assume that H is an exactly solvable Hamiltonian for which we know a complete set of 

square-integrable eigenfunctions i/>í°^ with respective energies E n , n = 0, 1, 2, We have 

seen in Section 4.2 that, in particular, 

V (x)-E =wl{x,E )+w' 1 {x,E ), (5.36) 

Vi (a;) - E = w¡(x, E ) - w[(x, E ) , (5.37) 

or equivalently 

V (x)-E = -(V 1 (x)-E )+2w 2 1 (x,E ), (5.38) 

Vx(x) = V (x) -2w[(x,E ) . (5.39) 

where we have chosen wi(x,E ) as 

w 1 (x,E )= 4 0) 'M 0) - (5-40) 

Up to a non-vanishing multiplicative constant, we define the function ^q 1 ^ as ^q 1 ^ = 1 /tp^ . We 
have as well 

w 1 (x,E ) = -4 1), /4 1) . (5.41) 
Then, both Hamiltonians factorize as 

H = A 1 (E )A\{E ) + E , H 1 =A{(E )A 1 {E )+E . (5.42) 

We have made explicit E n in the function wi and, as a consequence, in the operators Ai 
and A\ . However, it should be considered as a label reminding the factorization we are working 
with rather than as a functional dependence. From (5.40) and (5.41) we have A\(Eo)ipQ = 
and Ai(E )i/;^ = 0; as a result H\i¡)^ = Eqi¡)^ and H ipQ ^ — E a i¡j^\ As ip^ has no zeros 
in the domain of Vq{x), all the functions defined in this section will be globally defined provided 
that such a domain is connected. 

Equation (5.39) relates the new potential V\ (x) and the oíd one Vo(x). As it is well known, 
due to the Ai(_E )-relationship of the Hamiltonians H n and H\, the normalized eigenfunctions 
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of Hi can be obtained transforming those of H by means of the operator A\(E ) except tp^, 
since Á[(Eo)ip^ — 0. In fact, a simple calculation shows that the functions 

tf) = álpf, ,5.43, 

satisfy 

H^W = E n 4p and (V>« , i/>£>) = ¿„m , (5.44) 

for all n, m = 1, 2, 3, . . . , provided that the functions ^4°^ are normalized. 

Although the function ip^ satisfies Hitp^ = Eoipo~\ it does not correspond to a physical 
state of Hi since it is not normalizable, which means that E does not belong to the spectrum of 
H\. For this reason, the Hamiltonians H\ and Hq are said to be quasi-isospectral. 

Let us formúlate now these results in terms of the affine action on the set of Riccati equations 
introduced in Section 1.4. By hypothesis, we have 

H 4" ] = , n = 0, 1, 2, . . . . (5.45) 

As Hq is given by (5.34), the set of spectral equations (5.45) can be written as 

+ (V (x) - E n )^ =0, n = 0,1,2,.... (5.46) 

We introduce the new functions 

, (0)/ 

w 1 (E n ) = ^ y , n = 0,1,2,..., (5.47) 

where the dependence on x has been omitted for brevity. As we know from Section 4.2, these 
transformations will be defined locally, Le., for each n the domain of w\{E n ) will be the unión 
of the open intervals contained between two consecutive zeros of ^1°^ or maybe a zero and one 
boundary of the domain of Vq(x). In particular, w\{Eq) is defined globally in the entire domain 
of Vq(x) because ip^ has no zeros there. Therefore, the set of equations (5.46) reads in the new 
variables as the set 

w[(E n ) + w\{E n ) - V Q (x) -E n , n = 0, 1, 2, . . . , 

that is, the functions w\{E n ) are respective solutions of the Riccati equations 

w' + w 2 = V (x) -E n , n = 0, 1, 2, .... (5.48) 

Let us apply the Theorem 5. 1 . 1 to this situation. We act on the set of all equations (5.48) but 
one by means of suitable group elements of Q. These SL(2, R)-valued curves are constructed by 
means of the solution of the equation of the set (5.48) which is to be set aside. In order to avoid 
singularities, this solution should be the one with n = 0. 

The mentioned elements of Q are analogous to the one used in the proof of Theorem 5.1.1. 
They turn out to be 



(5.49) 
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We define the new functions w\ (E n ) by 

w 1 {E )w 1 {E n ) - w{{E ) +E n -E 



W 1 (E n ) = Q(B n ,w 1 (E n )) 



w^Eq) - wi(E n ) 



= - Wl (E Q ) jf° En , n=l, 2, .... (5.50) 

Wi{E ) - w 1 (E n ) 

By Theorem5.1.1 these functions satisfy, respectively, the new Riccati equations 

w'+W 2 = Vi{x) -E n , n=l, 2, (5.51) 

where 

V 1 (x) = V {x)-2w' 1 (x,E ). 
We can define (locally etc.) the new set of functions 4>n \ for n = 1, 2, . . . , by 

$Hx)=exp^J WfáEJdtj, n=l, 2, (5.52) 

which therefore satisfy, respectively, a linear second-order differential equation of the set 

-<!>" + (V 1 (x)-E n )4> = 0, n=l, 2, .... (5.53) 

Then, the 4>n^ are eigenfunctions of the Hamiltonian H\ = —-¿7 + Vi(x) with associated eigen- 

values E n , for n = 1, 2, As a consequence, they can be written as the linear combinations 

4>n^ {x) — ipn^ (x) + X n ipn^ {x) J x ^(ifl , for all n — 1, 2, . . . , up to non-vanishing constant 
factors, where A„ are still unknown constants and the well-known Liouville formula has been 
used for finding the second linearly independent solution of each equation of (5.53) starting from 

^\ 

Now, the important point is that each of the functions 4>n^ turns out to be the same as ipn\ 
up to a non-vanishing constant factor, Le., the previous constants A„ are all zero. In fact, the 
logarithmic derivative of tp n is 

vgv éiAíEo)^) _ é + (^Vvg) ^ 0) ) 

-4 ,), + (4 0), M 0) )^ 0) 

Taking common factor ^4°^ in both numerator and denominator, using the relations 

r^ w =V {x)-E n , n = 0, 1, 2, 
and the definitions (5.47), we arrive to 

V^' fJP , Eo - En — / jp \ 4>n V ..... 

— nv = -w 1 (E ) — — — — =wi(E n ) = — r — , (5.54) 
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for n — 1,2,...; therefore tpn^ and <f>^ must be proportional. It is also clear that these 
equations hold interval-wise. 

Now, as far as ip^ is concerned, it is clear that Theorem 5.1.1 would make no sense for 
Wk{x) — wi{x) and efe = e;. In a similar way, we cannot put E n = £^ in(5.49): the normalizing 
factors 1/^/En — Eq, which were introduced in order to get SL(2, M)-valued curves, would 
no longer make sense because these matrices, after dropping out such factors would have zero 
determinant. This means that one cannot use a transformation of type (5.50) with E n = Eq for 
the function wi(Eq) itself. However, the function associated to tp^ at the Riccati level is just 
given by (5.41), Le., the new function wi(Eq) = —wi(Eo) satisfies an equation of type (5.51) 
for n = 0, which is exactly (5.37). In summary, the equation A\(E Q )íp^ — is translated at 
the Riccati level into the fact that wi(E ) cannot be transformed in the sense mentioned above. 
Conversely, it is not possible to write wi(Eq) = 0(Bq, wi(Eq)) for Bq e Q. 

We have just explained the problem of two A\ (So)-related Hamiltonians by means of The- 
orem 5.1.1, which in turn is a particular case of Theorem 5.2.1. For the sake of completeness, let 
us show briefly how Theorem 5.2.2 applies to the same problem. Consider the set of equations 
(5.46), where we retain again the one with n = 0, which will play the role of equation (5.27). 
All the others will play the role of equation (5.26). For each n = 1, 2, . . . , the function 7 must 
be defined by 

-Eq¡ = —E n H — - . 

7 2 



Thus, we can choose 7=1/ \JE n — E . According to (5.28) and (5.29) the functions 

satisfy, respectively, 

-<ft' + (V (x) - 2w[(Eo) - E n )<p = , n = l, 2, ... , 

where it has been used u>i(Eq) = ip^' /ip¡^\ In this way we have recovered the normalized 
eigenfunctions (5.43) associated to the new potential V\{x) — Vq{x) — 2w[(x, E ). At the 
same time, we see again that the classical Darboux transformations (see, e.g., [104, 174]) are a 
particular case of Theorem 5.2.2, obtained when the function j(x) is a constant. 



5.4 Illustrative examples 

In this section we will apply Theorem 5.2.2 to some cases where j(x) is not a constant, which 
provides a more general situation than the usual intertwining and Darboux transformation tech- 
niques. However, note that with this method we will be able to find potentials for which one 
eigenfunction and its corresponding eigenvalue are exactly known. We will use a slight gen- 
eralization of two well-known types of potentials, namely the radial oscillator and Coulomb 
potentials, which consists of taking the most general intervals of the appearing parameters such 
that it is possible to find square-integrable eigenfunctions. 
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5.4.1 Radial oscillator-like potentials 

Let us consider the family of potentials 

V iÁX ) = ^ + l M + V, (5.56) 
4 x ¿ 

where x e (0, oo) and l, b are real parameters. Each member can be regarded as being part of 
a pair of shape invariant partner potentials, with associated transformation law l — > l + 1 for 
the parameter l, cf. Chapter 4. This fact allows to find the eigenvalues and the corresponding 
eigenfunctions, even normalized, in an algebraic way. The key is to find functions in the kernel of 
the first order differential operator dj dx — (l + 1) ¡x + bx/2 which be normalizable with respect 
to the norm induced by the standard scalar product defined in L 2 (0,oo). That will provide 
the ground state eigenfunction. The eigenfunctions of the excited states are obtained from the 
iterated action of — d/dx — (l + í)/x + bx/2, with appropriate l at each step, times some suitable 
factors, on the ground state eigenfunction. However, the point is that with this procedure, one 
obtains the boundary conditions of the eigenfunctions as a consequence rather than being a priori 
requirements. The result for this family of potentials are the normalized eigenfunctions (up to a 
modulus one factor) 

where k = 0, 1, 2, for l > —3/2 and b > 0. The notation L®(u) means the Laguerre 
polynomial of degree n and parameter a in the variable u. 

Note that in the interval l e (-3/2, -1) these eigenfunctions go to infinity as x tends to 
zero, contrary to the usual requirement of going to zero, in spite of the fact of being square- 
integrable. 

The problem of the quantum-mechanical motion of a particle in a potential on the half 
line (0, oo) has been carefully studied in [285]. It has been shown there that the operator 
H = —¿3 + V(x), with domain Cq° (0, oo) of differentiable functions with compact support in 
(0, oo), V being a continuous real-valued function on (0, oo), is a symmetric operator and that 
it is essentially self-adjoint if and only if V(x) is in the limit point case in both zero and infin- 
ity [285, Theorem X.7]. In the case we have in hand, what happens is that the potentials of the 
family (5.56) lead to essentially self-adjoint Hamiltonians —d 2 /dx 2 + Vi.b (x) for the range b > 
and l > —3/2, with different self-adjoint extensions in each of the intervals l E (—3/2, —1) and 
l E (—1, oo), the first including eigenfunctions which do not necessarily go to zero as x — > 0. We 
will see that one eigenfunction arising when l e (—3/2,-1) provides an interesting application, 
for the family of potentials (5.56), of our new method generalizing the first order intertwining 
technique. 

In both cases, the corresponding eigenvalues to the eigenfunctions (5.57) for the potentials 
(5.56) are 

E\¡ h = b(2k + l + ^\, fc = 0,1,2,.... (5.58) 



If b = 2 these eigenvalues reduce to those of [131]. Compare also with the eigenfunctions and 
eigenvalues given in [25, pp. 391-392]. 
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Example 5.4.1. Let us consider the following variant of the family of potentials (5.56) 

*W.)-í£ + !2£U(i + §), (5 , 9) 

where x € (0, oo), l > —3/2 and b > 0. The normalized eigenfunctions are given again by 
(5.57), with the same peculiarities, but the corresponding eigenvalues are now 

E l ¿ h = 2bk, fc = 0, 1, 2, .... (5.60) 

We would like to apply Theorem 5.2.2, by using two potentials of the family (5.59) for 
different specific valúes of l. The difference between them should be a positive function in 
(0, oo) in order to define appropriately 7(2;) as required by the Theorem. We have 

Vl,b(x) - Vi +rtb (x) = r(b - 21 + J, + r 

where r is a positive integer. Since b > 0, the condition for the right hand side to be always 
positive is that 21 + 1 + r < 0. We can find a solution if r = 1, since then it should happen 
21 + 2 < or equivalently l < — 1. For r = 2, 3, . . ., we would find l < —3/2, which is 
incompatible with the range of l. Then, we have to choose r = 1, —3/2 < l < — 1 and therefore 
an appropriate function 7(21) is 

,, 2Z + 2^ 1/2 

nA x ) 

We will transform an eigenstate of Vi+\,b{x) by making use of the eigenstate of Vij,{x) with the 
same energy, Le., with the same k. Consider the functions 



O) - TU, 



1 dC(x) 



en*) da; 

one of which will be used to find the final potential according to (5.29). Due to the presence of 
the Laguerre polynomials in (5.57), £ fe ' (x) has k zeros in (0, 00) and therefore 1^(2), as well 
as the final potential, have k singularities in the same interval. In order to avoid them, we choose 
k = 0. Summarizing, we transform the eigenfunction ( l +1 ' b (x) obeying 

" ^^C^ + V i+^)C l +1 '\x) = , (5.61) 

by means of the solution C ' (a;) of an equation similar to (5.61) but with l instead of l + 1. Since 
l e (—3/2,-1), both of the original eigenfunction ( l +1 ' b (x) and the intermedíate one £ ' (x) 
are square-integrable, but this last goes to infinity when x -4- 0. 
After some calculations, the final potential becomes 

Vi,b i x ) = Vi+i,b(x) - 2 — 



7i,6 dx ) ji tb 

b 2 x 2 (/ + !)(/ + 2) / 3\ 66(Z + 1) 



2/ (fex 2 -2(Z + l)) 2 



Sec. 5.4 



lllustrative examples ofthe theorems ofSection 5.2 



135 



for which we obtain the eigenstate with zero energy 

Lb, \ i \( d( l Q +1 ' b (x) IfiU + l.b, C\ 

V6 W = HÁ X ) ( ^ + «o Co ' (&) ) 

/ ¿ji+5/2 2 ,¡+2 e -6a; 2 /4 

= V 2'+3/2r(/ + 5/2) ^ - 2(Z +T) ' 

as can be checked by direct calculation. Notice that bx 2 — 2(1 + 1) > always since l < — 1 
and b > 0, and therefore V¡ ñ b n (x) and r¡ l Q h (x) are defined in the whole interval (0, oo). Moreover, 

r¡Q b (x) has no zeros, and it tends to zero when x goes to and to oo fast enough to give a 
square-integrable eigenfunction. In fact, it can be easily checked that 

% ) = [ tó b (*)l 2 dx = i) l+ ^v (-i-§,-i-a) , 

where r(a, x) denotes the incomplete Gamma function defined by T(a, x) — e"^"^ 1 di. 
The previous formula can be derived by means of the change of variable bx 2 = 2t and using [146, 
Formula 8.353.3]: 

e -x x u roo e _t£_o, 

rO^) = -F7i 7/ -r-; dí > Rea<l, x>0. 

r(l - a) J t + x 

As we can see, the norm of the final eigenfunction depends on l, not on b, and it takes real valúes 
only if l < — 1, in agreement with the range of application for l previously derived. 



5.4.2 Radial Coulomb-like potentials 

Let us consider now the family of potentials 

tU«) = ^ + ^, (5-62) 

X X ¿ 

where x € (0, oo) and q ^ 0, l are real parameters. This family shares several characteristics 
with that of (5.56). For a start, each member can be regarded as being part of a pair of shape 
invariant partner potentials, respect to the transformation law l — > l + 1, cf. Chapter4. Similarly 
as before, one can obtain the normalized eigenfunctions (up to a modulus one factor) 



Ck {x) -\lm + 2 + k)(k + i + iy+ 2X e Lk (l+T+i) ' (5 ' 63) 

These eigenfunctions are square-integrable only in the following circumstances: for valúes l e 
(—3/2, -1) and q > 0, only the eigenfunction with k = 0. For l e (-1, oo) and q < 0, the 
functions (5.63) are normalizable for all k — 0, 1, 2, .... The normalizable solution in the range 
l e (—3/2,-1), q > 0, goes to infinity as x tends to zero, meanwhile all the others go to zero 
as x — > 0. Again, the reason is the existence of different self-adjoint extensions on the different 
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ranges, the Hamiltonians H^ q = —j¿z + Vi q (x) being essentially self-adjoint if l > —3/2 and 
q/(l + 1)<0. 

The corresponding eigenvalues to the eigenfunctions (5.63) for the family (5.62) are 

^ = -(fcTTTir fc = °< 1 < 2 <--- (5 - 64) 

If q = — 1 and thus l > — 1 we recover the spectrum given, for example, in [289]. Compare also 
with [25, p. 389]. 

Example 5.4.2. Let us use now Theorem 5.2.2 with two potentials of the family (5.62) 
with different valúes of l. We ask that 

V¡, q (x) - Vi- r Jx) = - 



where r > is to be determined below, so we can choose 7;, r (a;) = x/ \Jr{2l + 1 — r). We will 
transform one eigenfunction Ck~ r ' Q ( x ) which satisfies 

dx 2 



for some k = 0, 1, 2, ... ,by using some suitable solution of the equation 



dx 2 i l,9V 7 (fc + Z-r + l) 2 

A natural idea is to choose <p v (x) as one of the eigenfunctions (¡^(x) of Vi >q (x) for a certain 
integer m defined by the condition 

Sí' 9 



whose simplest solution is m = k — r. Since ra and k are non-negative integers, we have k > r 
and therefore r must be a non-negative integer as well. As in Example 5.4.1, in order to avoid 
singularities in the final potential, we have to take m = and henee k = r. Then, we transform 
the eigenfunction corresponding to the integer k > of the potential Vi-k, q (x), with eigenvalue 
— q 2 / (7 + 1) 2 , by using the ground state of the potential V^ q (x), with the same energy eigenvalue. 
The original eigenfunction has to be normalizable, so it must be / — k > —1 and henee q < 0, 
because in the range l e (—3/2, —1) there are only one normalizable eigenfunction and k > 0. 
Consequently, l > k — 1 > 0, and both of the initial and intermedíate eigenfunctions are square- 
integrable and go to zero as x — > 0. If we denote v l ¿ q (x) — (1 / C,\¡ q (x))dC,\¡ q (x) / dx, the image 
potential reads 

i 'J,Q (Jv l ' q \ 2a 

W») -\ J t + -t)= - jTTWx - v ^i^) • 

Correspondingly we find, after some calculations, the final eigenfunction 

i, 11 \ I \( ^Ck k ' 9 (x) l,qA-k,qi \A / l J-k,ql/(l+l) , \ 

V k q {x) = lhk {x)\^ k — +v q ( k ' q {x)j = y^-Cfe-i '(x). 
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In this way we recover the original potential Vi-k. q (x) but with the coupling constant q scaled by 
the factor 1/(1 + 1) > 0. This scaling is also reflected in the final eigenfunction, which moreover 
has k — 1 instead of k, and norm \/l/(l + 1). 



Example 5.4.3. We will consider now the following modified versión of the potentials 
(5.62): 



where again x G (0, oo) and l, q are real parameters. The normalized eigenfunctions are given 
also by (5.63), and as before there exist only the normalizable eigenfunction for k = if l € 
(—3/2, —1), q > 0, and in the range l e (—1, oo), q < 0, for all k = 0, 1, 2, . . . . However, the 
corresponding eigenvalues for the potentials (5.65) are now 

E * q = TT+W ~ (fc+TTTF ' * = ' 1 ' 2 '- (5 ' 66) 

As in previous examples, we use two members of the family (5.65) with different valúes of 
l. Following Example 5.4.1, we think of using Vi + \ tq (x) as the initial potential and Vi^ q (x) as 
the intermedíate one with —3/2 < l < -1. The eigenfunction of the initial potential has to be 
square-integrable so we must set q < 0. This means that the intermedíate potential V^ q (x) will 
have no square-integrable eigenfunctions. 

One simple way to overeóme this difficulty is just to change the sign of q in the intermedíate 
potential, which is what we will do in this Example. The interesting point, however, is that it is 
even possible to use a non normalizable eigenfunction of Vi :q (x) as the intermedíate one, leading 
to physically interesting results. We will see this in the next example. From the analysis of these 
two examples it can be shown that the range l e (— 3/2, — 1) is indeed the only possibility if we 
restrict q to take the same absolute valué in the initial and intermedíate potentials. 

Now, assuming that q < 0, we calcúlate the difference 

vu- q {x) v l+1 , q (x) = 7^ - jTTW ~ ■ 

The first two terms coincide with E l { q > 0. The third and fourth are always positive for x e 
(0, oo) if / < — 1 and q < 0. An appropriate j(x) is therefore 



' ¿^\f + f } , ~4qx- 2(1 + 1) 

The spectra (5.66) of two members of the family (5.65) with valúes of l differing by one coincide 
only for the ground state energy. As E l ' q = for all l, q, we will transform the ground state 
of Vi + i yq (x) by using the ground state of Vi- q (x), both of them with zero energy. The final 
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potential is, after some calculations, 



= 2g + (/ + !)(/ + 2) , g 2 



+ 



a: ' x 2 (Z + 2) 2 

2(¿ + í)g{2(l + !)(/ + 2) 3 + (2l 2 + 6¿ + 5)gx} 
2(Z + l) 2 (l + 2) 2 (l + 1 + 2qx)x - (21 + 3)q 2 x 3 
4(l + l) 2 (l + 2) 2 (2l + 3)q 3 x 2 



x{2(l + l) 2 (l + 2) 2 {l + 1 + 2qx) - (21 + 3)q 2 x 2 } 2 
_ 2(1 + lf(l + 2) 2 g {(2l 3 + 10Z 2 + 1QI - l)gx + 4(1 + 1) 2 (Z + 2) 2 } 
x{2(l + l) 2 (l + 2) 2 (l + 1 + 2qx) - (21 + 3)q 2 x 2 } 2 

where v l ¿~ q (x) = (l/( l Q~ q (x))d( l '~ q (x)/dx, as usual. The known eigenfunction, with zero 
energy, of the previous potential is 

v l q (x) - iM ( - + v l - q c^- q (x) 

_ 2 l+1 \q\ l + 5 / 2 e-&x l+2 {(l + í)(l + 2) + (21 + 3) g j} 

(l + í)(l + 2)'+Vr(2¿ + IJ^/ ggpjgg; - 4gx - 2(¿ + 1) ' 

Since l e (—3/2, —1) and q < 0, this function has neither zeros ñor singularities in (0, oo). 
Moreover it is square-integrable, for the integral 



/•OO 

■ l o q ,V l d")= / \v l 6 q (x)\ 2 dx, 
Ja 



becomes after the change of variable t = 2\q\x/ (l + 2), 
1 



2(/ + 2)r(2Z + 4) 

where 



{4(1 + l)h(l) - 4(1 + í)(2l + 3)/ 2 (0 + (21 + 3) 2 / 3 (Z)} 



/■oo e -t^2/+3+fe 

/ fe (o =y o *=i,2,3, 

and d(l,t) = (3 + 2l)t 2 + 8(1 + 2)(l + l) 2 t - 8(1 + l) 3 . These integráis converge when 
l e (—3/2,-1). We have computed numerically the complete expression and checked that it 
takes positive real valúes in the same interval. The result is a function strictly increasing with 
l, varying from approximately 0.4 to 1 . Taking into account these properties, the eigenfunction 
?7q 9 (x) should be the ground-state of the image potential. 



Example 5.4.4. As our final example we will consider the previous one but using a non 
square-integrable eigenfunction, but without zeros, of the intermedíate potential. As sometimes 
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happens for the standard intertwining technique, we will arrive to a physically meaningful image 
potential (see, for example, [127, 128]). 

Consider again the family of potentials (5.65). We choose Vi + \, q (x) as the original poten- 
tial, with l G (—3/2, —1) and q < 0. The potential Vi. q (x) will be the intermedíate one. Their 
associated spectra coincide just at zero energy, although the corresponding eigenfunction for the 
intermedíate potential is not square-integrable. If we consider the difference 

ti- / \ T7- , v Q 2 q 2 2(1 + 1) 

V ltq {x) - V l+hq (x) = j—^ ^-^ — — , 

we see again that the first two terms coincide with E l { q > and that the third one is always 
positive for x G (0, oo) if Z < —1, so we can define 



Now, we transform the ground state of Vi+\ :q (x) by using the formal mathematical eigen- 
function of Vi tq (x) with zero eigenvalue, which is not normalizable and has no zeros. The final 
potential becomes now 

V ña (x) - V,^ (x)-2Í ^-v l ' q + + 2Íi - g 2 

V ltq (x)-V l+1¡q (x) 2^v + dx )+^ q - {¡ + 2)2 



2q (l + l)(l + 2) 2(1 + í)q{2(l + + 2f + (21 + 3)qx} 



+ 



x x 2 2(1 + lf(l + 2) 2 x- (2l + 3)q 2 x 3 

6(l + l) 3 (l + 2) 2 (2l + 3)q 2 



{2(l + í) 3 (l + 2) 2 - (21 + 3)q 2 x 2 } 2 



wheiev l Q 9 (x) — (l/£ ' q (x)) d£ ' q (x)/dx. The known eigenfunction with zero energy for the 
image potential is of the form 



2 l+1 \q\ l+5 ' 2 e^X l+2 {(l + l)(l + 2)- qx} 



(l + l)(l + 2)'+Vr(2¿ + 4) V / ( ggj^ - 2(1 + 1) 

As l G (—3/2, —1) and q < 0, r¡ l ,q (x) has no singularities for x G (0, oo) but has a zero at the 
valué x = (/ + l)(l + 2)/q > 0. This function is square-integrable, since the integral 



>o 9 ,r) l o q )= \v l d q (x)\ 2 dx 
Jo 



ta 

becomes after the change of variable t = 2\q\x/(l + 2) 
1 



2(1 + 2)r(2Z + 4) 



{A(i + iyh(i) + 4(i + i)i 2 (i) + i 3 (i)}. 
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where 



ni) = r 

Ja 



e -t¿2Z+3+fc 

■dt, k = l, 2, 3, 



d{l,t) 

and now d(l, t) = (3 + 2Z)í 2 — 8(1 + l) 3 . These integráis can be computed explicitly with the 
aid of [146, Formula 8.389.6]: 



p^L dt = ^) r i {e .w+(-iw 2 ) r( i - „, ij8/i) 

Re/3 > 0, Re¿í > 0, Re^ > -1 



where 



In our case, /i = 1 > 0, ¡3 = ^/— 8(Z + 1) 3 /(2Z + 3) is real and positive for Z e (-3/2, -1) and 
f is alternatively 21 + 4, 2/ + 5 and 2/ + 6, all of them greater than — 1. The final expression for 

4(1 + l) 2 n(l) + 8(1 + !)(/ + 2)i 2 (l) + 2(21 + 5)(¿ + 2)i 3 (¿) 
4(Z + 2)(2Z + 3) 

¿ fe (/) = /3(/) 2i + 2 + fc { e í f(^ fc )r(-2¿ -2-k, i/3(l)) 

+ er l9{l ' k) T(-2l -2-k, -i(3(l))} , k = 1, 2, 3 , 

with . 9 (7, fe) = /?(/) + (2/ + 2 + fc)7r/2 and ¡3(1) = y/ -8(1 + l) 3 /(2l + 3). This function is 
real, positive and strictly decreasing from approximately 3 to 1 with l e (—3/2,-1). Then, 
the calculated eigenstate should correspond to the first excited state of the final potential. This 
implies that there should exist a ground state eigenfunction with negative energy eigenvalue. 



5.5 Directions for further research 

Along this chapter we have established the relationship between the finite difference algorithm 
used in [128] and the affine action on the set of Riccati equations considered in Sections 1.4 
and 3.2, and we have shown that the former is a particular instance of the latter. 

Then, we have identified the group elements which, given a Riccati equation obtained from a 
Schródinger4ike equation by means of the reduction procedure explained in Section 4.2, provide 
another Riccati equation of the same type, with respect to the affine action on the set of Riccati 
equations. In this way we have generalized the results of the finite difference algorithm to a new 
situation. 

As an application, we have approached the problem of yl-related or intertwined Hamiltoni- 
ans in terms of the transformation group on the set of Riccati equations and the reduction method 
of Section 4.2, giving a new insight into the nature of the problem. 

Finally, we have illustrated by means of some examples the use of the new general theorems 
found in Section 5.2, thus generating potentials for which one eigenfunction and its correspond- 
ing eigenvalue are exactly known. As far as we know, some of these potentials have not been 
considered in the literature until now. 
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Notwithstanding, there are some aspects which can be improved. The first is that it is possi- 
ble to explain the problem of ^4-related or intertwinned Hamiltonians by using similar techniques, 
but using only Schródinger-like equations, without need of passing everything to the Riccati 
level. The key is to consider the linear action of GL(2, IR) (rather than SL(2, M)) on W 2 and 
the associated Lie systems. In addition, this allows to generalize the validity of Theorems 5.2.1 
and 5.2.2, and henee of Corollary 5.2.2, in the following sense: 

Theorem 5.5.1. Let w(x) be a solution of the Riccati equation 

w' + w 2 = V(x) - e 

for some specific function V(x) and constant e. Let "f(x) be a never vanishing differentiable 
function defined on the domain ofV(x) and let ebe a non-vanishing constant. Then, ifv(x) is a 
solution ofthe Riccati equation 

v' + v 2 = V(x) 



7 2 0) 

such that is defined in the same domain as w(x), and w(x) — v(x) does not vanish, the function 
w{x) defined by 

, \ / \ c /l 2 ( x ) 

w(x) = -v(x) - Y ^ + TT 
w(x) — v(x) "f{x) 

is a solution ofthe Riccati equation 

w +w 2 = V(x) -2^v + i/)+^--e. 



This theorem has also a counterpart at the Schrodinger level: 

Theorem 5.5.2. Let <p w {x) be a solution ofthe homogeneous linear second order differ- 
ential equation 

-C + (V(x) - e)4> w = , 

for some specific function V(x) and constant e. Let ■y(x) be a never vanishing differentiable 
function defined on the domain ofV(x) and let c be a non-vanishing constant. Then, if the 
function 4> v {x) ^ <f> w (x) is a solution ofthe equation 

-<+(n*) + ^-e)^=0, 

defined in the same domain as <j> w {x), then the function <¡>w{x) defined (up to a non-vanishing 
multiplicative constant) by 

( d 

\ dx <p v ) 

satisfi.es the new equation 
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where the function v(x) is defined (locally) as <j)' v /4> v = v. 

As a consequence, we recover, in its full generality, the Darboux theorem: 

Corollary 5.5.1 (Darboux theorem [104, 174]). Let <fi w (x) be a solution ofthe homo- 
geneous linear second order differential equation 

-4/¿ + (y(x) -€)<!>„ = 0, 

for some specific function V(x) and constant e. Let c be a non-vanishing constant. Then, if the 
function 4> v {x) ^ 4> w {x) is a solution ofthe equation 

-rt + (V(x)+c-e)<f> v =0, 

defined in the same domain as <j> w (x), then the function 4>w{x) defined (up to a non-vanishing 
multiplicative constant) by 

^=(-¿ + ^)^' 

satisfies the new equation 

-<t% r +(V(x)-2i/-e)fa, = 0, 

where the function v(x) is defined (locally) as <j)' v /4> v = v. 

On the other hand, these results can be checked by direct computation, and are derived in 
detail in a work in preparation. 

The fact that the constant c can be any non-zero real number instead of 1 opens the possi- 
bility of finding more examples of application of Theorem 5.5.2 to other potentials than those 
treated in Section 5.4. To this respect, in principie, it seems that the potentials found in Chapter 4 
are good candidates, since the respective spectral problems are exactly solvable. We wonder as 
well about whether it will be possible to consider explicitly other non square-integrable eigen- 
functions, without zeros, of the intermedíate potential, even if they have no physical interpreta- 
tion. This means, in some sense, to adapt to our current method the idea introduced by Mielnik 
in [238], and developed later in [108, 111, 124,263], amongst other articles. 

Finally, a finite difference formula has been used by Adler in order to discuss the Backlund 
transformations of the Painlevé equations [3,4], also related with what are called dressing chains 
and the well-known Korteweg-de Vries equation, see [298, 326] and references therein. More- 
over, the Darboux transformation can be generalized by using more than one intermedíate eigen- 
function of the original problem [104]. Likewise, there exist generalizations of the usual inter- 
twining technique to spaces with dimensión greater than one [15-17], including n-dimensional 
oriented Riemannian manifolds [142]. The natural question is whether there is some relationship 
between these subjects and the affine action on the set of Riccati equations, or on other type of 
Lie systems. 

We hope to develop some of these aspects in the future. 
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We consider in this chapter other applications of the theory of Lie systems in physics. More 
specifically, we will study the particular case where the Lie systems of interest are Hamiltonian 
systems as well, both in the classical and quantum frameworks. 

Time-dependent quantum Hamiltonians are not studied so often as their autonomous coun- 
terparts, because it is generally difficult to find their time evolution. However, in the case the 
system could be treated as a Lie system in a certain Lie group, the calculation of the evolution 
operator is reduced to the problem of integrating such a Lie system. 

After a brief description of the systems in classical and quantum mechanics which are 
Hamiltonian as well as Lie systems, we will focus our attention on the particularly interesting 
example of classical and quantum quadratic time-dependent Hamiltonians. Particular examples 
of this kind of systems, mainly in the quantum approach, and ocasionally in the classical one, 
have been studied by many authors. Some of them, incidentally, have used certain aspects of 
the theory of Lie systems but without knowing, most of the times, that such properties have a 
geometric origin, or the relations with other properties. Thus, some results of references in this 
field like [27,81,83,87,89, 129, 132, 150, 167, 179, 195, 196,218,224-227,252,253,264-267, 
313, 331, 333, 338, 340] and references therein, could be better understood under the light of the 
theory of Lie systems. 

However, instead of trying to give a detailed account of all these approaches in an uni- 
fied view provided by the mentioned theory, we will limit ourselves to develop some examples 
where the usefulness of the theory of Lie systems can be clearly appreciated. In this sense, the 
simple case of both the classical and quantum time-dependent linear potential will be explicitly 
solved. We will solve as well a slightly generalized versión of the harmonic oscillator with a 
time-dependent driving term, linear in the position, solved in [81, 196] by means of the Magnus 
expansión. 

6.1 Hamiltonian systems of Lie type 

Consider the usual mathematical framework for problems in classical mechanics, Le., a sym- 
plectic manifold (M, fi), with appropriately chosen Hamiltonian vector fields describing the 
dynamics of the system of interest. Thus, a Lie system in this approach can be constructed by 
means of a linear combination, with í-dependent coefficients, of Hamiltonian vector fields X a 
closing on a real finite-dimensional Lie algebra. 
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These vector fields correspond to a symplectic action of a Lie group G on the symplectic 
manifold (M, íí). However, note that the Hamiltonian functions of such vector fields hx a = h a , 
defined by i(X a )Q = —dh a , do not cióse in general the same Lie algebra when the Poisson 
bracket is considered, but we can only say that 

d({h a ,h p } - h [XatXf¡] ) = , 

and therefore they span a Lie algebra which is an extensión of the original one. 

The situation in quantum mechanics is quite similar. It is well-known that a separable 
complex Hilbert space of states Ti can be seen as a real manifold admitting a global chart [52]. 
The Abelian translation group allows us to identify the tangent space T$H at any point <f) e Ti 
with Tí itself, where the isomorphism which associates i¡> £ Tí with the vector ip ¡G T^Tí is given 
by 

:= (l^ + ^)) |t _ o > 

forany / E C°°(TÍ). 

The Hilbert space Ti is endowed with a symplectic 2-form íl defined by 

n (V.,^) = 2im(viV'} , 

where (• | •) denotes the Hilbert inner product on Tí. 

By means of the identification of TI with T^TÍ, a continuous vector field is just a continuous 
map A: Tí — > Tí. Therefore, a linear operator A on Tí is a special kind of vector field. 

Given a smooth function a : Tí — > R, its differential da^ at <p € Tí is an element of the (real) 
dual space Ti' of Ti, given by 



( d 



|í=0 



Now, as it has been pointed out in [52], the skew-self-adjoint linear operators in Ti define 
Hamiltonian vector fields, the Hamiltonian function of —i A for a self-adjoint operator A being 
a((j)) — i (0, A<p). The Schródinger equation plays then the role of Hamilton equations because 
it determines the integral curves of the vector field —i H. 

In particular, a Lie system occurs in this framework when we have a í-dependent quan- 
tum Hamiltonian that can be written as a linear combination, with í-dependent coefficients, of 
Hamiltonians H a closing on a finite-dimensional real Lie algebra under the commutator bracket. 
However, note that this Lie algebra does not necessarily coincide with that of the corresponding 
classical problem, but it may be a Lie algebra extensión of the latter. 



6.2 Time-dependent quadratic Hamiltonians 

For the illustration of the classical and quantum situations described in the previous section, we 
consider now the important examples provided by the time-dependent classical and quantum 
quadratic Hamiltonians. 

The first one is the mechanical system for which the configuration space is the real line M, 
with coordinate q, and the corresponding phase space T*R, with coordinates (q, p), is endowed 
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with the canonical symplectic structure to = dq A dp. The dynamics is described by the time- 
dependent classical Hamiltonian 

H = a(t) £ + m ^ + 7 (í) ^ + 6(t) p + e(í) q . (6.1) 
The dynamical vector field Th , solution of the dynamical equation 

í(T h )cü = dH , 

is given by 

r H = (a(t) p + \p{t) q + ^ - Q/3(í) p + 7 (í) 5 + e(t)) ^ , (6.2) 

which can be rewritten as 

T H = a(t) X 1 + p{t) X 2 + 7 (t) X 3 - 5(í) X 4 + e(í) X 5 , 

with 

^i=Pt-,4 = 7 U f -Pt , X 3 = -a — , X 4 = - — , X 5 = -— , 
oq 2 \ oq op ) op oq dp 

being vector fields which satisfy the following commutation relations: 

2X 2 , [X u X 4 }=0, [X 1 ,X 5 ] = -X 4 , 

~2^ 4 ' ^ 2 ' ^~ 5 > = ' 
0, [X i ,X 5 }=0, 

and therefore they cióse on a five-dimensional real Lie algebra. Consider the five-dimensional 
Lie algebra fj for which the defining Lie products are 

[ai,a 2 ]=ai, [ai,a 3 ]=2a 2 , [0,1,0,4] =0, [ai,a 5 ] = -a 4 , 
[a 2 ,a 3 ]=a 3 , [a 2 , a 4 ] = ~ 04 , [a 2 ,a 5 ] = ^a 5 , 
[o 3 , a 4 ]=a 5 , [03,05] =0, [04,05] =0, 

in a certain basis {ai, a 2 , 03, a 4 , a 5 }. Then, the Lie algebra Q is a semi-direct sum of the 
Abelian two-dimensional Lie algebra generated by {04, 05} with the SÍ(2, K) Lie algebra gen- 
erated by {ai, a 2 , a 3 }, Le., fj = M 2 x SÍ(2, M). The corresponding Lie group will be the 
semi-direct product G = T 2 SX(2,R) relative to the linear action of SL(2,M) on the two- 
dimensional translation algebra. When computing the flows of the previous vector fields X a , we 
see that they correspond to the affine action of G on R 2 , and therefore, the vector fields X a can 
be regarded as fundamental fields with respect to that action, associated to the previous basis of 
K 2 x SÍ(2, R). 

In order to find the time-evolution provided by the Hamiltonian (6.1), Le., the integral curves 
of the time-dependent vector field (6.2), we can solve first the corresponding equation in the Lie 



[Xi,X 2 ] 


= Xi, 


[Xi,X 3 


[X 2 , X3] 


= X 3 , 


[x 2 , x 4 


[X3,X 4 ] 


= x 5 , 


[X3, x 5 
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group G and then use the affine action of G on R 2 . We focus on the first of these questions: We 
should find the curve g(t) in G such that 



5 

gg^ 1 = - ^2 b a (t)a a , 



5(0) 



with bi(t) = a(t), b 2 (t) = ¡3(t), b 3 (t) = j(t), b 4 (t) = -S(t), and b 5 (t) = e(í). The explicit 
calculation can be carried out by using the generalized Wei-Norman method, Le., writing g(t) in 
terms of a set of second class canonical coordinates, for instance, 

g(t) = exp(-í; 4 (í)a 4 ) exp(-v 5 (í)a 5 ) exp(-u 1 (í)ai) exp(-v 2 (t)a 2 ) exp(-u 3 (í)a 3 ) . 

The adjoint representation of M 2 x ál(2, R) reads in the previous basis 
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and therefore 



exp(— vi ad(ai)) : 
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V o 
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and exp(— ^2 ad(a2)) 
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Then, a straightforward application of (2.28) leads to the system 

*i=&i(t) + &2(t)«i+&3(t)i>i, v 2 = b 2 (t) + 2b 3 (t)v 1 , v 3 = e V2 b 3 (t), 



i) 4 = b 4 + i b 2 (t) v 4 + &i(í) v 5 



V5 = h(t) - b 3 (t) v 4 - i b 2 {t) v 5 
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with initial conditions (0) = • • • = v 5 (0) = 0. 

For some specific choices of the functions a(t), . . . , e(í), the problem becomes simpler 
and it may be enough to consider a subgroup, instead of the whole Lie group G, to deal with the 
arising system. For instance, consider the classical Hamiltonian 

which in the notation of (6.1) has the only non-vanishing coefficients a(t) = 1/m and e(í) = 
f(t). Then, the problem is reduced to one in a three-dimensional subalgebra, generated by 
{Xi, X 4 , X 5 }. The associated Lie group will be the subgroup of G generated by {ai, a 4 , a 5 }. 
This example will be used later for illustrating the theory: Since such a subgroup is solvable, the 
problem can be integrated by quadratures. 

Another remarkable property is that the Hamiltonian functions h a corresponding to the 
Hamiltonian vector fields X\, . . . , X$, defined by i(X a )u = —dh a , Le., 

p 2 1 q 2 

hi(q,p) = — -, h 2 (q,p) = --qp, h 3 (q,p) = -— , h 4 (q,p)=p, h 5 (q,p) = -q, 

have the Poisson bracket relations 

{hi,h 2 } = hi, {hi, h 3 } = 2h 2 , {hi,h 4 } = 0, {h 1} h 5 } = -h 4 , 

{h 2 ,h 3 } = h 3 , {h 2 ,h 4 } = -- h 4 , {h 2l h b } = -h 5 , 

{h 3 ,h 4 } = h 5 , {h 3 ,h 5 } = 0, {h 4 ,h 5 } = l, 

which do not coincide with those of the vector fields X a , because of {h 4 , h$} = 1, but they cióse 
on a Lie algebra which is a central extensión of M 2 x SÍ(2, R) by a one-dimensional subalgebra. 
An analogous Lie algebra appears as well in the quantum formulation of the problem. 

Let us now consider the quantum case, see, e.g., [339, 340], with applications in a number 
of physical problems, as for instance, the quantum motion of charged particles subject to time- 
dependent electromagnetic fields (see, e.g., [129] and references therein), and connects with the 
theory of exact invariants developed by Lewis and Riesenfeld [224-226]. Other related refer- 
ences have been cited above. 

A generic time-dependent quadratic quantum Hamiltonian is given by 

H = a(t) ^ + /3(t) QjP + PQ + 7 (í) ^ + 5{t)P + e(t) Q + <j>{t)I . (6.3) 

where Q and P are the position and momentum operators satisfying the commutation relation 

[Q,P] = iI. 

The previous Hamiltonian can be written as a sum with í-dependent coefficients 

H = a(t) Hi + ¡3{t) H 2 + 7 (t) H 3 - S(t) H A + e(í) H 6 ~ <f>{t)H 6 , 
of the Hamiltonians 

H l = ^-,H 2 = - A (QP + PQ), H 3 = ^-, H 4 = -P, H 5 = Q, H 6 = -I, 
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which satisfy the commutation relations 

[¿ffi , iH 2 ] - iHi , [iHi , iH 3 ] =2iH 2 , [iHi , iH 4 ] = , [iH x , iH 5 ] = -iH 4 , 

[iH 2 , iH 3 ] = iH 3 , [iH 2 , iH 4 ] =~H 4 , [iH 2 , iH 5 ] = ^H 5 , 

[iH 3 , iH 4 ] = iH 5 , [iH 3 ,iH 5 ] = , [iH 4 , iH 6 ] = iH 6 , 

and [iH a ,iH§\ = 0, a = 1, . . . , 5. That is, the skew-self-adjoint operators iH a genérate a 
six-dimensional real Lie algebra which is a central extensión of the Lie algebra arising in the 
classical case, R 2 x st(2, M), by a one-dimensional Lie algebra. It can be identified as the semi- 
direct sum of the Heisenberg-Weyl Lie algebra f)(3), which is an ideal in the total Lie algebra, 
with the Lie subalgebra sl(2, M), Le., f)(3) x sl(2, R). Sometimes this Lie algebra is referred 
to as the extended symplectic Lie algebra í)Sp(2,R) = í)(3) x 8p(2, M). The corresponding 
Lie group is the semi-direct product H (3) SL(2, R) of the Heisenberg-Weyl group H (3) with 
SX(2,R),seealso [340]. 

The time-evolution of a quantum system can be described in terms of the evolution operator 
U(t) which satisfies the Schrodinger equation (see, e.g., [91]) 

ih^-=H(t)U, 17(0) = Id, (6.4) 

where H(t) is the Hamiltonian of the system. In our current case, the Hamiltonian is given by 
(6.3), and therefore the time-evolution of the system is given by an equation of the type 

6 

gg^ 1 = -^2b a {t)a a , g(0) = e, (6.5) 

a=l 

where we take ñ = 1, with the identification of g(t) with U(t), e with Id, iH a with a a for 
a e {1, . . . , 6} and the time-dependent coefficients b a (t) are given by 

6i(í) = a(t), 6a(t) = /3(í) , b 3 (t) = 7 (t) , 
h{t) = -5(t) , b 5 (t) - c(í) , K(t) - -^(í) . 

The calculation of the solution of (6.5) can be carried out as well by using the generalized 
Wei-Norman method, Le., writing g(t) in terms of a set of second class canonical coordinates. 
We take, for instance, the factorization 

g(t) = cxp(-u 4 (í)a 4 ) exp(-v 5 (í)a 5 ) cxp(-u 6 (í)a 6 ) 

x cxp(-ui(í)ai)exp(-W2(í)a2)cxp(-U3(í)a 3 ) , 

and therefore, the equation (2.28) leads in this case to the system 

v 1 =b 1 (t)+b 2 (t)v 1 +b 3 (t)v¡ , v 2 = b 2 (t)+2b 3 (t) Vl , v 3 = e V2 b 3 (t) , 
va = b 4 (t) + - b 2 (t) v 4 + bx{t) v 5 , v 5 = b 5 (t) - b 3 (t) v 4 - - b 2 (t) v 5 , 

*e = b 6 (t) + b 5 (t) v 4 -^ b 3 (t) vj + i b^t) v¡ , 

with initial conditions vi(0) = ■ ■ ■ = vq(0) = 0. 
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Analogously to what happened in the classical case, special choices of the time-dependent 
coefficient functions a(t), . . . , <p(t) may lead to problems for which the associated Lie algebra 
is a subalgebra of that of the complete system, and similarly for the Lie groups involved. For 
example, we could consider as well the quantum Hamiltonian linear in the positions 

which in the notation of (6.3) has the only non-vanishing coefficients a(t) = 1/m and e(í) = 
f(t). This problem can be regarded as a Lie system asociated to the four-dimensional Lie alge- 
bra generated by {iH\, ÍH4, iH 5 , iH 6 }, which is also solvable, and henee the problem can be 
solved by quadratures. 

Another simple case is the generalization of the harmonic oscillator with a time-dependent 
driving term, linear in the position, solved in [81, 196] by means of the Magnus expansión: 

ff = ^V 2 + Q 2 ) + /(í)Q, 

which in the notation of (6.3) has the only non-vanishing coefficients a(t) — j(t) — huj(t) and 
€ {t) = /(*)■ The case studied in the cited references takes uj{t) equal to the constant uj for all 
t. This problem can be regarded as a Lie system asociated to the four-dimensional Lie algebra 
generated by {¿(fii + H¡) 7 1H4, ÍH5, iH§}, which is solvable as well, and henee the problem 
can be solved again by quadratures. 

The treatment of this system according to the theory of Lie systems, as well as of the above 
mentioned classical and quantum time-dependent Hamiltonians, linear in the positions, is the 
subject of the next sections. 

6.3 Classical and quantum time-dependent linear potential 

Let us consider the classical system described by the classical Hamiltonian 

H c = ^-+f(t)q, (6.6) 
and the corresponding quantum Hamiltonian 

Hq = £ + /(í) q ' (6j) 

describing, for instance when f(t) = qE a + qE coswí, the motion of a particle of electric 
charge q and mass m driven by a monochromatic electric field, where Eo is the strength of 
the constant confining electrical field and E that of the time-dependent electric field that drives 
the system with a frequeney uj/2tt. These models have been considered recently due to their 
numerous applications in physics, see, e.g., [27, 150] and references therein. 

Now, instead of using the Lewis and Riesenfeld invariant method [224-226], as it has been 
done, for example, in [150], we will study in parallel the classical and the quantum problems by 
reduction of both of them to similar equations, and solving them by the generalized Wei-Norman 
method. The only difference between the two cases is that the Lie algebra arising in the quantum 
problem is a central extensión of that of the classical one. 
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The classical Hamilton equations of motion for the Hamiltonian (6.6) are 

Q=-, P =-/(*), (6-8) 
m 

and therefore, the motion is given by 

í(*)=«o + — -- f dt> f f(if')dt", 
m ra J Q J 

p(t)=po- i f(t')dt' . (6.9) 
Jo 

The í-dependent vector field describing the time evolution is 

X = JL A _ fl t ) A 
ra dq ' dp 

This vector field can be written as a linear combination 

X = -X 1 -f(t)X 2 , 
ra 

with 

d d 

X\ = p — , A 2 = — , 

being vector fields closing on a 3-dimensional Lie algebra with X3 = d/dq, isomorphic to the 
Heisenberg-Weyl algebra, namely, 

[X U X 2 ]=-X 3 , [X u X 3 ]=0, [X 2 ,X 3 }=0. 

The flow of these vector fields is given, respectively, by 

<M*, (<?o,Po)) = (<?o +Pat,po) , 
<h(t,(Qo,Po)) = (qo,Po + t), 
fo{t, (<?o,Po)) = (<?o +t,p ) . 

In other words, {Xi, X 2 , X¡} are fundamental vector fields with respect to the action of the 
Heisenberg-Weyl group H(3), realized as the Lie group of upper triangular 3x3 matrices, on 
M 2 , given by 







! 


H 








Note that X\, X 2 and X 3 are Hamiltonian vector fields with respect to the usual symplec- 
tic structure, íí = dq A dp, meanwhile the corresponding Hamiltonian functions h a such that 

i(X a )íl — —dh a are 

hi = -—, h 2 = q, h 3 = -p, 

therefore 

{hi,h 2 } = -h 3 , {hi,h 3 } = 0, {h 2 ,h 3 } = -l. 
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Then, the functions {h\, h 2 , h 3 } cióse on a four-dimensional Lie algebra with /14 = 1 under the 
Poisson bracket, which is a central extensión of that generated by {X\, X 2 , X 3 }. 

Let {ai, a 2 , a 3 } be a basis of the Lie algebra with the only non-vanishing defining relation 
[ai, a 2 ] = —03. Then, the corresponding equation in the group H(3) to the system (6.8) reads 

gg- 1 = -^ai + /(*) «2 • 

Using the Wei-Norman formula (2.28) with g = exp(— u 3 a 3 ) exp(— u 2 a 2 ) exp(— ui ai) we 
arrive to the system of differential equations 

1 . . «2 

14! = — , u 2 = -J(t), U 3 = , 

m m 
together with the initial conditions Mi(0) = u 2 (0) = 113(0) = 0. The solution is 

«1 = - , «2 = - / Z(í') ^' , «3 = -- / ^' f f{t") dt" . 
771 Jo m Jo Jo 

Therefore, the motion is given by 

1 ¿ -^lodt'lo f(t")dt" 

1 - Jo f(t') dt' 

1 

in agreement with (6.9). Thus, we can identify the constant of the motion given in [150], 

h=p(t)+ í f(t')dt', 
Jo 

together with the other one 

h = q(t) - - ( P (t) + f f(t') dt') t + - f dt 1 f f(t") dt" , 
m \ J J m Jo Jo 

as the initial conditions of the system, thanks to the identification of the system as a Lie system. 

As far as the quantum problem is concerned, also studied in [27], notice that the quantum 
Hamiltonian H q may be written as a sum 

H q = — H\ — f(t) H 2 , 
m 

with 

p2 

Hi = — , H 2 = -Q. 

The skew-self-adjoint operators —i H\ and —i H 2 cióse on a four-dimensional Lie algebra 
with -i H 3 = —i P, and —ÍH4 = i I, isomorphic to the above mentioned central extensión of 
the Heisenberg-Weyl Lie algebra, 




[-íH^-iH^^íHz, -iff 3 ]=0, [-iH 2 ,-iH 3 ] = ^íH 4 . 
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As we have seen in the preceding section, the time-evolution of our current system is de- 
scribed by means of the evolution operator U, which satisfies (we take h = 1) 

^=-iH q U, f/(0)=ld. 

This equation can be identified as that of a Lie system in a Lie group such that its Lie algebra is 
the one mentioned above. Let {ai, a 2 , 03, a 4 } be a basis of the Lie algebra with non-vanishing 
defining relations [ai , a 2 ] = a 3 and [a 2 , a 3 ] = 04. The equation in the Lie group to be considered 
is now 

gg^ 1 = — «i + f(t)a 2 . 

m 

Using g = cxp(— 114 04) cxp(— u 3 a 3 ) cxp(— u 2 a 2 ) exp(— U1O1), the Wei-Norman formula 
(2.28) provides the following equations: 

úi = — , ú 2 = -f(t) , 

m 

1 1 2 

U3 = U2 , Ui = f(t) U 3 + —U 2 , 

m ¿ra 
together with the initial conditions Mi(0) = • • • = «4(0) = 0, whose solution is 

«i(t) = - , u 2 {t) = - f f(t') di' , u 3 (t) = - f di' f f(t") dt" , 
m Jo m Jo Ja 

and 

-<«> - U? m I!' dt "í nt ""> dt "' + II? ^ 

These functions provide the explicit form of the time-evolution operator: 

U(t,0) =exp(-m4(í))exp(m3(í)P)exp(-m2(í)Q)exp(ml(í)f ,2 / 2 ) • 

However, in order to find the time evolution of a wave-function in a simple way, it is advan- 
tageous to use instead the factorization 

g = cxp(-v 4 04) cxp(-v 2 a 2 ) cxp(-w 3 a 3 ) exp(-t»i ai) . 

In such a case, the Wei-Norman formula (2.28) gives the system 

i>i = ^ , v 2 = -f(t) , 

• 1 • 1 2 

V 3 = V 2 , "4 = -— V 2l 

m 2m 
with initial conditions Vi(0) = ■ ■ ■ = «4(0) = 0. The solution is 

vi(t) = -, v 2 (t) = - fdt'f{t'), 
m Jo 
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V 3 (t) = - \ di! f dt"f(t"), 

mJo Jo 

"•w-s: -'«'"»)'• 

Then, applying the evolution operator onto the initial wave-function cp(p, 0), which is assumed 
to be written in momentum representation, we have 

<j>( P ,t) = u(t,o)<j>( P ,o) 

= exp(-w 4 (í))exp(-TO 2 (í)(3)exp(w3(í)P) cxp(>i(í)P 2 /2)/>(>, 0) 

= exp(-w 4 (í)) eM~iMt)Qy {v3{t)p+Vl(t)p2/2 U(p, 0) 

= cxp(-iv i (t))e^ V3 ^P +V2 ^ +vl (í)(p+«2(í)) 2 /2)0( p + U2 ( i ) ; o) , 

where the functions u¿ (í) are given by the preceding equations. 

6.4 Quantum harmonic oscillator with a time-dependent perturbation 
linear in the positions 

Let us consider now the quantum system described by the Hamiltonian 

H q = ^(P 2 + Q 2 ) + f(t)Q, (6.10) 

which corresponds to a slight generalization of the quantum harmonic oscillator, with a time- 
dependent driving term linear in the position, solved in [81, 196] by means of the Magnus ex- 
pansión. In these references it has been taken uj{t) = ljq for all t. However, we will show that 
the theory of Lie systems gives the exact solution as well, and in the same way, for the case of 
non-constant lo. 

The Hamiltonian (6.10) may be written now as a sum 

H = Huj{t)H 1 +f{t)H 2 , 

with 

#i - \{P 2 + Q 2 ) , H 2 = Q. 

The skew-self-adjoint operators i H\ and i H 2 cióse on a four-dimensional Lie algebra with 

iH$ = i P, and iH 4 = —i I, given by 

[iH u iH 2 ] = iH 3 , [iH u iH 3 ] = -iH 2 , [iH 2 , iH 3 ] = iH 4 , 

and [iH a , iH 4 ] = 0, a = 1, 2, 3. This Lie algebra can be regarded as a central extensión of the 
Lie algebra of the Euclidean group in the plañe, SC(2), by an onedimensional Lie algebra. We 
will consider Lie systems with associated Lie algebra se(2) when treating control systems, cf. 
Subsection 7.3.1. 

As in preceding cases, the time-evolution of our current system is given by the equation 
(6.4). With the identification of g{t) with the evolution operator U(t), e with Id, iH a with a a 
for a € {1, ... , 4}, it takes the form 

g g- 1 = -h(t) ai - b 2 (t)a 2 , g(0)=e, (6.11) 
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where the non-vanishing time-dependent coefficients are bi (t) — ui(t) and b 2 (í) = f(t)/H. The 
elements {ai, a 2 , a 3 , 04} make up a basis of the Lie algebra with defining relations 

[ai, a 2 ] = a 3 , [a 1 ,a 3 ]=-a 2 , [a 2 , a 3 ] = a 4 , 

and [a a , a 4 ] = 0, for a = 1, 2, 3. Note that {02, 03, a 4 } genérate a Lie subalgebra isomorphic 
to the Heisenberg-Weyl Lie algebra í)(3). 

In order to solve the equation, we will apply the Wei-Norman method. We write the solution 
of (6. 1 1) as the product 



g = cxp(-i;i ai) cxp(-w 2 a 2 ) cxp(-v 3 a 3 ) cxp(-v 4 a 4 ) . 
The adjoint representation of the Lie algebra reads now 



(6.12) 



ad(ai) 

ad(a 3 ) 

and therefore 

exp(— vi ad(ai)) = 

cxp(-D 3 ad(a 3 )) = 



( 
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exp(— V2 ad(a2)) 



exp(— V4 ad(a 4 )) = Id 




The application of the Wei-Norman formula (2.28) yields the system of differential equations 

i¡i = bi(t) , v 2 — b 2 (t) cosvx , v 3 — b 2 (t) sinwi , v 4 = b 2 (t) v 2 sin vi , 

with initial conditions Vi(0) = ■ ■ ■ = ?; 4 (0) = 0. If we denote £?i(í) = J bi(s) ds, the solution 
of the system is 

vi (t) = Bi (t) , v 2 (t) = / b 2 (s) cosBi(s) ds , v 3 (t) = / b 2 (s) sin .Bi(s) ds , 
Jo Jo 



Vi{t) 



b 2 (r) eos Bi (r) dr ) b 2 (s) sin B\ (s) ds . 



(6.13) 



10 vo 

Therefore, the evolution operator for the system described by the Hamiltonian (6.10) is 

U(t) = cx P H-yi(í)(P 2 + Q 2 )/2)cx P (-¿í;2(í)i9) exp(-w 3 (í)P) exp(iv 4 {t)) , 
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where v\{t), v 2 (t), v 3 (t) and Vi{t) aregivenby (6.13), and&i(í) = ív(t), b 2 (t) = f(t)/h. 

This solution is equivalent to that given in [81, 196] when, in particular, we take uj{t) = uj . 
Notwithstanding, in order to see it, we have to write the expression in a slightly different form, 
which is what we do next. 

Since {a 2 , a 3 , a 4 } genérate a Lie subalgebra isomorphic to the Heisenberg-Weyl Lie alge- 
bra f)(3), with commutation relations 

[a2,a 3 ]=a 4 , [a 2 , a^] = , [a 3 ,a 4 ]=0, 

it is easy to check, for example by using the well-known Baker-Campbell-Hausdorff formulas 
[240, 324], that 

exp(aa2) exp(6a3) exp(ca4) = cxp(aa2 + ba 3 + (c + 06/2)04) , 

for all o, b, c <E R. We will see this with detail in Subsection 7.2.1. 
Thus, the solution (6.12) can be written as 

g = exp(-ui ai) exp(-u 2 a 2 - v 3 a 3 + {v 2 v 3 /2 - «4)04) , 

and therefore the evolution operator takes the form 



ni) =ox 1 ,(-^l^(P 2 + Q 2 ))ox 1 ) 



"(6.14) 

We compute now the arguments of the exponentials in the particular case of bi (t) = u¡o and 
b 2 {t) — f{t)/h. The solution (6.13) becomes 

v 1 (t)=uj t, V2{t) = \ f f(s) cos(uj s) ds , v 3 (t) = \ í f(s) sin(w s) ds , 
Ti JO Ti J 

V4(t) = J (yj f( r ) cos(w r) dr^j f(s) sm(w s) ds . 
Then, we have that v 2 (t) Q + v 3 (t) P + \v 2 (t)v 3 (t) — u 4 (í) is equal to 

j- J f(s)cos(uj s)ds + ^-J f(s) sin(u>os) ds + (^J f(s) cos(cjos) ds^j (^J f{s) sin(wos) ds^j 
~ J¡2 f (^f f(r)cos(u r)drj f(s)sin(üj s)ds, 



where the last two terms become 

So 



f(s)f(r) sm(u) a (r — s j) dr ds 



by using the relation 

(/" ^( s ) cos ( w ° s ) ds ) iyj /( s ) sin ( w os) a!s^ 

= J / (r) siii(uJor) drj /(s) cos(wos) ds + J f(r) cos(u>or) drj f(s) sin(cjos) ds , 
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which is a consequence of the formula of integration by parts. 
In summary, if we define the functions cj>(t) and i¡>(t) by 

= Jp j j /( s )/( r ) sin ( w oO - s)) dr ds , 
we see that the evolution operator (6.14) becomes 

U(t) = cxp (-^(P 2 + Q 2 )) oxp (-i(QRect>(t) + PIm</»(í)) - ^(t) 
which is exactly the result given in [81, 196]. 

6.5 Comments and directions for further research 

As we have indicated at the beginning of this chapter, we have tried to ¡Ilústrate how a special 
kind of Hamiltonian systems can be dealt with by means of the theory of Lie systems, in the 
classical and quantum approaches. The theory allows us to obtain known results as well as new 
ones, and all of them are interpreted much more clearly in the unified geometric framework 
it provides. Very likely, the further application of the theory, including the reduction of Lie 
systems, to these and other related examples will give new results of interest. We intend to treat 
these questions in the future. 

On the other hand, thinking of quantum Hamiltonian systems, it is known that linear sys- 
tems, like the Schrodinger equation, can be thought of as defining horizontal curves of a con- 
nection [23]. The same property is suggested in [249], when the transformation properties of the 
evolution equation under certain gauge changes are considered. We know from Section 2.6 that 
Lie systems can be interpreted in terms of connections in principal and associated bundles. Thus, 
it seems to be interesting to develop these aspects further. 

Finally, let us remark that other quantum Hamiltonian systems, where the Hilbert space is 
finite-dimensional, can be dealt with the theory of Lie systems as well. Examples are the n-level 
systems treated in [249], and the non-relativistic dynamics of a spin 1/2 particle, when only the 
spinorial part is considered, see, e.g., [70] and references therein. 
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Lie systems and their reduction in control theory 



7.1 Introduction 

This chapter is devoted to the application of the theory of Lie systems in the subject of (geomet- 
ric) control theory. It turns out that certain specific examples of Lie systems (although they have 
not been referred to with this ñame) and some of their features have been considered before in 
this field, although without recognizing that a common geometric structure is shared by them. In 
particular, systems which can be related by means of the theory developed in previous chapters, 
specifically in Chapter 2, are sometimes considered only on their own, and not as related with 
other systems. 

Notwithstanding, some previous work in control theory, which can be related with Lie sys- 
tems and the associated theory, are worth mentioning. Some works of Brockett [55, 56] are 
amongst the first considerations of control systems on matrix Lie groups, and then on homoge- 
neous spaces, with and without drift. Some important questions which can be related with the 
theory of Lie systems are treated therein. Specifically, he considers there the minimal Lie alge- 
bra containing the input vector fields of the system of interest, tries to express the solution as a 
product of exponentials, inspired by the Wei-Norman method, and establishes the equivalence 
of matrix Lie systems if the underlying Lie algebras are isomorphic. In addition, he studies the 
associated controllability, observability, and optimal control problems. 

Almost simultaneously, and closely related, other important works by Jurdjevic and Suss- 
mann about the controllability of control systems in (matrix) Lie groups and homogeneous 
spaces, with drift and drift-free, appeared [190, 321]. These two articles have had an important 
influence in further research, see, e.g., [188, 189,207]. 

In addition, the formulation of control systems on Lie groups and homogeneous spaces 
has been shown to be appropriate in some other situations of practical interest. For example, 
Crouch shows that in the problem of "dynamical realizations of finite Volterra series," the state 
space is naturally identified as a homogeneous space of certain nilpotent Lie groups [98]. He 
realizes that the group theoretical point of view provides an unifying approach for the study of 
these systems. Moreover, as Krener showed in [204], affine control systems enter in the bilinear 
realization as well as in the nonlinear realization of the so-called input-output maps. These affine 
control systems are then formulated in matrix Lie groups. In other words, it is considered, in 
a particular case, the idea of studying the system in the associated Lie group coming from the 
system formulated in a homogeneous space. 
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There has been since then an important line of research about aspects of control systems in 
Lie groups. For example, Baillieul [26] considers systems, which turn out to be of Lie type, in 
matrix Lie groups and affine in the controls, from the point of view of optimal control and using 
the Pontryagin Máximum Principie [279]. The controllability, accesibility, and other questions 
concerning control systems formulated on Lie groups have been studied also in [49,50]. 

As an example, the control and controllability of spin and quantum systems can be seen as 
affine or linear control systems defined on certain Lie groups, which describe the time evolution 
of the system. These problems are of increasing interest, due to their potential technological 
applications, see, e.g., [7, 138, 194]. The study of the evolution operators in quantum mechanics 
is the subject of many studies in the physics literature, see, e.g., [240,260] and references therein. 
Mainly focused to control theory, similar studies of the evolution flows as the ordered temporal 
product of a product of exponentials or only one exponential has been carried out in [6], see 
also [115,116,315]. 

Typically, Lie systems appear as the kinematic part of control systems formulated on Lie 
groups and homogeneous spaces, which are treated with the techniques of optimal control [47, 
120, 182-187,250], variational calculus [42-44], or other criteria, as in the case of the path 
planning problem [257-259]. 

Very related to this last problem, the path planning problem of (nonholonomic) systems 
(see, e.g., [123, 199] and references therein), there exist techniques of approximation of control 
systems, affine or linear in the controls, by systems with an underlying solvable Lie algebra 
[100, 165], or even nilpotent [164, 165, 204, 208-210, 320]. In this last case there is a whole 
line of research devoted to the nilpotentization of systems by means of state space feedback 
transformations, see, e.g., [166,255-258,308] and references therein. In either case, the final 
system can be considered as a Lie system with an associated solvable or nilpotent Lie algebra, 
respectively. As indicated in [216], the nonholonomic motion planning of nilpotent systems may 
need to make use of a further analysis of the involved geometry [141, 325]. 

Another line of research, which relates control theory and extremal problems in singular 
Riemannian or sub-Riemannian geometry, initiated in [58], continued, e.g., in [59,220,247,315], 
and further developed in [251], has also a relation with the theory of Lie systems. Indeed, in 
these problems, some of the systems under consideration can be regarded, to some extent, as Lie 
systems, in particular the systems appearing in [58,59]. Thus, it seems that the application of the 
theory of Lie systems could be helpful to relate the results of the corresponding optimal control 
problems. 

Other field within control theory where the theory of Lie systems may play a role is in the 
study of the so-called "recursive estimators" and "conditional densities" [57], where there appear 
two related Lie systems with associated Lie algebras, respectively, IR 2 x S0(1, 1) and one central 
extensión of it by E. This is in turn closely related to the identification of a problem of Kalman 
filtering with the integration of a Lie system with Lie algebra M 2 x 50(1, 1) [246]. 

Needless to say, a complete account of the relation and applications of the theory of Lie 
systems with all these subjects would require much more work than that what is presented here. 
However, it is our aim to illustrate how the theory of Lie systems can be applied in specific prob- 
lems which appear in the control theory literature, obtaining in this way some other interesting 
results and relations, based on the geometric sructure of these systems. 

For example, we will be able to relate (in principie) different systems with the same associ- 
ated Lie algebra, and to solve them once the associated right-invariant Lie system is solved, e.g., 
by means of the generalized Wei-Norman method, cf. Section 2.4. 
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Other new relations between some of the systems treated are obtained through the theory of 
reduction of Lie systems, cf. Section 2.5, in the sense that the solution of some of these systems 
can be reduced to the problem of solving some other of them and certain right-invariant Lie 
system on a Lie group. The reduction theory also allows us to obtain other specific realizations 
of a given control system of Lie type, by considering other homogeneous spaces of the Lie group 
associated to the given system. 

This shows that taking into account the geometric structure of control systems which are 
also of Lie type may be useful for a better understanding of them, an important advantage being 
that the main properties are given in an intrinsic way, Le., not depending of a particular choice of 
coordinates. Therefore, it is natural the idea of transferring known results for a specific realization 
of a Lie system to others with the same underlying Lie algebra, or amongst those which are 
obtained by reduction from another ones with larger Lie algebras. Perhaps the most interesting 
problem to this respect is how the associated optimal control problems are related, although we 
will leave this question for future research. 

The outline of this chapter is as follows. The first section is devoted to the study of the well- 
known Brockett system introduced in [58] and some other systems taken form the literature, 
which can be related with the former by means of our theory. The second section deals with the 
study of the application of the theory of Lie systems to well-known systems as the unicycle, the 
front wheel driven kinematic car (pulling a trailer) and a set of chained trailers. In particular, 
we will see how some of these systems are reduced into other ones, and eventually, they can 
be even related to the above mentioned Brockett system. In addition, we interpret the so-called 
chained and power form systems under the light of the generalized Wei-Norman method. The Lie 
systems appearing in the first and second sections have associated nilpotent Lie algebras except 
for the unicycle, which is associated to the solvable Lie algebra se(2). In the third section we 
will study the kinematic equations of a generalization, due to Jurdjevic, of the known as elastic 
problem of Euler, see, e.g., [185]. It turns out that they are right-invariant Lie systems with 
associated simple Lie algebras (except for the case of 5C(2)), and in one case the Lie algebra is 
that of the rotation group in three dimensions, SO (3). In all these cases we apply the Wei-Norman 
method and the reduction theory, obtaining the corresponding systems on certain homogeneous 
spaces. We particularize all the previous expressions for the case of 50(3), which is of interest 
in many other problems formulated on this Lie group. The case of kinematic control equations 
on the group SE(3) is considered next. We show, in particular, that the problem can be reduced 
to other Lie systems in 50(3) and R 3 , by means of the reduction theory of Lie systems. Finally, 
we discuss some questions for future research in the last section. 

7.2 Brockett control system and some generalizations 

When dealing with problems of optimal control and their relation with singular Riemannian 
geometry, Brockett introduced some well-known type of control systems [58] which are currently 
considered as one of the prototypical examples relating control theory and extremal problems 
in sub-Riemannian geometry. Indeed, his approach has directly inspired subsequent papers as 
[247], further applications as in [315], and many other investigations, see, e.g., [59,220]. 

The simplest of these systems is known to be related with the tridimensional Heisenberg 
group H(3), which is the non Abelian nilpotent Lie group of lowest dimensión. It is therefore a 
relevant control system we could try to study from the viewpoint of Lie systems. We will study 
this question with detail. In particular, we will see how other realizations of Lie systems with 
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associated Lie group H('¿) are possible, and how their solutions are related. 

Moreover, this kind of systems can be generalized in different directions. For example, 
in [59] some extensions are classified according to levéis of complementary families to basis 
of exact differentials in two variables, and then the corresponding optimal control problems are 
treated, appearing in their solution elliptic functions. 

Other variations of the Brockett control system come from physical models, as the optimal 
control problem of rigid bodies with two oscillators [34 1 ] . For the case of planar rigid body, there 
appears a system similar to that of [58], with the only difference that one equation is quadratic 
in the coordinates instead of linear. This system shares with the extensions treated in [59] the 
property that its optimal solutions are solvable as well by means of elliptic functions. 

Other kind of nilpotent control systems, could also be related with the previous type of sys- 
tems, as certain systems from [255,258], which do not admit steering by using simple sinusoids. 

We will treat these systems under the perspective of the theory of Lie systems, and will find 
relations amongst them not previously present in the literature. 



7.2.1 Brockett control systems 

We will consider firstly the system originally introduced by Brockett in [58], and studied after 
by a number of authors, see, e.g., [42^-5,59,221,258,269,315]. That is, we are interested in the 
control system in W 3 with coordinates (x, y, z) 

x = h{t), y = b 2 {t), i = b 2 {t)x - h(t)y , (7.1) 

where bi(t) and b 2 (i) are the control functions. The solutions of this system are the integral 
curves of the time-dependent vector field b\ (t) X\ + b 2 (t) X 2 , with 

d d d d 

X i = 7T - y?T ' X * - j- + x— . (7.2) 

ox oz ay oz 

The Lie bracket X 3 — [Xi, X 2 ] = 2j| is linearly independent from X\, X 2 , and the set 
{Xi, X 2 , X 3 } spans M. 3 everywhere, so that according to Chow's theorem [90,203,312] the 
system is controllable and we can reach any point from any other point, by selecting, for exam- 
ple, appropriate piecewise constant controls bi(t) and b 2 (t). Moreover, they cióse on the Lie 
algebra defined by 

[X U X 2 }=X 3 , [X 1 ,X 3 }=0, [X 2 ,X 3 }=0, (7.3) 

isomorphic to the Lie algebra t)(3) of the Heisenberg group H(3). 

We will treat this system with the theory of Lie systems, in order to find its general solu- 
tion for arbitrary controls b\(t) and b 2 (t). Eventually, we could select these controls as those 
minimizing the integral cost function 

¡\bl{s)+b 2 2 {s))ds (7.4) 
Jo 

when the system is required to join two prescribed points in one unit of time. However, this 
belongs to the domain of optimal control theory and will not be considered here, this question 
being treated in the literature cited. Instead, we will show the application of the Wei-Norman 
and reduction methods in this case. 
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The Lie algebra t)(3) has a basis {ai, 02, 03} for which the Lie products are 

[ai, 02] =03, [ai,a 3 ]=0, [a 2 ,a 3 ]=0. (7.5) 
The adjoint representation of f)(3) reads in such a basis 












i 







, ad(a 2 ) = 




1 


/ 













r 















, ad(a 3 ) = 







-1 





/ 


V 





/ 



and therefore 

/ 1 \ / 1 

exp(— v\ ad(ai)) = 1 , exp(— v 2 ad(a2)) = 10 
V 1 / V w 2 1 

exp(— «3 ad(a 3 )) = Id . 

A generic Lie system of type (2.10) for the particular case of H(3) takes the form 

RgiV-^g^idit)) = — 6i(í)ai - b 2 (t)a 2 - h(t)a 3 , (7.6) 

where g(t) is the desired solution curve in H(3) with, say, g(0) = e, and {ai, a 2 , a 3 } is the 
previous basis of f)(3). The system of type (7.6) corresponding to the given one (7.1) is those 
with b 3 (t) =0forall t, Le., 

- R s(t)- 1 *ff(t)(ff( í )) = - fo i( ¿ ) a i - b 2 (t)a 2 ■ (7.7) 

However, what follows, and the application of the theory itself, are not affected by this particular 
choice. 

Writing the solution of (7.7), starting from the identity, as the product of exponentials 

g(t) = cxp(-vi(í)ai) cxp(-u 2 (í)a 2 ) cxp(-v 3 (í)a 3 ) (7.8) 
and applying (2.28), we find the system of differential equations 

vi = h (t) , v 2 = b 2 (t) , v 3 = 6 2 (í) wi , (7.9) 
with initial conditions i>i(0) = v 2 (0) = w 3 (0) = 0. The solution can be found immediately: 

Wl (í)= f 6i(s)d8, v 2 {t) = f b 2 {s)ds, ws(í)= / b 2 (s) f b^drds. (7.10) 
Jo Ja Jo Jo 

We can choose other ordering in the factorization (7.8). Since a 3 generates the center of the Lie 
algebra, it is enough to consider only another factorization, namely 

g(t) = exp(-i>2(í)a2)exp(-ui(í)ai)exp(-t>3(í)a 3 ) . (7.11) 

Then, applying the formula (2.28), we find the system 

*i=6i(í), i> 2 =b 2 {t), V3 = -h{t)v 2 , (7.12) 
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with initial conditions i>i(0) = ^(0) = «3(0) = 0. The solution can be found immediately as 
well: 

«i(í)= / h(s)da, v 2 (t)= í b 2 {s)ds, v 3 (t) = - í h{s) í b 2 (r)drds. (7.13) 
Jo Jo Jo Jo 

We would like to remark that this last system has been considered, following another line 
of reasoning, in [320], compare (7.12) and (7.13) with their equations (3.13) and (3.14). 

Now, we want to use the solution of one of the systems (7.9) and (7.12) in order to find the 
general solution of the given system (7.1). For doing that, we need to follow a general procedure 
applicable also to other cases, which consists of obtaining before three other ingredients. The 
first is to find a suitable parametrization of the Lie group involved, in this case H(3), and the 
expression of the composition law with respect to it. The second is to find the expression of the 
group action with respect to which the original vector fields are infinitesimal generators, in the 
chosen coordinates for the group. Thirdly, in case the chosen coordinates for the group are not 
the second kind canonical coordinates with respect to which the associated Wei-Norman system 
is written, we have to find the change of coordinates between them. 

To this respect, if we have at hand a faithful linear representation of the Lie group involved, 
and a corresponding faithful linear representation of its Lie algebra, the work can be notably 
simplified, and the differentials of right and left translations in the group become matrix products. 
However, this is not necessarily required by the theory and if we do not know it beforehand, to 
find such a representation, can be a difficult or computationally involved problem. 

When we have only the defining relations of the Lie algebra involved, a convenient set of 
parameters of the group, may be the canonical coordinates of the first or second kind themselves. 
Then, we can try to find the composition law in these coordinates by using the well-known 
Baker-Campbell-Hausdorff formula 

exp(X) cx P (r) = cxp (x + Y + ±[X, Y] + ±{[X, [X, Y}} + [[X, Y], Y]) + ■ ■ ■ ) , 

(7.14) 

which implies 

exp(X) ex P (y) = exp(F) exp(X) cxp ([X, Y] + ±[[X, Y], X + Y] + • • • ) , (7.15) 

see, e.g., [240, 324]. The successive terms of the exponent in the right hand side of (7.14) can 
be calculated in a recursive way, making use, for example, of the Lemma 2.15.3 of [324], and 
therefore of the previous equation as well. However, when a number of terms is required, the 
calculations can become extremely complicated, and in some cases it would be necessary to sum 
the whole series (see, e.g., the expression in [240]). The terms involved would vanish, from 
some order on, for nilpotent Lie algebras, and therefore this method would be appropriate for Lie 
systems with associated non Abelian nilpotent Lie algebras of moderately high dimensión. 

Another way of solving the problem, when possible, is just integrating the fiow of a linear 
combination with constant coefficients of the given vector fields, or composing the flows of 
these vector fields, which corresponds to the expression of the desired action written in terms of 
canonical coordinates of first and second kind, respectively. The second option is particularly 
well suited to the problems we want to deal with. Then, the composition law in the respective 
coordinates can be obtained by the defining properties of a group action. 
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We will illustrate these last methods in our current particular case. Consider the linear 
combination of the vector fields X\, X 2 and X 3 with constant coefficients a, b, c, 

d d d 
Xabc = -aXi - bX 2 - cX 3 = -a— - b— - (ay - bx - 2c)— , (7.16) 

whose flow is given by 

^x aba (e, (x, y, z)) = (x - e a, y - e b, z + (ay - bx - 2c) a) . 

Then, the action of the Heisenberg group on R 3 with associated infinitesimal generators X Í7 X 2 
and X3 in terms of a set of canonical coordinates of the first kind (a, b, c) (that is, we parametrize 
g € H (3) as g = exp(aai + ba 2 + ca¡)) is obtained from the previous flow when we take e = 1, 
since e can be regarded as being just a scaling factor. That is, 

$ : H(3) x M 3 — ► R 3 
((a, 6, c), (x, y, z)) 1 — > (x — a, y — 6, z + ay — bx — 2c) . (7.17) 

It is clear that the coordinates of the neutral element should be (0, 0, 0), and from the requirement 
that 

$((a, 6, c), $(( a ', 6', c'), (x, y, z))) - $((a, 6, c)(a', fe', c'), (¡r, y, «)) , (7.18) 

for all (x, y, 2;) € R 3 , we obtain the group law of H(3) written in terms of the previously defined 
canonical coordinates of first kind, 

(a, b, c)(a', b', c') = {a + a',b + b' , c + c' + (ab' - ba')/2) . (7.19) 

Note that (a, b, c) _1 = (—a, —6, — c). This composition law can be verified by using (7.14) 
and the commutation relations of the Lie algebra in our current basis, and is essentially the same 
as that used, e.g., in [39,247], see also [144]. 

Similarly, the action and the composition law can be written in terms of a set of canonical 
coordinates of second kind. To see this, consider the individual flows of the vector fields X\, X 2 , 
and X 3 , 

«fe (e, {x, y, z)) = (x + e, y, z - ye) , <px 2 (e, (x, y, zj) = (x, y + e, z + xe) , 
<Px 3 (e, (x, y, z)) = (x, y, z + 2e) , 

then consider the composition of flows 

(f) Xl (-a, 4>x 2 (-&, 4>x 3 (-c, (x, y, z)))) = (x - a, y - 6, z + ay - bx - ab - 2c) , (7.20) 

which provides the desired expression of the action in terms of the second kind canonical coor- 
dinates defined by g = cxp(aai) exp(ba 2 ) exp(cas), when g e H(3), 

$ : H(3) x R 3 — > M 3 
((a, 6, c), (x, y, z)) 1 — > (x — a, y — b, z + ay — bx — ab — 2c) . (7.21) 

The neutral element is represented again by (0, 0, 0), as expected, and from the condition (7.18) 
we find the composition law of H (3) in terms of the previously defined canonical coordinates of 
second kind, 

(a, b, c)(a, b\ c) = (a + a',b+ b', c + c - ba) . (7.22) 
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In these coordinates, (a, b, c) _1 = (—a, —6, — c — a&). This composition law can be verified 
as well by using (7.15) and the commutation relations of the Lie algebra in our current basis. 
Moreover, it is easy to check that if we denote the canonical coordinates of first kind of g e H(3) 
as (ai, b\, Ci), and of second kind as (a 2 , b 2 , c 2 ), the relation amongst them is 

ai = ü2 , h = b 2 , ci = c 2 + \a 2 b 2 ■ (7.23) 



Remark 7.2. 1. Note that the introduction of the minus signs in (7. 16) and in the composi- 
tion of flows (7.20) is due to our convention for the definition of infinitesimal generators of left 
actions, recall (2.2) and comments therein. 

We are now in a position to obtain the general solution of the original system (7.1) by 
means of the solution of the Wei-Norman system (7.9). It is just 

$((-«1, ~V2, -n), {xo, Vo, ¿o)) = (xo +«i,2/o + «2, z + x v 2 - y ü Vi - v x v 2 + 2v 3 ) , 

wherewi = v\(t), v 2 = v 2 (t),andv 3 = v 3 (t) are given by (7.10), and $ is given by (7.21). The 
direct integration of (7.1) gives the same result, upon application of the formula of integration by 
parts. 

Other form of Brockett's system in the literature [220] is the control system in M 3 with 
coordinates (a;, y, z) 

x = h{t), y = b 2 {t), z = -b 1 (t)y, (7.24) 

where the functions b\ (t) and b 2 (t) are again regarded as the controls. Note the cióse analogy of 
this system with the Wei-Norman system (7.12) but also the difference with (7.9). The solutions 
of the system (7.24) are the integral curves of the time-dependent vector field 61 (í) Xi+b 2 (t) X 2 , 
where now 

ox oz oy 

which is to be compared with (7.2). The Lie bracket X¡ = [X\, X 2 ] = ^ is linearly indepen- 
dent from X\ , X 2 , and the set {X\ , X 2 , X 3 } spans M 3 everywhere, so that according to Chow's 
theorem the system is again controllable. Moreover, they satisfy as well the Lie brackets (7.3), 
and therefore, from the viewpoint of Lie systems, (7.24) is another Lie system corresponding to 
the right-invariant system on H(3) given by (7.7). 

Accordingly, we can follow the same steps as before. The vector fields {X\, X 2 , X 3 } 
can be regarded now as the infinitesimal generators of an action of H(3) on R 3 which reads as 
follows, with respect to the canonical coordinates of first kind defined by g — exp(aai + ba 2 + 
ca 3 ) if g e H (3): 

$ : H(3) x M 3 — > M 3 
((a, b, c), (x, y, z)) 1 — > (x — a, y — b, z + ay — ab/2 — c) , (7.26) 

and with respect to the canonical coordinates of second kind defined by the factorization g = 

cxp(aai) exp(6a2) exp(ca3), it is 

$ : H(3) x K 3 — > M 3 
((a, b, c), (x, y, z)) 1 — > (x - a, y - b, z + ay - ab - c) , (7.27) 
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to be compared with (7.17) and (7.21), respectively. Taking the second form (7.27), we can 
express the general solution of the system (7.24) by using again the solution of the Wei-Norman 
system (7.9), that is, 

-V2, -v 3 ), (x , yo, 2o)) = {xo +vi,y + v 2 , z Q - y Q v 1 - v x v 2 + v 3 ) , 

where v\ — v\(t), v 2 — v 2 (t), and v 3 = v 3 (t) are given by (7.10). The direct integration of 
(7.24) yields again the same result. 



7.2.1.1 Hopping robot as a Lie system on H(3) 

Next we consider an example which comes from a physical model. The system is a hopping 
robot in flight phase, which has been studied in [229,255,258]. It consists of a body with an 
actuated leg that can rotate and extend. The coordinates are (tp, l, 8), which stand for the body 
angle, leg extensión and leg angle of the robot. The constant mi is the mass of the leg, and the 
mass of the body is taken to be one. The interest is focused on the behaviour of the system for 
small elongation, that is, about l = 0. See [255,258] for a schematic picture of the system. 
The system is subject to conservation of angular momentum, expressed as 

é + mi(l + l) 2 {é + 4>) = 0, (7.28) 

so that the control kinematic equations have to be compatible with it. The external controls of 
the system are the leg angle and extensión. With these conditions, the control system of interest 
becomes [255,258] 

1¿ = M*). Í = b 2 (t), 9 = - T ^±^ b 1 (t), (7.29) 

whose solutions are the integral curves of the time-dependent vector field b\(t) Y\ + b 2 (t) Y 2 , 
where now 

d mi (i + ir d a 
1 d^j i + m;(z + i) 2 dé>' 2 ar y ' 

Taking the Lie bracket 

2mi(l + í) d 



Y 3 = [Y u Y 2 ] 



(l + m,(Z + l) 2 ) 2 dO 



we see that {Yí, Y 2 , Y 3 } genérate the full tangent space on points of the configuration space 
with l > — 1, so the system is controllable in that región. However, it is not a Lie system as it is 
currently written, since the iterated Lie brackets 

[Y 2 , [Y 2 , ...[F 2 ,F 1 ]-..]] 

genérate at each step vector fields linearly independent from those obtained at the previous stage. 
Notwithstanding, in order to steer the original system by sinusoids, it is proposed in [255, 258] 
to take the Taylor approximation, linear in l, of the system, that is, 



Tp = h(t), Í = b 2 {t), 6= -{h + k 2 l)h{t) , (7.31) 
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where the constants ki, k 2 are defined as 

mi 2m¡ 
h = — , k 2 



1 + TOj ' (1 + mi) 2 ' 

and then the vector fields become 

X^A-( fcl + fc20 ¿, X 2 = |. (7.32) 

Now, the new vector field 

X 3 = [X u X 2 ] = k 2 -^ 

closes, jointly with X\, X 2 , the Lie algebra (7.3), so that (7.31) can be regarded as a Lie system 
with associated Lie algebra f)(3). 

If we parametrize elements g € H(3) by second kind canonical coordinates (a, b, c) de- 
fined by g = exp(aai) exp(6a2) exp(ca3), the corresponding (local) action to our Lie system 
reads 

$ : H(3) x M — > M 
((a, b, c), O, l, 6)) i — > (ip - a, l - b, 6 + k 2 (al -c-ab) + ak x ) , (7.33) 

where M is a suitable open set of M 3 . Then, the general solution of the system (7.31) can be 
written, for t small enough, as 

-v 2 , -v 3 ), (-00, lo, Oo)) = ("00 + vi, l + v 2 , 9 + k 2 (v 3 - vil - viv 2 ) - kivi) , 

where vi = vi(t), v 2 = v 2 (t), and w 3 = v 3 (t) are given by (7.10). Again, this result can be 
checked by direct integration. 



7.2.1.2 Reduction of right-invariant control systems on H(3) 

Other realizations of Brockett's system, can be obtained by means of the reduction method asso- 
ciated to subgroups of H (3), for solving the equation in the group (7.7). The interesting cases to 
this respect, correspond to subgroups of H(3) which are not normal, therefore with associated 
Lie subalgebras which are not ideáis in t)(3). Otherwise, the reduction procedure would split the 
original problem into another two, corresponding to different Lie subgroups. Of course, this can 
be useful for other purposes, cf. Section 2.5. 

We will consider the reduction method choosing the subgroups generated by ai, a 2 and 
a¡, to illustrate these points. The first two examples will provide realizations of Lie systems 
with associated group H(3) on respective two-dimensional homogeneous spaces. The third will 
show how the problem splits when the central (and henee normal) subgroup generated by a 3 is 
considered. 

Let us parametrize the group, for example, taking the canonical coordinates of first kind 
defined by g = cxp(aa 1 + ba 2 + ca 3 ) when g e H(3). Then, the composition law reads as in 
(7.19). If we denote g — (a, b, c), g' = (a', b' , c'), we have 

L g (g') = (a, b, c)(a', 6', c') = (a + a', b + 6', c + c' + (ab' - ba')/2) , 
R g (g') = ( a ', b', c')(a, b, c) = (a + a', b + b',c + c'- {ab' - ba')/2) , 
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and therefore 
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then 
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L g , gl = ( 1 | , R g * g , = | I | , (7.34) 

-6/2 a/2 1 



1 \ / 1 

Ve = | 10, R g * e = 10 
-6/2 a/2 í J \ 6/2 -a/2 1 

and since Aá(g) = L gisg -i o R g -i te , it follows 

1 

Ad(a, 6, c) = ( 10]. (7.35) 

-6 a 1 

If now g(t) = (a(t), b(t), c(í)) is a curve in the group H(3) expressed in the previous coordi- 
nates, we obtain 
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L g -^ g (g) =10 1 116 1 = 1 6 
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c + (6á - a6)/2 

(7.36) 

á 

/?„ „„(,))= | I | | 6 | = | 6 

c- (6á- a6)/2 

We consider now the subgroup ií of ií(3) whose Lie algebra is generated by ai, Le., 

H = {(a, 0, 0) | a e R} , 

in order to apply the reduction theory. It is easy to see that any element of H (3), can be factorized, 
in a unique way, as the product 

(a, 6, c) = (0, 6, c + ab/2)(a, 0, 0) . 

Therefore, we can describe the homogeneous space M = H(3)/H = R 2 by means of the 
projection 

tt l : H(3) — -> #(3)/ií 
(a, 6, c) i — ► (6, c + a6/2), 

associated to the previous factorization. We take coordinates (y, z) in M. Then, the left action 
of H(3) on such a homogeneous space reads 

A : H(3) x M — > M 
((a, 6, c), (y, z)) i — > TT L ((a, b, c)(a', y, -a'y/2 + z)) = (y + b, z + ay + c + ab/2) , 



Table 7.1. Three possibilities for solving (7.7) by the reduction method associated to a subgroup, cf. Section 2.5. We denote G = H(3), and take Lie 
subgroups H whose Lie subalgebras of (7.5) are the ones shown. See explanation and remarks in text. 

Lie subalgebra tt l : G —y G/H X : G X G/H — > G/H and fund. v.f. gi (í) and Lie system in G/H h(t) and Lie system in H 

{ai} (a, fe, c) >-* (fe, c + ab/2) ((a, b, c), (y, z)) 

^ (y + b, z + ay + c + ab/2) (0, y(t), z(t)) (o(í), 0, 0) 



Xf = -yd z ,X» = -d y , y = -b 2 (t), 2/(0) = ó = -bi(í), o(0) = 

l 3 



Xf = -d z z = -b 1 (t)y, z(0) =0 



{a 2 } (a, fe, c) M- (a, c - ab/2) ((a, fe, c), (y, z)) 

^ {y + a, z~by + c-ab/2) (y(t), 0, z(t)) (0, fe(í), 0) 



X? = -d v ,XH = y d z , V = -b í (t), 2/(0) =0 fe = -fe 2 (i), 6(0) = 

l 3 



X" = -d z z = b 2 (t)y, z(0) =0 



{a 3 } (a, fe, c) M- (a, 6) ((a, fe, c), (y, z)) 

(y + a, 2 + b) (y(t), z(t), 0) (0, 0, c(t)) 

X? = -d y ,X¡* = -d z , ¿f = -bi(t), 2/(0)= c=(6 2 (í)s/-&i(í)«)/2 > 

Xf=0 i = -b 2 (í), 2(0) = c(0)=0 

where [Xf , Xf] = Xf , [Xf , Xf ] = 0, [Xf , Xf ] = in all cases 
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where a' is a real number parametrizing the lift of (y, z) to H(í). The corresponding fundamen- 
tal vector fields can be calculated according to (2.2), and they are 

X H - 7, 9 x H - 9 x H - 9 

which span the tangent space at each point of M, and in addition satisfy [Xf 1 , X^} — X¿ , 
[X?, X*] = and [X?, X?} = 0. 

Now, we factorize the desired solution of (7.7) as the product 

gi (t)h(t) = (0, y(t), z(t))(a(t), 0, 0), 

where gi(t) projects onto the solution ir L (gi(t)) — (y(t), z(t)), with (y(0), z(0)) = (0, 0), of 
the Lie system on the homogeneous space M associated to (7.7), 

y = -b 2 (t), z = -b 1 (t)y. (7.37) 

Then, we reduce the problem to a Lie system in the subgroup H for h(t) = (a(t), 0, 0), with 
h(0) = e, Le., a(0) = 0. The expression of this last system is given by Theorem 2.5.1, Le., 

Rh(t)-i*h(t)(h(t)) = - Ad( 3 f 1 (í))(6i(í)ai + b 2 (t)a 2 ) - L gi{t) - Ugi{t) (gi(t)) . 

Using (7.35), (7.36) and operating, we finally obtain the equation 

a = -hit) , 

which is a Lie system for H = M, solvable by one quadrature. 

The same procedure can be followed with other choices for the subgroup H, for example the 
already mentioned subgroups generated by a 2 and a 3 . Then, we should take into account, respec- 
tively, the factorizations (a, b, c) = (a, 0, c — a&/2)(0, b, 0) and (a, b, c) = (a, b, 0)(0, 0, c). 
The results, including the previously considered case, are summarized in Table 7.1. Needless to 
say, the whole procedure can be done for the complete equation (7.6), following analogous steps. 

Apart from a way of solving (7.7), these examples of application of the reduction theory pro- 
vide as a byproduct Lie systems formulated in two-dimensional homogeneous spaces of H (3). 
In the three cases the associated vector fields , X 2 and X¡ = [Xf 1 , X 2 \ span the tangent 
space at each point of M, therefore these systems are controllable. Most interesting are those 
obtained in the first and second cases studied in Table 7.1, since they truly have H(3) as asso- 
ciated group. In principie, these two cases could be considered analogous systems to (7.1) on 
such spaces, with the same controls, and therefore it seems to be an interesting question to treat 
the corresponding optimal control problem with respect to the same integral cost function (7.4). 
However, we will leave this question for future research. 

In contrast, it is interesting to see that the third possibility of reduction in Table 7.1 shows 
how a Lie system on ií(3) can be split into two other Lie systems on Lie groups; one in the 
Abelian group M 2 obtained by quotienting (3) by its center, and another in the center itself, 
which can be identified with the additive group M. However, the latter system is constructed with 
the solution of the former. 

We remark that this phenomenon always occurs in a general situation when we perform the 
reduction process by taking a normal subgroup of the original group, of course if there exists any. 
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To end this subsection, let us show the way the solution of the Wei-Norman system (7.9) 
can be used to find the general solution of the Lie systems on homogeneous spaces of H(3) of 
Table 7.1, namely (7.37), 

y = -bi(t), z = b 2 {t)y, (7.38) 

and 

y = -h(t), z = -b 2 (t), (7.39) 

for arbitrary initial conditions. In fact, just remembering the change of coordinates (7.23), the 
general solution of each system reads 

A((-Ui, -v 2 , -v 3 + Vl v 2 /2), (y , z )) 

where vi = vi(t), v 2 = v 2 (t), and v 3 = v 3 (t) are given by (7.10), and A is the associated left 
action for each case, see Table 7.1. In other words, the general solution of (7.37) is 

{y, z) = (yo - v 2 , z - vxyo -v 3 + viv 2 ) , 

for (7.38) we have 

(y, z) = {yo - vi, z + v 2 y - v 3 ) , 

and for (7.39), 

(y, z) = (yo - vi, z - v 2 ) . 

These results can be checked as well by direct integration. 
7.2.2 Planar rigid body with two oscillators 

The next example we will deal with comes from the consideration of the optimal control problem 
of a mechanical system consisting of a rigid body with two oscillators [341]. Specifically, we 
will study the kinematic control system arising in the case of the planar rigid body with two 
oscillators, see p. 242, loe. cit. 

Thus, the control system of interest turns out to be the system in R 2 x S 1 , with coordinates 
(xi, x 2 , 9) 

x 1 =b 1 (t), x 2 =b 2 (t), 9 = x\b 2 {t) - x 2 2 b!(t) , (7.40) 

where bi(t) and b 2 (t) are the control functions. Note that (7.40) is similar to the system (7.1), 
but where the third equation is quadratic in the coordinates instead of linear, and the meaning of 
the third coordinate is now an angle. 

Originally, the problem of optimal control is considered in [341], that is, how to find the 
controls which steer the system between two prescribed configurations in one unit of time, such 
that the cost function (7.4) is minimal. In contrast, we will focus on the application of the 
theory of Lie systems to this example, similarly to what we have done in Subsection 7.2.1 for 
the system (7.1). However, the results could be useful, for example, for relating the associated 
optimal control problems, although we will not pursue that objective here. In fact, we will see 
how the reduction theory of Section 2.5 allows us to relate the system (7.40) with a system of 
type (7.1). 

The solutions of the system (7.40) are the integral curves of the time-dependent vector field 
6i(í) X 1 +b 2 (t) X 2 , with 
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The Lie brackets 

d d 
X 3 = [X u X 2 ] = 2( Xl + x 2 ) — , X 4 = [X u X 3 ] = 2— , 

jointly with X\, X 2 , make up a linearly independent set in points with x\ ^ —x 2 , and the set 
{Xi , X 2 , X 4 } spans the tangent space at every point of M 2 x S 1 . According to Chow's theorem, 
every two such points can be joined by the choice of appropriate piecewise constant controls b\ (t) 
and b 2 (t), therefore the system is controllable. In addition, the set {X\, X 2 , X 3 , X4} closes on 
the nilpotent Lie algebra defined by 



[Xi, X 2 ] — X 3 , [Xi, X 3 ] = X4 , [Xi, X4} = o , 
[X 2 , X 3 ]=X 4 , [X 2 ,X 4 }=0, [X 3} X 4 }=0 } 



(7.42) 



isomorphic to a nilpotent Lie algebra, denoted as Q 4 , which can be regarded as a central extensión 
of the Heisenberg Lie algebra f)(3) by R. In fact, if Q 4 has a basis {ai, a 2l a 3l a 4 } for which 
the non-vanishing Lie products are 



[ai,a 2 ]=a 3 , [01,03] =04, [02, 03]= 04- 



(7.43) 



then the center 3 of the algebra is generated by {04}, and the factor Lie algebra Q 4 /$ is isomor- 
phic to í)(3), see (7.5). 

Let G 4 be the connected and simply connected nilpotent Lie group such that its Lie algebra 
is the previous fj 4 . A generic right-invariant Lie system of type (2.10) on G 4 is of the form 



i?, 



g{t)~ 1 *g(t) 



(g(t)) = -6i(í)oi - b 2 (t)a 2 - b 3 (t)a 3 - b 4 (t)a 4 , 



(7.44) 



where g(t) is the solution curve in G 4 starting, say, from the identity, and {ai, a 2 , a 3 , a 4 } is the 
previous basis of JJ 4 . However, the system of type (7.44) corresponding to the control system 
(7.40) is that with & 3 (í) = 64 (í) = for all t, i.e., 



Rg(t)-i* g (t){g(t)) = -Oi(í)oi - b 2 {t)a 2 . 



(7.45) 



Let us solve (7.45) by the Wei-Norman method. The adjoint representation of fj 4 reads in 
the basis {ai, a 2l a 3 , a 4 } 



ad(ai) = 



/ \ 



10 

\ 1 ) 



ad(a 2 ) = 



/ 
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ad(a 3 ) 
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o 000' 



\ -1 -1 o o j 



ad(a4) = , 
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and therefore 



exp(— v\ ad(ai)) 



cxp(-i;3 ad(a3)) 
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exp(-v 2 ad(a 2 )) = 



exp(— «4 ad(a4)) = Id . 
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Writing the solution of (7.45), starting from the identity, as the product of exponentials 

g(t) = exp(-ui(í)ai) exp(-u 2 (í)a 2 ) exp(-w 3 (í)a 3 ) cxp(-u 4 (í)a 4 ) 
and applying (2.28), we find the system 

úi=6i(í), v 2 = b 2 (t), v 3 = b 2 (t)vi, v 4 = b 2 (t)vi(vi/2 + v 2 ), 



(7.46) 



(7.47) 



with initial conditions vi(0) = v 2 (0) = v 3 (0) = «4(0) = 0. The solution is found by quadra- 
tures. If we denote S¿(í) = J Q 6¿(s) ds, i = 1, 2, it is 

üi(í)=Bi(t), v 2 {t)=B 2 (t), v 3 (t)= í b 2 {s)Bi(s)ds. 

Ja 

Mt)=J b ^ s ) (Ib¡(s) + Bi( S )B 2 ( S ^j ds. (7.48) 

Of course, we can choose other orderings in the factorization (7.46). As a 4 generates the center 
of the Lie algebra, we would have to consider other five possibilities, according to the different 
relative orderings of ai, a 2 and a 3 , but the results are similar and will not be shown here. 

Now, following analogous steps to those of Subsection 7.2.1, we can find the expressions 
of the action $ of G4 on the configuration manifold W 2 x S 1 such that Xi be the infinitesimal 
generator associated to a, for each i £ {1, . . . , 4}, and of the composition law of G 4 . For doing 
that, we will use canonical coordinates of the first and second kind in G4. 

If we parametrize the elements g £ G4 as g = cxp(aai + ba 2 + ca 3 + da 4 ), such an action 
reads $ : G 4 x (R 2 x S 1 ) -> M 2 x S 1 , 

<¡>((a, b, c, d), (xi, x 2 , 6)) = (xi — a, x 2 — b, 

9 + ax\ — bx\ + ab(xi — x 2 ) — 2c(xi + x 2 ) + c(a + 6) — 2d — ab(a — b)/3) , 

meanwhile the composition law reads 

(a, 6, c, d)(a', 6', c', d 1 ) = (a + a',b + 6', c + c' + (ab' - ba')/2, 

d + d' + (ad - ca')/2 + (be' - cb')/2 + (ab' - ba')(a - a' + b - b')/12) , (7.49) 



the neutral element being represented by (0, 0, 0, 0). 
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If, instead, we parametrize the group elements g G G4 by the coordinates defined by g = 

exp(aai) exp(6o2) exp(co3) exp(da 4 ), the action becomes $ : G4 x (IR 2 x S 1 ) — > M 2 x S 1 , 

$((a, 6, c, d), (x l7 x 2 , 0)) = - a, x 2 - 6, 

9 + ax\- bx\ -2(ab + c)x 2 - 2cx 1 + ab 2 - 2d) , (7.50) 

and the composition law 

(a, 6, c, d)(a , & , c , d ) = (a + a , b + b , c + c — ba , 

d + d! - c(a' + b') + ba'(b + 2b' + a')/2) . (7.51) 

The neutral element is represented as well by (0, 0, 0, 0) in these coordinates. If a specific 
g € G4 has the first kind canonical coordinates (ai, bi, Ci, di) and the second kind canonical 
coordinates (a 2 , b 2 , c 2 , d 2 ), the relation amongst them is 

ai = a 2 , h=b 2 , ci = c 2 + ^a 2 b 2 , di = d 2 + ^(a 2 +b 2 )c 2 + -^a 2 b 2 (a 2 -b 2 ) . (7.52) 

The general solution of (7.40) can be calculated by means of the solution of the Wei- 
Norman system (7.47) as 

$((-«!, -v 2 , -v 3 , -V4), (xio, x 20 , Q )) = (xio + Vi, x 20 + v 2 , 

da - vixl + v 2 x 2 10 - 2(viv 2 - v 3 )x 20 + 2v 3 x w - v x v\ + 2v 4 ) , 

where vi = Vi(t), v 2 = v 2 (t), v 3 = v 3 (t) and w 4 = u 4 (í) are givenby (7.48), (x w , x 20 , 9 ) e 
R 2 x S 1 are the initial conditions and $ is given by (7.50). 



7.2.2.1 Reduction applied to the planar rigid body with two oscülators 



We will see now the way in which the reduction theory of Lie systems applies to the study of 
the control system (7.40). As in every instance of Lie system, if one studies and solves the 
associated right-invariant Lie system in a suitable Lie group, not only one can solve the original 
system but any other Lie system in any homogeneous space of such a group. In particular, the 
right-invariant Lie system associated to (7.40) is (7.45), which we have already solved by the 
Wei-Norman method and henee (7.40) as well. 

By means of the reduction theory, the problem of solving (7.45) can be reduced to first 
solving a Lie system on a homogeneous space, which could be different from (7.40), and then 
another right-invariant Lie system on the subgroup chosen to perform the reduction. 

The aim of this subsection is to show several examples of Lie systems on homogeneous 
spaces, different from (7.40) but with the same associated Lie group, and how (7.40) can be 
reduced to a control system of Brockett type, i.e., of the form (7.1) via the system (7.45). This 
last case corresponds to the reduction by the center of the group G4, yielding a Lie system in 
H (3) and another in the center, identified with KL 

The calculations are completely analogous to that of Subsection 7.2. 1 .2. Using the canonical 
coordinates of first kind in G4 defined by g = exp(aai + ba 2 + ca 3 + da 4 ), and the composition 
law (7.49), we obtain the following results. The adjoint representation of the group is 



Ad(a, b, c, d) 
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(7.53) 
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If g(t) — (a(t), b(t), c(í), d(t)) is a curve in G4 expressed in the previous coordinates, we 
obtain 



\ 



c + i (bá — ab) 



\ d - \{ab + b 2 - 3c)á + ¿(a 2 + ab + 3c)b - \{a + b)c ) 



(7.54) 



Rg-Ug(g) 



a 
b 



\ 



c — j(ba — ab) 



\ d - \{ab + b 2 + 3c)á + ¿(a 2 + ab - 3c)b + ¿(a + b)c J 



In order to perform the reduction we select the subgroups generated by {ai}, {a 2 }, {a 3 } 
and {a 4 }. The relevant factorizations of elements of G4 are, respectively, 

(a, b, c, d) = (0, b,c + ab/2, d + a(2ab + b 2 + 6c)/12)(a, 0, 0, 0) , 
(a, 6, c, d) = (a, 0, c - ab/2, d - b(a 2 + 2ab - 6c)/12)(0, b, 0, 0) , 
(a, 6, c, d) = (a, 6, 0, d - c(a + 6)/2)(0, 0, c, 0) , 
(a, 6, c, d) = (a, 6, c, 0)(0, 0, 0, d) , 

and accordingly, the projections on the respective homogeneous spaces, the left actions of G4 on 
each of them and the associated infinitesimal generators are calculated. We have parametrized 
these homogeneous spaces by the coordinates (j/i, y 2 , 1/3) in the four cases. Then, applyingThe- 
orem 2.5.1 we reduce the original problem of solving (7.45) to one in the respective subgroups, 
provided that a particular solution of the Lie system on the corresponding homogeneous space is 
given. 

We recall that to take different initial conditions for a Lie system on a homogeneous space 
of the Lie group G is equivalent to take conjúgate subgroups H to identify such a homogeneous 
space as G/H, cf. Section 2.2. Thus, we see that to change the initial condition for a Lie system 
on a homogeneous space has no real importance from a geometric point of view. 

Therefore, by means of the reduction theory of Section 2.5, we have just obtained Lie sys- 
tems which can be identified as control systems, with the same controls as (7.40), and essentially, 
with the same controllability properties: The fundamental vector fields {X^ , X 2 , X% , X^} 
span the tangent space at each point of the three-dimensional homogeneous space in all instances, 
and they cióse the same commutation relations (7.42). 

The first three cases truly have as associated Lie algebra Q 4 , Le., the same as (7.40), and 
therefore, they should be considered as analogues of (7.40) on these homogeneous spaces. 

The fourth case has instead an associated Lie algebra f)(3), since the reduction has been 
performed by quotienting by the center of the Lie group G4, therefore leading to a Lie system 
on the Lie group H(3). This system is of type (7.1) (indeed they are related by the simple 
change of coordinates x = —yi, y = —y2 and z = — 2y 3 ), and then we obtain two interesting 
results. Firstly, that solving a system of type (7.40) can be reduced to solving first a system of 
Brockett type (7.1) and then to solving a Lie system in R, which is immediate. Secondly, that the 
system (7.1) can be regarded as a Lie system on H(3) written, moreover, in terms of canonical 



Table 7.2. Four possibilities for solving (7.45) by the reduction method associated to a subgroup, cf. Section 2.5. The Lie group Gi is that of Subsec- 
tion 7.2.2, and we take Lie subgroups H whose Lie subalgebras of (7.43) are the ones shown. See explanation and remarks in text. 



Lie subalgebra ir L : G4 — ► G4/H 



A : G4 X G4/H — > G4/H and fund. v.f. 



gi(t) and Lie system in G4/H 



h(t) and Lie system in H 



{ai} (a, 6, c, d) ((a, 6, c, d), (j/i, 2/2, 2/3)) 

>->■ (6, c + ab/2, /1) 1 y (yi + 6, 2/2 + £¡2/1 + c + ab/2, gi) 



Xf = -¡/i 6> y2 - y 2 d y3 , X% 



-ñ — M2.fl 

U V1 2 °V3> 



A 3 



-8y 



- fi y' 



(o, s/i(t), j/ 2 (í), ys{t)) 
2/1 = -62, 2/1(0) = o 
2)2 = -612/1. 2/2(0) = o 

¿3 = -(6l +62/2)2/2, 2/3(0) =0 



(a(í), 0, 0, 0) 

ó = -61, o(0) = 



{a 2 } (a, 6, c, d) ((a, 6, c, d), (2/1, 2/2, 2/3)) 

i-> (a, c - a&/2, /2) i-y (yi + a, y 2 - byi + c - ab/2, g 2 ) 



-d-u 



dy 3 ' X 2 =yidy2 ~ V2dy 3 , 



X 3 — ~dy-2 



2 U V3 • A 4 ~ U V3 



(yi(t), 0, 2/2(í), jra(í)) 

2/1 = -61, 2/i(0) = 

2/2 = &22/1. 2/2(0) = 

2/3 = -(62 +61/2)2/2, 2/3(0)= 



(0, b(t), 0, 0) 

b = -b 2 , 6(0) = 



{as} (a, 6, c, d) ((a, 6, c, d), (2/1, 2/2, 2/3)) 

>-> (a, 6, / 3 ) i-> (2/1 + a, 2/2 + 6, g 3 ) 

x i = -dyi + §2/2(2/1 + 2/2) é\ 3 , 

-X^ = ~ 9 !/2 - f 1/1Í3/1 +V2)dy 3 , 
X" = (2/1 + V2)dy 3 ,Xl* = -dy 3 



(2/1 (*), 2/2(t), 0, 2/ 3 (t)) 

2/1 = -61, 2/l(0) = 

2/2 = -62, 2/2(0) = 

2/3 = (2/1 + 2/2X612/2 - 6 2 2/i)/3, 

2/3(0) =0, 



(0, 0, c(t), 0) 

¿ = (622/1 - 612/2), 

c(0) = 0, 



{a 4 } 



(a, 6, c, d) 
M> (a, 6, c) 



((a, 6, c, d), (2/1, 2/2, 2/3)) 



(2/1 (t), 2/2 (t), 2/3 (í), 0) 



(2/1 + 2/2 + 6, 2/3 + c+ §(a2/2 - byi)) yi = -61, 2/1(0) = 



Xf* — 



2 a H3> ^2 



2 °V3' 



: 



2/2 
2/3 



(0, 0, 0, d(í)) 
<* = ¿((2/1 +2Z2)X 

-62, 2/2(0) =0 (612/2-622/1) 
5(622/1-612/2), 2/3(0) = -62/3(61+63)), d(0) = 



where /1 = d + ^(2a6 + 6 2 + 6c), 91 = 2/3 + d + 2^(a(a + 6/2) - c) + (a + 6/2) (i/2 + ab/6) + ^ 
/2 =d 
/3 =d 



¿(a 2 +2a6 -6c), 52 = 2/3 + d + ^ (6(6 + a/2) - c) + (6 + a/2)(y 2 - ab/6) + ^ 

§c(a + 6), 33 = 2/3 + d+ |(62/ 2 - aj/|) + ±(a + &)(&j/i - ay 2 ) - c(yi + 2/2 + (a + 6)/2) + §(& - 0)2/12/2 



and it holds [Xf, Xf ] = Xf , [Xf , Xf ] = Xf , [Xf , Xf ] = Xf in all cases 
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coordinates of first kind. To see this, recall the projection in the fourth case of Table 7.2 and 
compare the left action therein with the composition law (7.19). 

As an interesting open problem, it remains to investígate the interrelations the corresponding 
optimal control problems might have with respect to these reductions. Again, we leave this 
question for future research. 

Finally, we would like to remark that the general solutions of the Lie systems on homoge- 
neous spaces of Table 7.2 can be solved by means of the solution of the Wei-Norman system 
(7.47), in an analogous way as it has been done at the end of Subsection 7.2.1.2 for the case of 
the homogeneous spaces of H(3) shown in Table 7.1. Now one has just to take into account the 
change of coordinates (7.52) and perform analogous calculations. 

7.2.3 Some generalizations of Brockett's system 

The control system introduced by Brockett, cf. Subsection 7.2.1 and references therein, can be 
generalized or extended in several ways. This is the main subject of [59], in which mainly two 
ideas for the generalization of (7.1) are considered. One is to enlarge both the number of controls 
and the dimensión of the state space in order to obtain a system of type 

x = b(t), Z = xb T \t) - b(t)x T , 

where x and b(t) are curves in M m . The vectorial function b(t) is the control of the system. 
The superscript T denotes matrix transposition, and Z is a m x ra skew symmetric matrix. This 
problem was also discussed in [58], and it is further generalized with regard to the stabilization 
problem in [45]. 

The second general possibility considered in [59] is to enlarge the state space in order to 
account for higher nonlinear effects, where controllability is achieved by taking higher order Lie 
brackets, and eventually enlarging also the number of controls used. Depending on the number 
of these controls, and on the degree of the polynomial coefficients entering in the input vector 
fields, different hierarchies of nonholonomic control systems are constructed through a specific 
procedure, see [59] for details. 

We will focus on two of the examples arising from the hierarchy so constructed with two 
control functions. These examples have been studied in [59], also in relation with the associated 
optimal control problems. However, our study of these two examples will concern the aspects 
related to the theory of Lie systems, which proves to be useful in order to discuss their Lie group 
and algebraic structure. 

In particular, we will show that these examples are Lie systems with associated Lie algebras 
of dimensión five and seven, respectively. Moreover, these Lie algebras are nilpotent, and the 
seven-dimensional one can be regarded as a central extensión of the Ave-dimensional one by 
M 2 . In turn, the five-dimensional Lie algebra can be seen as a central extensión of the three- 
dimensional Lie algebra f)(3), associated to the original Brockett system (7.1), by K 2 . Using 
the reduction theory of Lie systems, we can therefore reduce, either by stages or directly, the 
seven-dimensional problem to a system in the Heisenberg group. 

7.2.3.1 Generalization to second degree of Brockett system 

The first example to be considered now belongs to the hierarchy constructed in [59] for the case 
of two controls, and is the member with polynomial coefficient functions of the input vector 
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fields of at most second degree. We will use a slightly different notation from the one used in the 
cited reference. 

The system of interest is the control system in R 5 , with coordinates {x\, x 2 , x 3 , X4, x 5 ) 

x 1 =b 1 (t), x 2 = hit), x 3 = h(t)x 1 - b 1 (t)x 2 , 

xa = h{t)xi , x 5 — bi(t)xl , (7.55) 

where bi (i) and hit) are the control functions. This system appears as well as an approximation 
of the so-called plate-ball nonholonomic kinematic problem [59], which consists of a sphere 
rolling without slipping between two horizontal, flat and parallel plates which are separated by 
a distance equal to the diameter of the sphere. It is assumed that one of the plates is fixed in 
space and that the ball rolls because of the horizontal movement of the other píate. The geometry 
and the optimal control solutions of this problem have been considered in [182, 183], and after 
in [200]. In particular, it has shown that the optimal control problem is integrable by elliptic 
functions, as it is the case for (7.55), see [59]. 

Now, for given control functions 61 (í) and hit), the solutions of the system (7.55) are the 
integral curves of the time-dependent vector field 61 (í) X\ + h (í) X 2 , with 

9 d 2 d ^ d d 2 d 
-Xi = -5 x 2 - hx 2 -— , X 2 = - hxi- Vx 1 ——. (7.56) 

ax\ ox 3 ox 5 0x2 ox 3 0x4 

Taking the Lie brackets 

d d d 
X 3 = [X u X 2 ] = 2— + 2xi- 2x 2 — , 

0x3 0x4 0x5 

d d 
X4 = [X\, X 3 ] — 2- — , X 5 = [X 2 , X 3 ] = -2- — , 
0x4 0x5 

we obtain a set of vector fields which span the tangent space at each point of M 5 , therefore the 
system (7.55) is controllable. Moreover, the set {Xi, X 2 , X 3 , X4, X 5 } closes on the nilpotent 
Lie algebra defined by 

[X 1 ,X 2 ]=X 3 , [X U X 3 }=X4, [X 2 ,X 3 ]=X 5 , (7.57) 

all other Lie brackets being zero. Such a Lie algebra is isomorphic to a nilpotent Lie algebra, 
denoted as Q 5 , which can be regarded as a central extensión of the Lie algebra f)(3) by K 2 . 
Indeed, fj 5 has abasis {ai, a 2 , 03, 0,4, a 5 } with respect to which the non-vanishing Lie products 
are 

[01, o 2 ]=a 3 , [ai, 03] =04, [a 2 , a 3 ]=a 5 , (7.58) 

then the centerj of Q 5 is the Abelian subalgebrageneratedby {04, a 5 }, and the factor Lie algebra 
5 /3 is isomorphic to f)(3), see (7.5). 

Analogously to what we have done in previous subsections, we will treat briefly the Wei- 
Norman problem associated to the system (7.55), and will give the expressions of the actions with 
respect to which the vector fields {Xi, X 2 , X 3 , X4, X5} are infinitesimal generators. Then, we 
will perform the reduction of the system (7.55) to another two: one of type (7.1), and one Lie 
system in R 2 . 
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Let us denote by G5 the connected and simply connected nilpotent Lie group such that its 
Lie algebra is fj 5 . A generic right-invariant Lie system of type (2.10) on G5 is of the form 

R g{t)- 1 *g(t){g{t)) = — &i(¿)ai - b 2 (t)a 2 - b 3 (t)a 3 - b 4 (t)a 4 - b 5 (t)a 5 , (7.59) 

where g(t) is the solution curve in G5 starting, for example, from the identity. The system of this 
type corresponding to the system (7.55) is that with b 3 (t) = b 4 {t) = b${t) = for all t, Le., 

i? ff(t)- 1 *ff(t)(ff( í )) = - b 2(t)a 2 . (7.60) 

To solve (7.60) by the Wei-Norman method, we need to compute the adjoint representation 
of the Lie algebra $J 5 with respect to the above basis. It reads 



ad(oi) 
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ad(a 5 ) = 
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and therefore 

v 2 

exp(— vi ad(ai)) = Id — V\ ad(ai) + -J- ad(ai) o ad(ai) , 

v 2 

exp(-u 2 ad(a 2 )) = Id-u 2 ad(a 2 ) + ad(a 2 ) o ad(a 2 ) , 

cxp(-u 3 ad(a 3 )) = ld-v 3 ad(a 3 ) , 

exp(— va ad(a4)) = Id, exp(— W5 ad(a5)) = Id . 

Writing the solution which starts from the identity, of (7.60), as the product 

g(t) = exp(-ui(í)ai) exp(-t; 2 (í)a 2 ) exp(-ü 3 (í)a 3 ) exp(-v 4 (í)a 4 ) exp(-u 5 (í)a 5 ) (7.61) 
and applying (2.28), we will find the system of differential equations 

vi=h(t), v 2 = b 2 (t), v 3 = b 2 (t)v 1 , Vi = h) 2 {t)v{, v 5 = b 2 (t)v x v 2 , (7.62) 

with initial conditions «i(0) = v 2 (0) — v 3 (0) — «4(0) = «5(0) = 0. The solution can be found 
by quadratures; if we denote S¿(í) = J * 6¿(s) ds, i = 1,2, the solution reads 

v 1 (t) = B 1 (t), v 2 (t) = B 2 {t), v 3 {t)= í 6 2 (s)Bi(s)ds, 

Jo 

v 4 (t) = l í b 2 (s)B¡(s)ds, v B (t)= j b 2 {8)B 1 (a)B 2 (a)da. (7.63) 
¿ Jo Jo 
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We would like to remark that the system (7.62) is closely related to the system appearing in 
Examples 8.1 of [209] and 6.1 of [210], following an approach different to ours. Indeed, such a 
system is essentially the Wei-Norman system corresponding to the equation (7.59) in the group 
G 5 , when b 5 (t) = 0, and to the factorization (7.61). This system can be found as well by direct 
application of (2.28). 

Following steps analogous to those of Subsection 7.2.1, we find the following expressions. 
Parametrizing the elements g e G$ as g = cxp(aai + ba 2 + ca 3 + da 4 + ea 5 ), the action of G5 
on M 5 such that Xi be the infinitesimal generator associated to a¿ for each i £ {1, . . . , 5} reads 

$ : G 5 x R 5 — > M 5 
((a, fe, c, d, e), (x 1} x 2 , x 3 , x 4 , x 5 j) 1 — > (xi, x 2 , x 3 , x 4 , x 5 ) , 

where 

x\ = x\ — a , x 2 = x 2 — b , x 3 — x 3 + ax 2 — bxi — 2c , 
x 4 = x 4 — bx\ + (ab — 2c)xi + ac — 2d — ba 2 /3 , 
X5 — X5 — ax\ + (ab + 2c)x 2 — bc + 2e — ab 2 /3 , 

meanwhile the composition law (a, 6, c, d, e)(a', b' , c', d' , e') = (a", 6", c" , d" , e") is given 
by 

a" = a + a', b" = b + b', c" = c + c' + (a6' - ba')/2 , 

d" = d + d' + (ac' - ca')/2 + (a - a')(^' - &a')/ 12 , ( 7 -64) 

e" = e + e! + (be' - cb')/2 + (b - b')(ab' - bd)¡\2 , 

and the neutral element is represented by (0, 0, 0, 0, 0). 

If, instead, we parametrize the group elements o e G5 by the second kind canonical coor- 
dinates defined by g = exp(aai) exp(fea 2 ) exp(ca3) exp(da 4 ) exp(eas), the action becomes 

$ : G 5 x R 5 — > M 5 
((a, 6, c, d, e), (xi, x 2 , x 3 , x 4 , x 5 )) 1 — > (xi, x 2 , x 3 , x 4 , x 5 ) , 

where 

x\ = x\ — a , x 2 = x 2 — b , x 3 = x 3 + ax 2 — bxx — 2c — ab , 

5 4 = a; 4 — fea;? — 2ca;i — 2d , (7.65) 

%5 = x 5 — ax 2 + 2(a6 + c)x 2 + 2e — ab 2 , 

and the composition law (a, b, c, d, e)(a', 6', c', d', e') = (a", 6", c", d", e") is given by 

a" = a + a' , b" = b + b' , c" = c + c' - 6a' , 

d" = d + d' - ca' + fea' 2 /2 , (7.66) 

e" = e + e' - efe' + fea'fe' + 6 2 a'/2 , 

the neutral element being represented as wellby (0, 0, 0, 0, 0) in these coordinates. 
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The relation between the first kind canonical coordinates (ai, &i, c\, di, ei) and the second 
kind canonical coordinates (a 2 , b 2 , c 2 , di, e 2 ) so defined of the same group element g e G5 is 

ai = a 2 , bi = b 2 , ci — c 2 + -a 2 b 2 , 

1 1 „ 

di= d 2 + -a 2 c 2 + -^a 2 b 2 , 

ei = e 2 + ^6 2 c 2 - Y^a2& 2 • 

The general solution of (7.55) can be calculated by means of the solution of the Wei- 
Norman system (7.62) as 

$((-i>i, -v 2 , -v 3 , -v 4 , -v 5 ), (xio, x 20 , x 30 , x 40 , x 50 )) = (xi, x 2 , x 3 , X4,, x 5 ) 

where $ is that of (7.65), Le., 



Xl = X W +Vl, X 2 = X 20 +V 2 , X 3 = X 30 - V!X 20 + v 2 x w + 2v 3 - v x v 2 , 

x 4 = x i0 + v 2 xj + 2v 3 x w + 2ví , 

x 5 = x 50 + vixj + 2(viv 2 - v 3 )x 20 - 2v 5 + viv 2 , 

the functions v\ = vi(t), v 2 = v 2 (t), v 3 = v 3 (t), V4 — v¿i(t) and v$ = v^ft) are given by (7.63) 
and (xio, x 2 q, x 3 q, X40, x^q) G M. are the initial conditions. It can be checked that the direct 
integration of (7.55) gives the same result. 

Another control system exists in the literature with the same underlying Lie algebra as 
(7.55), see [269, Example 2]. With a slightly different notation, it is the control system in R 5 , 
with coordinates (xi, x 2l x 3l X4, X5) 

¿i=6i(í), x 2 = b 2 (t), x 3 =b 2 {t)xi, 

Xi = b 2 (t)x\, x 5 — 2b 2 (t)xix 2 . (7.67) 

This system is of the form (7.62), with the simple identification xi = Vi, x 2 = v 2 , x 3 — v 3 , 
x 4 = 2v 4 and x 5 — 2v 5 . Analogous calculations to those above can be done for this case, with 
similar results. 

Our next task is to show that the reduction theory of Lie systems, cf. Section 2.5, allows 
to reduce the problem of solving (7.60), and henee of solving (7.55), to solving two other Lie 
systems: one of Brockett type (7.1), and another on the center of G5, which can be identified 
with R 2 . The steps to follow are very similar to those of Subsections 7.2.1.2 and 7.2.2.1: using 
the canonical coordinates of first kind in G5 defined by g — exp(aai + ba 2 + ca 3 + da,4 + ea 5 ), 
and the composition law (7.64), we obtain that the adjoint representation of the group reads 



Ad(a, b, c, d, e) 



a b 



— C 



ab 



o o o \ 
000' 



1 o 
1 

b 



a 






1 ) 



(7.68) 
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If g(t) = (a(t), b(t), c(í), d(t), e(t)) is a curve in G5 expressed in the previous coordinates, we 
obtain 



\ 



c + 5 (bü — a&) 
(í + ¿(3c - ab)á + \a 2 b - \ac 
V é- ¿6 2 á + ¿(3c + a&)¿- ¿6c / 



(7.69) 



a 
b 



c — 2 (&á — ob) 
d - ¿(3c + aí>)á + ¿a 2 ¿ + ¿< 



V é- ¿fe 2 á- ¿(3c- a6)fe+ ¿6c / 

To perform the reduction we select the subgroup H of G5 whose Lie algebra is the center 
3 of 5 , which is generated by {124, a 5 }. Then, 5 /3 = f)(3) and G^/H = íf(3). We use the 
factorization 

(a, b, c, d, e) = (a, 6, c, 0, 0)(0, 0, 0, d, e) , 
therefore the projection reads 

7r L : G 5 — > G 5 /H 
(a, b, c, d, e) 1 — > (a, 6, c) . 

We take coordinates y 2 , 2/3) in G 5 /H. The left action of G 5 on G 5 /H is then 

A : G 5 x G 5 /# — > G 5 /# 
((a, 6, c, d, e), (y 1; t/ 2 , y 3 )) 1 — >■ 7r L ((a, b, c, d, e)(y l7 y 2 , y 3 , d', e')) 

= (yi + a,y 2 +b,y 3 + c + (ay 2 - 6j/i)/2) , 

where d' and e' are real numbers parametrizing the lift of (3/1, 3/2, 2/3) to G5. The corresponding 
fundamental vector fields can be calculated according to (2.2), and they are 



X? — —d v . — 8; 



2/2 



x 2 H 



Y H - ñ 



2 ' 

xf = o, x? = o, 



- -F> -L V±fl 

— Oy 2 + 2 Oy 3 , 



which span the tangent space at each point of G5/H, and in addition satisfy [X± , X 2 ] = X 3 , 
[Xi , X 3 ] = X± and [X 2 , X 3 ] = X§ , or, more precisely, the commutation relations of the 
Heisenberg Lie algebra (7.3). 

Now, we factorize the solution starting from the identity of (7.60) as the product 

gi(t)h(t) = (i/i(t), y 2 {t), y 3 {t), 0, 0)(0, 0, 0, d(í), e(í)) , 

where gi(t) projects onto the solution ir L (gi(t)) = (yi(t), y 2 (t), j/3 (¿)), with initial conditions 
(2/i(0), y 2 (0), 2/3(0)) = (0, 0, 0), of the Lie system on G 5 /H associated to (7.60), 



yi = -6i(í), y 2 = -b 2 {t), 2/3 = -(b 2 (t)yi - h(t)y 2 ) ■ 



(7.70) 
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Thus, we reduce the problem to a Lie system in the center of G5 for h(t) = (0, 0, 0, d(t), e(í)), 
with h(0) = e, i.e., d(Q) = e(0) = 0. The expression of this last system is given by the formula 
(2.37) in Theorem 2.5.1. Using (7.68), and (7.69) we finally obtain the system 



which is a Lie system for H = R 2 , solvable by two quadratures. 

If the solution of (7.60) is not required to start from the identity but from other go € G5, 
the task of solving it reduces as well to solving first the system (7.70) with initial conditions 
(2/i(0), 2/2(0), 2/3(0)) = 7r L (g ), and then the system (7.71), with initial conditions h(0) = 
S , r 1 (0)í/o- In this sense the original system (7.55) can be reduced to the system (7.70), which 
becomes the Brockett system (7.1) under the simple change of coordinates x = —yi, y = —2/2 
and z = — 2y 3 , and then a system in the center of G5, identifiable with R 2 . 

7.2.3.2 Generalization to third degree of Brockett system 

We consider now the example from [59] which belongs to the hierarchy constructed therein with 
two controls, being the member with polynomial coefficient functions of the input vector fields 
of at most third degree. 

Such a system is a Lie system defined on R 8 with an associated seven-dimensional nilpo- 
tent Lie algebra, related to the one appearing in the example of the previous subsection. More 
precisely, the former can be regarded as a central extensión by the Abelian Lie algebra R 2 of the 
latter. We already know that the Lie algebra of system (7.55) is a central extensión of the Lie al- 
gebra f) (3) by R 2 . It turns out that the Lie algebra to be considered below has a four-dimensional 
Abelian ideal i such that the factor algebra constructed with it is just f) (3) again. 

The system can be treated and solved by the same techniques that we have used to deal with 
system (7.55), namely, the Wei-Norman method, the integration of the system by considering 
the associated action, etc. This is just a matter of computation. 

However, as we will show, the problem can be reduced again to another two: one in the 
Heisenberg group, of type (7.1), and another in the mentioned Abelian ideal of dimensión four, 
which can be identified with R 4 . In this subsection we will focus on this reduction, since we feel 
that it is the most illuminating result. Of course one could perform instead the reduction with 
respect to the center of the Lie group, giving rise to a Lie system with the same associated Lie 
algebra as that of (7.55), or by using other subgroups, yielding different realizations on lower 
dimensional homogeneous spaces of the system below. 



The system of interest is thus the control system in R 8 , with coordinates (x\, . . . , x 8 ) 
(see [59]) 




(7.71) 



¿i=6i(í), x 2 = b 2 (t), x 3 = b 2 (t)x 1 - b 1 (t)x 2 
x A = b 2 (t)x\, i 5 = &i(í)x 2 , x 6 = b 2 {i)x\ , 
x 7 = h(t)xl , ¿s = bi(t)xlx 2 + b 2 (t)xxx% , 



(7.72) 



where b\ (t) and b 2 (t) are the control functions. The solutions of this system are the integral 
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*3 


= [Xi, x 2 ] 


x 4 


= [Xi, x 3 ] 


x 5 


= [x 2 , x 3 ] 


x 6 


= [X!, X 4 ] 



curves of the time-dependent vector field bi(t) X\ + b 2 (t) X 2 , with 

d d 2 d o d 2 d 

Ai = x 2 - Y x 2 - h x 2 h x x x 2 - — , 

oxi ox 3 ox 5 ox 7 ox s 

d d 2 d o9 2 9 

X 2 = - hxi- \-x 1 - Yx\- hxix 2 -— . 

ox 2 0x3 0x4 ox e ox 8 

Taking the Lie brackets 

~ 9 „ 9 „ d „ 2 d n o 9 /9 

2— + 2xi- 2x2— + 3x1- Sx 2^~ + ^2 - , 

0x3 0x4 0x5 ox(j 0x7 ox 8 

n 9 d d 
2t; h 6x1- 2xi- — , 

0x4 ax6 ax 8 

«5 ,9 „ 9 
-2- 6x 2 — + 2x 2 — , 

OX5 ¿7X7 ¿7X8 

X 6 = [Xi, X 4 ] = 6^- -2^-, X 7 = [X 2 , X 5 ] = -6^- + 2^- , 

¿7X6 ¿7^8 ¿7^7 9x% 

we obtain a set of linearly independent vector fields { X\ , . . . , X7} which closes on the nilpotent 
Lie algebra defined by 

[Xi, X 2 ] = X 3 , [A"i, X 3 ] = X 4 , [Xi, X4} = Xq , 
[X 2 ,X 3 ]=X 6 , [X 2 ,X 5 ]=X r , 

all other Lie brackets being zero. This Lie algebra is isomorphic to a nilpotent Lie algebra, 
denoted as fj 7 , which can be regarded as a central extensión of the Lie algebra fj 5 , defined in 
the previous subsection, by R 2 . In fact, Q 7 has a basis {ai, . . . , 07} with respect to which the 
non-vanishing Lie products are 

[ai, a 2 ] =a 3 , [ai, a 3 ]=o 4 , [ai,a 4 ]=a 6 , 
[a 2 , 03] = 05 , [a 2 , a 5 ] = a 7 , 

then the center^ of Q 7 is the Abelian subalgebra generated by {a^, a 7 }, and the factor Lie algebra 
Q 7 /} is isomorphic to Q 5 , see (7.58). Moreover, Q 7 contains an Abelian four-dimensional ideal 
i generated by {a 4 , 05, üq, 07}, such that the factor Lie algebra fj 7 /i is isomorphic to t)(3), 
see (7.5). Finally, note that the maximal proper ideal Ím contained in Q 7 , which is Abelian, 
is generated by {a 3 , . . . , 07}, the quotient being Q 7 /Ím — R 2 - We will denote by G7 the 
connected and simply connected nilpotent Lie group such that its Lie algebra is Q 7 . 

As in previous cases, the set of vector fields {Xi, . . . , X7} can be regarded as the fun- 
damental vector fields with respect to an action of G7 on R 8 . However, they do not span the 
full tangent tangent space at each point of R 8 , thus the system (7.72) is controllable orbit-wise: 
only configurations in the same orbit with respect to the previous action can be joined, e.g., by 
appropriately chosen piecewise constant controls. 

We concéntrate now on the task of reducing the system (7.72) into one of type (7.1) and 
other in R 4 . The right-invariant Lie system of type (2.10) on G7 corresponding to the system 
(7.72) is 

Rg(t)-i*g(t)(g(t)) = -h(t)ai - b 2 (t)a 2 , (7.73) 
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where {ai, . . . , 07} is the basis of Q 7 considered above. 

If we parametrize the elements g e G7 as g = exp(aai + 602 + ca 3 + da^ + ea 5 + fa e + 
fca 7 ), it can be checked that the composition law (a, 6, c, d, e, /, k)(a', o', c', a", e', /', k') = 
(a", 6", c", d", e", /", fc") reads in these coordinates 

a" = a + a', b" = b + b' , c" = c + c' + (ab' - ba')/2 , 
d" = d + d' + (ac' - ca')/2 + (a - a')(ab' - ba') /12 , 

e" = e + e' + (be' - cb')/2 + (b - b') {ab' - ba') /12 , (7.74) 
/" = / + /' + (ad' - da!) ¡2 + (a - a')(ac' - ca')/12 + aa'{ba' - ab')/24 , 
k" = k + k' + (be - eb')/2 + (b- b')(bc - cb')/12 + bb' (ba - ab')/2A , 



the neutral element being represented by (0, 
reads 



0). The adjoint representation of the group 



Ad(a, b, c, d, e, /, k) = 



1 


1 

















\ 







1 



















-b 


a 


1 
















ab 

2 L 


a 2 
2 


a 


1 













b 2 
2 


ab 

2 L 


b 





1 










a 2 b ac 1 
6 2 " 


a 3 
6 


a 2 
2 


a 





1 





\ 


b 3 
6 


ab 2 be p 
6 2 C 


b 2 
2 





b 





1 / 



(7.75) 



If g(t) = (a(í), 6(í), c(t), d(t), e(í), f(t), k(tj) is a curve in G7 expressed in the previous 
coordinates, we obtain 



Á9) 



\ 



c + \ (bd — ab) 
d + ¿(3c — ab)h + \ab — ±ac 
é- \b 2 á + \(?>c + ab)b 



\bc 



f + M a2b - 

\ k + ±b 3 á- 
( 



\ad 



Aac + Í2d)á - ±a 3 b + ¿a 2 < 
±(ab 2 + Abc- 12e)b + \b 2 c- \bé ) 



(7.76) 



L *g 



(9) 
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\ 



7¿(ba — ab) 



d- 



^(3c + ab)h + \a 2 b + ¿ac 
\b 2 á- g(3c- ab)b+ \bc 

1 „2; 



f - ±(a 2 b + Aac+I2d)á+ ±a 3 b+ ±a'c + „ 



ad 



\ k- ±b 3 á+ ±(ab 2 -Abe- Í2e)b- 



\be ) 



To perform the reduction we select the subgroup H of G-¡ whose Lie algebra is the ideal i of 
Q 7 generatedby {04, a 5 , a^, a?}. Then, Q 7 /Í = f)(3) and G7/H = H('¿). Taking into account 
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the factorization 

(a, b, c, d, e, /, k) = (a, b, c, 0, 0, 0, 0)(0, 0, 0, d, e, /, k) , 
the projection reads 

tt l :G 7 — ► G 7 /H 
(a, b, c, d, e, /, k) i — ^ (a, 6, c) . 

We take coordinates (?/i, y 2l 2/3) in G7 / íí so that the left action of G7 on G7/H is 

A : G 7 x G 7 /ií — > G 7 /ií 

((a, 6, c, d, e, /, fe), (y 1: y 2 , 2/3)) 1 — > K L ((a, b, c, d, e, f, k){y u y 2 , y 3 , d! , e, /', fe')) 

= (Vi + a, 2/2 + b, 2/3 + c + (ay 2 - &2/i)/2) , 

where d', e', f and k' are real numbers parametrizing the lift of (yi, y 2 , y¡) to G7. The corre- 
sponding fundamental vector fields can be calculated according to (2.2), and they are 

X\ = —d yi - '— 8y 3 , X 2 = -8y 2 + ^-dy 3 , X% = —dy 3 , 

Xf = 0, X* = 0, Xg = G, X 7 H = 0, 

which span the tangent space at each point of G7/H = H(3), and in addition satisfy the com- 
mutation relations of the Heisenberg Lie algebra, see (7.3). 

Now, if we factorize the solution of (7.73) starting from g e G7 as the product 

gi{t)h(t) = ( yi (t), yi{t), y 3 (t), 0, 0, 0, 0)(0, 0, 0, d{t), e(t), f{t), k{t)) , 

where 31 (í) projects onto the solution Tt L (gi{t)) = (2/1 (í), ¡J2(t), 2/3 (í ) ) , with initial conditions 
(yi(0), 2/2(0), 2/3(0)) = 7T L (g ), of the Lie system on G7/H associated to (7.73), (which coin- 
cides with (7.70)) 

2/1 - -61 (í) , 2)2 = -b 2 (t) , 2)3 = ^(h(t)yi - 6i(í)2/ 2 ) . (7.77) 

In this way we reduce to a Lie system in H = M 4 for h(t) = (0, 0, 0, d(t), e(t), f(t), k(t)), 
with h(0) = gj~ 1 (0)<7o, calculated according to the formulas (2.37), (7.75) and (7.76), Le., 

d = ^ Q?/i(í)2/2(í) - 2/3(í)) - ¿& 2 (Í)2/?W , 

é=¿&i(%2 2 (í)-^Q2/i(%2(í) + 2/3(í)) , (7-78) 
/ = -¿WiW (bi(í)(2/i(í)2/2(í) ~ 82/3 (t)) - & 2 (í)2/i 2 (*)) , 

¿ = -¿2/2W (bi(í)y 2 (í) - b 2 (t)( yi (t)y 2 (t) + 8y 3 (t))) , 

which is solvable by quadratures. Thus, we have reduced the solution of the system (7.73), 
and henee of (7.72), to solve first the system (7.77), which is the same as (7.70) and becomes the 
Brockett system (7.1)underthe simple change of coordinates x = —2/1, y = —y 2 and z = —2y 3 . 
Once this has been solved, we simply have to intégrate (7.78) in order to reconstruct the complete 
solution of (7.73). 

We leave for future research the investigation of how these reductions can be interrelated 
with the associated optimal control problems for each case. 
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7.2.4 Control systems non steerable by simple sinusoids 

We consider now two examples of control systems which, according to [255,258], are not possi- 
ble to be steered by using simple sinusoids, and share exactly the same behaviour to this respect. 

Both of them are control systems with R 8 as state space, with two controls, and it turns out 
that both of them are Lie systems with the same associated Lie algebra, which is nilpotent and 
eight-dimensional. 

The relation between these two systems can be further understood, moreover, under the light 
of the theory of Lie systems. Indeed, one of the systems can be regarded as the Wei-Norman 
system corresponding to the common underlying Lie algebra, and with certain ordering of the 
factor exponentials. 

Another interesting feature of these systems is that when we take the quotient of their com- 
mon associated Lie algebra with respect to its center, which is three-dimensional, we obtain the 
Lie algebra Q 5 , defined by the relations (7.58). We can therefore reduce the problems below into 
a Lie system with the same underlying algebra as (7.55), and another in R 3 . And more interest- 
ingly, by quotienting instead by a Ave-dimensional Abelian ideal, we obtain again f)(3) as the 
factor Lie algebra, and therefore we can reduce again to a system of type (7.1) and then to a Lie 
system in R 5 . 

The first system of interest now is the control system in R 8 , with coordinates (xi, . . . , x s ), 
of [255, p. 230], 

±i=í>i(í), x 2 = b 2 (t), x 3 = b 2 (t)xi, ±4 = bi(t)x 3 , 

¿5 = h(t)x 3 , xe = bi(t)xi, x 7 = b 2 (t)x4, x s = b 2 (t)x 5 , (7.79) 

where b\(t) and b 2 (í) are the control functions. The solutions of this system are the integral 
curves of the time-dependent vector field b\{t) X\ + b 2 (t) X 2 , with 



X 2 

Taking the Lie brackets 

X 3 = [Xi, X 2 ] = 

X4 = [X u X 3 ] = -2— + Xl — , X 5 = [X 2 , X 3 ] = -— + 2xi— , 
0x4 oxq 0x5 0x7 

d d d 

X e = [Xi, Xi] — 3- — , X 7 = [Xi, X 5 ] = 2- — , X 8 = [X 2 , X 5 ] = — — , 
¿7X6 0x7 OXs 

we obtain a set of linearly independent vector fields {Xi , . . . , X$ } which span the tangent space 
at every point of R 8 , and therefore (7.79) is a controllable system. In addition, these vector fields 
cióse on the nilpotent Lie algebra defined by 

[Xi, X 2 ] = X 3 , [Xi, X 3 ] = Xi , [Xi, X4] = X 6 , [Xi, X 5 ] = X 7 , 
[X 2 , X 3 ] = X 5 , [X 2 , Xi] = X 7 , [X 2 , X 5 ] = X R , 
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where all other Lie brackets are zero. This Lie algebra is isomorphic to a nilpotent Lie algebra, 
denoted as fj 8 , which can be regarded as a central extensión of the Lie algebra fj 5 , defined in 
Subsection 7.2.3.1, by R 3 . In fact, g has a basis {ai, . . . , a 8 } for which the non-vanishing Lie 
products are 



[ai, a 2 ] = a 3 , 
[a 2 , a 3 ] = a 5 , 



[ai, a 3 ] = a 4 , 
[a 2 , a 4 ] = a 7 , 



[ai, a 4 ] = a 6 ■ 
[a 2 , a 5 ] = a 8 . 



[ai, a 5 ] = a 7 . 



The center 3 of fj 8 is the Abelian subalgebra generated by {a^ , 07 , a 8 }, and the factor Lie algebra 
8 /3 is isomorphic to 5 , see (7.58). On the other hand, Q 8 contains an Abelian five-dimensional 
ideal i generated by {a 4 , 05, üq, 07, a 8 }, such that the factor Lie algebra fj g /i is isomorphic 
to f}(3), see (7.5). Finally, note that the maximal proper ideal Ím contained in Q s , which is 
Abelian, is generated by {a 3 , . . . , as}, and we have that Q 8 /\m — R 2 - We will denote by G 8 
the connected and simply connected nilpotent Lie group such that its Lie algebra is Q 8 . 

The right-invariant Lie system of type (2.10) on G% corresponding to the system (7.79) is 
of the form 



R. 



g{t)- 1 *g(t) 



(g(t)) = -bi(t)ai - b 2 (t)a 2 . 



(7.80) 



where {ai, . . . , as} is the previous basis of Q 8 . Let us apply the Wei-Norman method to solve 
this system. 

Firstly, we have to calcúlate the adjoint representation of the Lie algebra fj 8 with respect to 
the above basis. It reads 



ad(ai) 



ad(a 3 ) 



ad(a 5 ) 
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ad(<j(¡) = ad(ar) = ad(ag) = , 
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and therefore 

exp(— vi ad(oi)) = Id— Vi ad(di) + ^- ad 2 (ai) — ^- ad 3 (ai) , 

cxp(-w 2 ad(o 2 )) = Id -v 2 ad(o 2 ) + ^ ad 2 (a 2 ) - ^ ad 3 (a 2 ) , 

2 o 

exp(— «3 ad(a3)) = Id —v¡ ad(a3) , cxp(— «4 ad(a4)) = Id — v 4 ad(a4) , 
exp(— W5 ad(o5)) = Id —v¡¡ ad(o5) , exp(— vq ad(ae)) = Id , 
exp(— vi ad(<27)) = Id , cxp(— ad(as)) = Id , 

where the notation ad fc (a¿) means the composition of ad(a¿) with itself k times. 
Writing the solution of (7.80), starting from the identity, as the product 

8 

g{t) = J]exp(-^(í)a ¿ ), (7.81) 

¿=1 

and applying (2.28), we find the system 

úi=6i(í), v 2 = b 2 (t), v 3 =b 2 (t)v 1 , v 4 = ^b 2 (t)vl, v 5 = b 2 {t)viv 2 , 

i>6 = \b 2 (t)v\ , v 7 = }-b 2 (t)vlv 2 , i)$ = \b 2 (t)v x vl , (7.82) 
O 2 2 

with initial conditions i>¿(0) = 0, i £ {1, . . . , 8}. Its solution can be found immediately by 
quadratures. 

We want to point out that the system (7.82), with maybe other initial conditions, and up 
to a slightly different notation, is the system in [258, p. 709]. This reference says that such a 
system shares the same behaviour with respect to steering by simple sinusoids as the first system 
(7.79). The system (7.82) is as well a Lie system, with the same associated Lie algebra as (7.79). 
However, the relation between both systems, in the terms we have stated, seems to have been not 
established before. 

We treat now briefly the question of reducing the right-invariant system (7.80) to one of the 
type (7.1) and other Lie system in M 5 . The calculations are similar to those in previous examples, 
and we restrict ourselves to give the essential points. Other possible reductions can be dealt with 
in an analogous way. 

We parametrize the elements g e G$ by the first kind canonical coordinates defined through 

g = exp(aai + ba 2 + ca 3 + da 4 + ea 5 + /a ñ + ka-¡ + las). Then, the composition law 

(a, b, c, d, e, /, k, l)(a', b' , c' , d' , e', /', k' , l') = (a", 6", c", d" , e", /", k" , l") 
is given by 

a"=a + a', b" = b + b' , c" = c + c' + (ab' - ba')/2 , 
d" = d + d' + (ac' - ca!)/2 + (a - a'){ab' - ba')/12 , 
e" = e + é + (be' - cb')/2 + (b - b')(ab' - ba!) /12 , 

/" = / + /' + M' - da')/2 + (a - a')(ac' - ca') /12 + aá '(ba' - ab')/2A , (7.83) 
k" = k + k' + (ae' - ea')/2 + (bd! - db')/2 + (abe' + a'b'c)/6 

- (c + c')(ab' + ba')/12 + (ab' + ba')(ba' - ab')/2A , 
l" = 1 + 1' + (be' - eb')/2 + (b- b')(bc' - cb')/12 + bb' (ba' - ab')/2A , 
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and the neutral element is represented by (O, . . . , 0). The calculation of the adjoint representa- 
tion of the group and the quantities of type (7.36) for this case is analogous to that of previous 
examples, recall Subsection 7.2.1.2. 

To perform the reduction we select the subgroup H of Gg whose Lie algebra is the ideal i 
of fj 8 generatedby {a 4 , a 5 , a e , a 7 , a 8 }. Then, Q s /i = f)(3) and G$/H = H(3). Taking into 
account the factorization 

(a, b, c, d, e, /, fe, l) = (a, b, c, 0, 0, 0, 0, 0)(0, 0, 0, d, e, /, fe, l) , 

the projection reads 

tt l : Gs — > G 8 /H 
(a, b, c, d, e, /, k, l) i — > (a, b, c) . 

We take coordinates (yi , y 2 , 2/3) in G$/H so that the left action A : Gs x G$/H -> G$/H reads 

A((a, 6, c, d, e, /, fe, Z), (j/i, j/ 2 , 2/3)) 

= 7r L ((a, 6, c, d, e, /, fe, l)(yi, y 2 , 2/3, d', e', /', k', l')) 
= (Vi + a, y 2 + b, y 3 + c + (ay 2 - by{)/2) , 

where d', e', /', fe' and V are real numbers parametrizing the lift of (yi, y 2 , 2/3) to Gs- The 
associated infinitesimal generators can be calculated according to (2.2), and they are 



which span the tangent space at each point ofG%/H = H(3), and in addition satisfy the com- 
mutation relations of the Heisenberg Lie algebra, see (7.3). We factorize the solution of (7.80) 
starting from go e Gs as the product g\(t)h(t), where 



projects onto the solution ir L {gi{t)) = (j/i(í), y 2 (i), 2/3 (í)) of the Lie system on Gs/H asso- 
ciated to (7.80), (which is the same as (7.70) and (7.77)), with (j/i(0), y 2 {0), 2/3(0)) = ir L (g )- 
We have as well 



and then, by Theorem 2.5.1, we reduce toa Lie system in H = R 5 for h(t), withinitial conditions 
h(0) = .9f 1 (0)go, which takes the form 




x? = o, x»=o, x» = o, X 7 H = 0, x» = 



= -d, 



o 



9l (t) = (yi(t), y 2 (t), y 3 (t), 0, 0, 0, 0, 0) 



h(t) = (0, 0, 0, d(t), e(t), f(t), k(t), l(t)) , 




k 



f 



-24I/1W (6i(í)(í/i(*)lte(í) - 8y 3 (í)) + & 2 (*)í/?(t)) , 

(*)*&(*) (yi(t)y 2 (t) - 4y 3 (í)) + ^b 2 (t) yi (t) (yi(t)y 2 (t) + 4y 3 (t)) 
-4»a(í) - (2/1 +82/3 (*))) , 



(7.84) 
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and is solvable by quadratures. As a consequence, we have reduced the solution of the system 
(7.80), and therefore of (7.79) (or (7.82)), to solve first the already familiar system (7.77) (or 
(7.70)), which is of type (7.1). Once this has been solved, we simply have to intégrate (7.84) to 
reconstruct the complete solution of (7.80). 

7.3 Other nilpotentizable control systems: Trailers into chained systems 

There exists in the control theory literature a whole family of control systems, mainly within the 
framework of nonholonomic motion planning, which turns out to be closely related to the theory 
of Lie systems. 

These systems are typically drift-free and controllable. The corresponding input vector 
fields, although span the tangent space at every point of the state space under bracket generation, 
do not necessarily cióse on a Lie algebra. However, in order to plan a desired motion for the 
system, very often it is convenient to deal with a more tractable versión of it. Roughly speaking, 
three main approaches can be found in the literature to do so. 

The first one is to approximate the original system by another in which a number of other 
vector fields generated by taking Lie brackets up to a certain order are added, and then taking 
further commutators equal to zero. This leads to a nilpotent approximation of the original system, 
Le., the vector fields of the approximated system cióse on a nilpotent Lie algebra. Then, different 
methods are proposed to work with the approximated system, as the consideration of the so- 
called P. Hall basis (see, e.g., [288]) and certain formal equation in the associated Lie group, 
solved with a product of exponentials which in our language is just the Wei-Norman solution for 
the approximated system. See [164, 165, 204, 208-210, 320] and [1 15, 1 16, 216] for an evolution 
of these ideas. In particular, these approaches give exact results when the initial system is drift- 
free and nilpotent. 

The second main idea is to establish a state space feedback law for the controls such that 
the resulting system becomes nilpotent. For an evolution of this idea see, e.g., [158-163] and 
specifically [166], which introduces the problem of when a control system, affine in the controls, 
is feedback nilpotentizable. Of special interest is Theorem 2 therein, about nilpotentization of 
control systems with two input vector fields, see also [205]. This line of research is continued 
in [164, 165] and [209,228]. In more recent years, further steps have been taken about the 
feedback nilpotentization in articles like [255-258, 308]. 

The third main approach to approximate certain control systems by other nilpotent ones 
consists of taking a polynomial approximation in the state space variables of the given input vec- 
tor fields, up to a certain order. We have seen already an example for this, cf. Subsection 7.2.1.1. 
As another example, in [37] the systems of interest are written first in terms of certain privileged 
coordinates prior to the approximation by taking the Taylor expansión up to certain order. 

A strong motivation for considering nilpotent approximations of control systems is that 
nilpotent systems are very appropriate systems with respect to the final objective of designing 
a specific control law for the motion planning problem. In particular, systems in chained form 
[255, 257, 258, 308] constitute a specially important class of nilpotent systems with regard to 
control design, see also [269]. 

It is clear, therefore, the importance of nilpotent control systems not only by their own [97] 
but as the approximated versión of other control systems. This has lead to investigations about 
the structure of Lie algebras of nilpotent vector fields [147, 166, 192], see also [144]. 
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A slightly more general approach is to try to approximate a given control system by another 
system whose input vector fields genérate a solvable Lie algebra, although it seems that this line 
of research is not so developed as the previous one. See, e.g., [100, 165] and references therein. 

Now, as far as the theory of Lie systems is concerned, what is essential is whether the input 
vector fields of a control system cióse on a finite dimensional Lie algebra under Lie bracketing or 
not. If they do, the theory of Lie systems is applicable always, regardless of whether such a Lie 
algebra is semisimple, solvable or nilpotent. However, the arising Lie system is exactly solvable 
by quadratures, in a general case, if its associated Lie algebra is solvable or at least nilpotent. 

Along this section we will try to illustrate these aspects through the study of some examples 
belonging to the class of nonholonomic cars with trailers, which by one or another way are 
reducible to chained form, and some interrelations with the theory of Lie systems, not noticed 
previously, will be pointed out. 

We will begin by the simplest of these systems, the one known as robot unicycle, then a 
model of a front wheel driven kinematic car, and afterwards, the previous one but with a pulled 
trailer added. Finally the case of a trailer with a finite number of axles is analyzed, mainly from 
the point of view of the Wei-Norman method. 

7.3.1 Model of maneuvering an automobile or of a robot unicycle 

The example to be considered now is related to a very simplified model of maneuvering an 
automobile [268, Examples 2.35, 3.5]. It is however one of the best known models in the field 
of nonholonomic motion planning, see, e.g., [123,209,210,220,221], and it appears as well 
as the kinematic equations of other problems. For example, as in [42-44, 46] or when finding 
optimal paths for a car that can go both forwards and backwards and allowing cusps in the 
trajectory [286], generalizing, in turn, a classical problem by Dubins [112, 113], see also [8]. 

We will treat the following aspects of this system. Firstly, it can be viewed as a Lie sys- 
tem on the Euclidean group of the plañe SE(2). This Lie group is already solvable, so exact 
solutions can be given without need of further approximations. Then, by using the straightening- 
out Theorem for vector fields (which is illustrated as well in [268, Example 2.35] by means of 
this example), another realization of the system is found. We treat then the question of how the 
Wei-Norman and reduction methods can be applied in this case. 

Later, we will study, also from the perspective of Lie systems, a nilpotent versión of the first 
system, obtained by state space feedback transformation in [208-210]. This will lead to a new 
realization of a Lie system with underlying Lie algebra í)(3), cf. Subsection 7.2.1. 

The configuration space of the system is i 2 x S 1 , where we take coordinates (x\, x 2 , x 3 ). 
The control system of interest can be written as 



where b\{t) and b 2 (t) are the control functions. The solutions of this system are the integral 
curves of the time-dependent vector field í>i(t) X\ + b 2 (t) X 2 , where X\ and X 2 are now 



x\ = b 2 (t) sinx 3 , x 2 = b 2 (t) cosx 3 , x 3 = b\{t) , 



(7.85) 




X 2 = sin x 3 h eos x 3 - — . 

0x1 ox 2 



(7.86) 



The Lie bracket of both vector fields, 



X 3 = [Xi , X 2 ] = eos x 3 sin x 3 - — 



1 
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is linearly independent from X\ , X 2 , and the set {X\ , X2 , X 3 } spans the tangent space at each 
point ofR 2 x S 1 , therefore the system is controllable. In addition, we have that 

[X U X 2 ]=X 3 , [X U X 3 } = -X 2 , [X 2 ,X 3 } = 0, (7.87) 

so these vector fields cióse on a Lie algebra isomorphic to the Lie algebra se(2) of the Euclidean 
group in the plañe SE(2). This Lie algebra has a basis {ai, a 2 , a 3 } for which the Lie products 
are 

[ai, o 2 ] = a 3 , [ai, a 3 ] = -a 2 , [a 2 , a 3 ] = . (7.88) 

Note that {a 2 , a 3 } is a basis of the Abelian ideal in se(2) corresponding to the normal Abelian 
subgroup M 2 , recall that SE (2) = M 2 SO(2). Thus our first system (7.85) can be regarded as 
a Lie system with se(2) as associated Lie algebra. 

On the other hand, the vector fields X 2 and X 3 commute, so there exist a chart with coor- 
dinates (¡Ji,y 2 , y 3 ) such that X 2 = d/dy 2 and X 3 — d/dy 3 , see [268, Example 2.35]. Then, y 2 
will satisfy X 2 y 2 = 1 and X 3 y 2 = 0, and similarly y 3 is such that X 2 y 3 = and X 3 y 3 = 1. 
Particular solutions are 

y 2 = X\ sina; 3 + x 2 cosx 3 , y¡ = X\ cosa; 3 — x 2 sinx 3 , 

which can be completed with y\ = x 3 . In this new coordinates X\ takes the form 

d d d 

dyi óy 2 dy 3 

These vector fields satisfy as well the Lie bracket relations (7.87), as can be checked immediately. 

The control system of interest, whose solutions are again the integral curves of the time- 
dependent vector field bi (t) X x + b 2 (t) X 2 , reads in the new coordinates as 

m = h(t), y 2 = b 1 (t)y 3 + b 2 (t), y 3 = -h{t)y 2 , (7.89) 

which can be regarded by itself as another realization of a Lie system with se(2) as associated 
Lie algebra. 

A general right-invariant Lie system of type (2.10) on SE(2) takes the form 

# g ( t )-i* g (t)(0(í)) = — 6i(í)o-i - b 2 (t)a 2 - b 3 (t)a 3 , (7.90) 

where g(t) is the solution curve in SE{2) starting, say, from the identity, and {ai, a 2 , a 3 } is the 
previous basis of se(2). The system of this type corresponding to (7.85) and (7.89) is the one 
with6 3 (í) =0forall t, Le., 

R g <t)-i*g<t)(s(t)) = -6i(í)ai - b 2 (t)a 2 . (7.91) 

Let us solve this system by the Wei-Norman method. The adjoint representation of se(2) reads 
in the basis {ai, a 2 , a 3 } 

/ \ / o o o \ / o o o \ 

ad(ai) = -1 , ad(a 2 ) = 0, ad(a 3 ) =100, 

\ 1 / \ -1 o o / \ o o o / 
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and as a consequence 

exp(— vi ad(ai)) = 

V — sinwi coswi I 



cxp(-v 2 ad(a 2 )) = (0 10), cxp(-v 3 ad(a 3 )) = ( -v 3 1 

1 

Writing the solution which starts from the identity of (7.91) as the product of exponentials 

g(t) = exp(-ui(í)oi) exp(-u 2 (í)a 2 ) exp(-v 3 (t)a 3 ) (7.92) 

and applying (2.28), we obtain the system 

vi=bi(t), v 2 = b 2 (i) eos vi , i> 3 = 6 2 (í) sin^i , (7.93) 

with initial conditions vi(0) = v 2 (0) = v 3 (0) = 0. Denoting Bi(t) = J Q bi(s) ds, the solution 
is found by quadratures, 

v 1 (t) = B 1 (t), v 2 (t)= í b 2 (s) eos Bi(s) ds , v 3 (t) = í b 2 (s) sin Bi(s) ds . (7.94) 
Ja Ja 

We can choose other orderings in the product (7.92), leading to other different systems for the 
corresponding second kind canonical coordinates. Since a 2 and a 3 commute, we have to consider 
only three other possibilities. Let us comment briefly the complete results, which are summa- 
rized in Table 7.3. It can be checked that the Wei-Norman systems so obtained are as well Lie 
systems with associated Lie algebraSe(2). In particular, those obtained from the first and second 
factorization in Table 7.3 are analogous to (7.85) and (7.89), respectively, with the identifications 
vi = x 3 , v 2 = x 2 , v 3 — xi and vi — yi, v 2 = y 2 , vs = yi. The other two possibilities lead 
thus to other two different realizations of Lie systems with Lie algebra se(2). All of them are 
integrable by quadratures. 

Next, we will find the expressions of the action $ of SE(2) on the configuration manifold 
M 2 x S 1 such that the previous X¿ be the fundamental vector field associated to a, for i e 
{1, 2, 3}, in the coordinates (xi, x 2 , x 3 ) and (yi, y 2 , y 3 ). 

In order to parametrize the group SE(2), we could use its standard representation by matri- 
ces 3 x 3 of type 

cosí? sin 9 a 
— sin 9 eos 9 b 
1 

but we think it is more instructive to show that all calculations can be done by solely making use 
of the product law in certain coordinates. We choose a set of second kind canonical coordinates, 
which are relatively simple to work with, and are appropriate to use the solution of the Wei- 
Norman system (7.93) directly. The calculations can be done similarly by using a set of first kind 
canonical coordinates, but the expressions and calculations become more complicated and add 
no substantial new insight into the problem. 
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Table 7.3. Wei-Norman systems of differential equations for the solution of (7.91), where {ai, a,2, 03} is 
the Lie algebra defined by (7.88). In all instances, the initial conditions are wi(0) = «2(0) = «3(0) = 0. 

Factorization of g(t) Wei-Norman system 



exp(— í>iíii) cxp(— V2CÍ2) exp(— 1)303) i>i = f>i , -¿2 = 62 cosdi , ¿3 = f>2 sinvi 

exp(— V2C12) exp(— «303) exp(— viai) i>i = 61 , ¿2 = í>2 + &t^3 ■ "«3 = —61^2 

exp(— 11303) exp(-í)iai) cxp(— -1)202) ¿1=61, ¿2 = (62 + b\vz) scc Di , ¿3 = (62 + 61^2) tanui 

exp(—i;2a2) exp(--i)iai) exp(— 1)303) ¿1=61, ¿2 = 62 + b\V2 tan-ui , ¿3 = — b\V2 sec di 



Therefore, we parametrize the elements g e SE(2) with the three real parameters (0, a, b) 
defined by g = exp(0cn) exp(aa2) exp(6a 3 ). Following the methods explained in Subsec- 
tion 7.2.1, we obtain the following results. The composition law, in these coordinates, takes 
the form 

(0, a, b){6', a', b') = (6 + 9', a' + acose?' + 6sin0', b' - asin0' + bcos6') , (7.95) 

and the neutral element is represented by (0, 0, 0). The action $ reads in terms of these coordi- 
nates for the group, and (x 1} x 2 , x 3 ) for M 2 x S 1 as $ : SE (2) x (K 2 x S 1 ) -> M 2 x S 1 , 

$((0, a, 6), (xi, X2, X3)) = (xi — bcosx 3 — a sin 2:3, 

x 2 + & sin 2; 3 — acosx 3 , x 3 — 9) , (7.96) 

and if we take the coordinates (y\, y 2 , y 3 ) for M 2 x S 1 , the expression is 

$((0, a, b), (y 1; 2/ 2) 2/3)) = (2/1 - 2/2 eos 6» - j/ 3 sin 6» - acos9 + 6sin0, 

y 2 sin + 2/3 eos — a sin — 6 eos 0) . (7.97) 

Then, the general solutions of (7.85) and (7.89) are 

$((-i>i, -u 2 , -^3), (#10, 2:20, «30)) 

and 

-w 2 , -«3), (2/10, 2/20, 2/30)) 

where $ is given, respectively, by (7.96) and (7.97), and (x w , x 20 , x 30 ), (2/10, 2/20, 2/30 ) are, 
respectively, initial conditions in R 2 x S 1 . In both cases, v\ = v\(t), v 2 = v 2 (t) and v 3 = v 3 (t) 
provide the solution (7.94) of the Wei-Norman system (7.93). The explicit expressions are 

x\ = x w + v 3 eos x 30 + v 2 sin x 30 , 

x 2 = X20 + v 2 eos x 30 - v 3 sin x 30 , (7.98) 

x 3 = x 30 + vi , 
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and 

yi = yio + vi , 

2/2 = 2/20 eos v\ + i/30 sin v\ + v 2 eos vi + V3 sin vi , (7.99) 
2/3 = 2/30 eos v\ — j/20 sin vi + v¡ eos vi — «2 sin ui . 

These results coincide with those from the integration of (7.85) and (7.89). However, the direct 
integration of (7.89) is, from the computational viewpoint, more involved than the integration of 
(7.93). 



7.3.1.1 Reduction of right-invariant control systems on SE(2) 

We will analyze now the application of the reduction theory of Lie systems associated to sub- 
groups of SE(2), cf. Section 2.5, to solve the right-invariant control system (7.91) above. In 
particular, we will find realizations of control systems, analogous to (7.85) or (7.89), in state 
space manifolds of dimensión two. 

To this end, we perform the reduction with respect to the unidimensional subgroups gener- 
ated, respectively, by ai, a 2 and a 3 , and with respect to the two-dimensional subgroup generated 
by {ü2, a¡}, where {ai, a 2 , 03} is the basis of the Lie algebra 5t(2) with commutation rela- 
tions (7.88). Recall that {a 2 , 03} generates an Abelian ideal, and therefore the corresponding 
reduction will split the problem into two other Lie systems: one in S 1 and then, another in K 2 . 

In contrast with previous examples, e.g., that of Subsections 7.2.1.2 and 7.2.2.1, we para- 
metrize the group now with second kind canonical coordinates instead of first kind. This makes 
the calculations simpler. Thus, we parametrize the elements g e SE{2) with the three real 
parameters (9, a, b) defined by g — exp(9ai) exp(aa2) exp(6a3), with respect to which the 
composition law is expressed by (7.95). If we denote g — (9, a } b) and g' — (9' , a', b'), we 
have 

L g (g') = {9, a, b){6' , a', b') = (9 + 9', a' + acos9' + 6sin <9', b' - a sin 9' + b eos 9') , 
Rg(g') = (<?', a', b'){6, a, b) = {9 + 9', a + a' eos 9 + b' sin 9, b - a' sin 9 + b' eos 9) , 

and therefore 

1 \ / 1 

L g »g, = I 6cos6»' -asin<9' 10, R g * g , = [ cos9 sin6» | , (7.100) 



-a eos 9' — b sin 9' 1/ \ —sin 9 cos( 



then 



1 \ / 1 o 

L g * g -i = I bcos9 + asin9 10, R g * e — cos9 sin# 
-acos9 + bsin9 1/ \ — sin0 eos 9 



and since Ad(g) = L gSfg -i o R g -i te , it follows 



1 

Ad(0, a, b) = | b eos 9 + a sin 9 cos(9 -sm6 \. (7.101) 
— a eos 9 + 6 sin 6* sin 9 eos 9 
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If now g(t) — (6(t), a(t), b(t)) is a curve in the group SE{2) expressed in the previous coordi- 
nates, we obtain 



Rg- 1 *g{g) 

The relevant factorizations of elements of SE{2) for each case of reduction are, respectively, 

(0, a, b) = (0, acosé» - b sin 9, b eos + a sin 0) (0, 0, 0), 

(0, a, b) = (0, 0, 6)(0, a, 0) , 

(0, a, b) = {6, a, 0)(0, 0, 6), 

(0, a, b) = (0, 0, 0)(0, a, 6), 

and accordingly, the projections on the respective homogeneous spaces, the left actions of SE (2) 
on each of them and the associated infinitesimal generators are calculated. We have parametrized 
the homogeneous spaces by the coordinates (z\, z^) in the first three cases; in the fourth we use 
the coordínate z. Applying Theorem 2.5.1 for each case, we reduce the original problem of 
solving (7.91) to one in the respective subgroups, provided that a particular solution of the Lie 
system on the corresponding homogeneous space is known. 

If we consider the Lie systems on the first three cases of homogeneous spaces so obtained, 
we obtain Lie systems which can be identified as control systems, with the same controls as 
(7.85) or (7.89) and with the same controllability properties: the fundamental vector fields 
{Xf 1 , X2 , X$} span the tangent space at each point of the two-dimensional homogeneous 
space, and they cióse on the same commutation relations (7.87). Therefore, they can be consid- 
ered the analogues of (7.85) or (7.89) on these homogeneous spaces. 

The fourth case has instead an associated Lie algebra K, since this is the result of quotienting 
SE(2) by the Abelian normal subgroup generated by {02, a 3 }. The integration is immediate, 
and then we have to solve a Lie system, constructed with the previous solution, on the mentioned 
subgroup, which can be identified with M. 2 . 

Finally, we would like to remark that the general solutions of the Lie systems on homoge- 
neous spaces of Table 7.4 can be obtained by means of the solution of the Wei-Norman system 
(7.93), in an analogous way as it has been done at the end of Subsection 7.2.1.2 for the case of 
the homogeneous spaces of H(3) shown in Table 7.1. 

7.3.1.2 Feedback nilpotentization ofthe robot unicyele 

We study now a nilpotentization of the robot unicyele system (7.85) by a state space feedback 
transformation, proposed by Lafferriere and Sussmann [208-210]. The final control system so 
obtained turns out to be a Lie system with associated Lie algebra f)(3), but it is a different 
realization from these treated in Subsection 7.2.1. 




1 

eos 9 — sin 
sin 9 eos 9 



a-b9 
Í) + a9 




ocos( 
ásiné 



(7.102) 



b sin í 
¿cosí 



Table 7.4. Four possibilities for solving (7.91) by the reduction method associated to a subgroup, cf. Section 2.5. We denote G = SE(2), and take Lie 
subgroups H whose Lie subalgebras of (7.88) are the ones shown. See explanation and remarks in text. 

Lie subalgebra 7r L : G — > G / H A:Gx G/H — s> G/H and fund. v.f. 9l{t) and Lie system in G/H h(t) and Lie system in H 



{ai} (0, a, fe) ((6», a, fe), (21, 22)) (0, 2i(t), 2 2 (t)) (0(t), 0, 0) 

i y (íí eos 9 b sin 0, i-t ((21 + a) cos0 — (22 + b) sin0, z\ = — fe 2 + 6122, 2i(0) = = — 61, 0(0) = 

b eos 9 + a sin 0) (22 + 6) eos + (21 + a) sin 0) 22 = — 61 zi, 22(0) = 

Xf = 22 3^ - 21 9 Z2 ,X** = -d zl , 
< H 

l 3 



{a 2 } (0, a, 6) m- (6», fe) ((0, a, fe), (21, 22)) (*i(t), 0, 2 2 (t)) (0, a(í), 0) 

(21 + 0, 22 + 6 eos 21 — a sin 21 ) 21 = — 61, zi(0)=0 á=— 62COS21, 

Xf = -d zl ,Xg = sinzid Z2 , 22 = 62 sin 21, 22(0) = a(0) = 
Xf = — eos z\dz 2 

{a 3 } (0, a, b) ^ (0, a) ((0, a, 6), (21, 22)) (zi(t), 2 2 (í), 0) (0, 0, 6(t)) 

(21 + 0, 22 + a eos zi + fe sin 21) i,\ = — 61, 2i(0) = fe = 62 sin 21, 

Xf = -d zl ,Xg = -cosz 1 d Z2 , 2 2 = -fe2COS2i, 2 2 (0) = b(0) = 
Xf = — sin2i9 Z2 

{02,03} (0, o, fe) 1 y 9 ((0, a, fe), 2) = 2 + (z(í), 0, 0) (0, a(í), b(í)) 

Xf = -d z ,X% = 0, Xf = 2 = -61, 2(0) =0 á = -fe 2 cos2, a(0)=0 

b = fe 2 sinz, fe(0) = 

where it holds [Xf , Xf] = Xf, [Xf , Xf] = -Xf, [Xf , Xf] = in all cases 
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To see it, recall the robot unicycle system (7.85), 

xi = b 2 (t) smx 3 , x 2 = b 2 (t) cosx 3 , i 3 = 6i(í). (7.103) 

In the cited references, it is proposed the state space feedback transformation (we use a slightly 
different but equivalent notation) 

61 (t) = Cl (í)cos 2 x 3l b 2 (t) = ^^-, (7.104) 

eos x 3 

so that the system (7.103) becomes 

¿i = c 2 (t) tan £3 , ¿2 = C2(í) , £3 = ci(í) eos 2 X3 , (7.105) 

where the functions Ci(í), c 2 (t) are regarded as the new controls. Maybe this feedback trans- 
formation could be understood better, in differential geometric terms, by saying that instead of 
considering the input vector fields X\, X 2 given by (7.86), we change to the new input vector 
fields 

d 1 d d 

Yi = cos 2 (a;3)Jíi = cos 2 (x 3 )tí — i Y ? = 7 — = tana) 3^ h -5 — , (7.106) 

0x3 cos(x 3 ) 0x1 ax 2 

and then consider the system whose solutions are the integral curves of the time-dependent vector 
field ci(í) Y\ + c 2 (t) Y 2 , which is just (7.105). Note that the changes (7.106) and (7.105) are 
defined in open intervals for X3 not containing solutions of the equation eos X3 = 0. We choose 
the chart such that x 3 e I = (—ir/2, n/2). The Lie bracket 



Y 3 = [Y u Y 2 ] 



2 , , d d d 

eos {x 3 )-—, tanx 3 -— + 

0x3 0x1 ox 2 



d 

dx\ 



is linearly independent from Y\, Y 2 , and {Y\, Y 2 , Y3} span the tangent space at each point 
(x\, x 2 , X3) É I 2 x í, therefore the system (7.105) is controllable on this configuration mani- 
fold. Moreover, they satisfy the commutation relations (7.3), Le., 

[Y 1 ,Y 2 ] = Y 3 , [Y u Y 3 ]=0, [Y 2 ,Y 3 }=0, (7.107) 

therefore these vector fields cióse on a Lie algebra isomorphic to f) (3) and (7. 105) is a Lie system 
associated to that Lie algebra. The associated right-invariant Lie system on H (3) is again (7.7). 

If we parametrize the elements g of the Heisenberg group H (3) by the second kind canon- 
ical coordinates defined by g = exp(oai) exp(6o2) exp(cas), where {ai, a 2 , 03} is the basis 
of f)(3) with defining relations (7.5), the composition law is expressed by (7.22). By similar 
calculations to those in Subsection 7.2. 1, we find that the action of H (3) on R 2 x / with respect 
to which the vector field Y t is the infinitesimal generator associated to a¿, i G {1, 2, 3}, reads in 
the previous coordinates as $ : H(3) x (W 2 x I) -> M 2 x I, 

3>((a, b, c), (¡n, x 2 , X3)) — (xi — c — 6tanx3, x 2 — b, arctan(tan(a;3) — a)) . (7.108) 

Thus, the general solution of (7.105) can be calculated by using the solution of the Wei- 
Norman system (7.9), where wesimplysubstitute 61 (í) — > c\(t),b 2 {t) -4- c 2 (t), and the previous 
action. That is, 

(xi, x 2 , x 3 ) = $((-Ui, -v 2 , -v 3 ), (xio, x 2Ql x 30 )) 

= (xio + v 3 +v 2 tana; 30 , x 20 + v 2 , arctan(tan(a;3o) + Ui)) , 
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where v\ — i>i(í), v 2 = V2(t), and V3 = vs(t) are given by (7.10), with the mentioned sub- 
stitution for the controls, and (#10, x 20 , £30) € R 2 x / are the initial conditions. The direct 
integration of (7.105) gives again the same result, after some computations. 

Therefore, this example illustrates how the state space feedback transformations change the 
Lie algebraic structure of drift-free control systems. We will see more occurrences of this fact in 
subsequent examples. 

Note that if in (7.103) we consider only "small angles" x 3 w 0, we could approximate it by 
the system 

xi = h (t)x 3 , x 2 =b 2 (í) , ¿3 = 61 (í) , (7. 109) 

obtained by taking the zero order Taylor expansión for the trigonometric functions. It is easy 
to check that such a system is also a Lie system with associated Lie algebra f)(3). It can be 
moreover identified with the Wei-Norman system (7.9) (with other initial conditions if needed) 
by means of x\ — v¡, x 2 — v 2 and x¡ = v\. 

This way of approximating (7.103) has however a major drawback, which is that it is not 
defined in an intrinsic way. In fact, taking other coordinates to formúlate the original system 
(7.103), and approximating, say, to zero or first order in the coordinates, do not necessarily lead 
to a Lie system with Lie algebra í)(3). Take for example the realization of the system (7.89) to 
see this. Its zero order approximation around the origin would give a Lie system with Lie algebra 
R 2 , and the first order one would leave it unchanged. 

7.3.2 Front-wheel driven kinematic car 

The example to be studied now can be considered as a better approximation of the modeling of 
a car from the control theoretic point of view than the unicycle (7.85), since it not only models 
the rear wheels of a car but a car with both front and rear wheels. It has been considered as well 
by a number of authors, mainly with regard to the nonholonomic motion planning problem, and 
as such is made nilpotent by a state space feedback transformation [209, 210, 255, 257, 258], and 
also from the optimal control viewpoint [123]. In [122, 193] the system (a slight variation of it in 
the case of [122], which includes the rolling angle of the front wheels) is treated from the point 
of view of principal connections in principal bundles. 

The system consists of a simple model of a car with front and rear wheels. The rear wheels 
are aligned with the car and the front wheels, which keep parallel, are allowed to spin about their 
vertical axes simultaneously. The system and the motion takes place on a plañe. The distance 
between the rear and front axles is l, which we will take as 1 for simplicity. 

The configuration of the car is determined by the Cartesian coordinates (x, y) of the rear 
wheels, the angle of the car body 9 with respect to the horizontal coordínate axis, and the steering 
front wheel angle (f> £ I = (— w/2, tt/2) relative to the car body. The configuration space is 
therefore R 2 x S 1 x /, with coordinates (x, y, 6, (f>). The external controls of the system are the 
velocity of the rear (or sometimes front) wheels and the turning speed of the front wheels. For a 
schematic picture of the system, see, e.g., [255,258]. We follow the notation therein. 

The scheme of study will be the following. Firstly, we pose the control problem as stated 
in the literature. We check that it is not a Lie system at this stage, although is a controllable 
system. Then, we apply the state feedback transformation proposed in the literature to convert 
the system into a nilpotent system in chained form. This will be shown to be a Lie system with 
an associated nilpotent Lie algebra, which is a central extensión of the Heisenberg Lie algebra 
f)(3) by R. We intégrate the system by the Wei-Norman method, and show how the system 
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can be reduced to one of Brockett type. Finally, we describe briefly another control system, 
which appears in the context of sub-Riemannian geometry when studying the known as case of 
Martinet sphere, and turns out to have the same associated Lie algebra as the kinematic car after 
the feedback transformation is performed. 

The control system for the front wheel driven car can be written, in the above coordinates, 
as [255,258] (compare with [209, Eq. (13.7)]) 

x = Ci(í) , y — c\ (t) tan 9 , <p = c 2 (t) , Ó = c\ (í) tan <j> sec 9 . (7.110) 

Note that this system is defined for angles 8 with eos 9^0. We therefore restrict 6 e I as well. 
The solutions of (7.110) are the integral curves of the time-dependent vector field c\{t)Y\ + 
c 2 (t)Y 2 , where 

d d d d 

Yi = — + tan#— + tan</>sec0— , Y 2 = — . (7.111) 

ox oy o9 o<p 

Taking the Lie brackets 

Y 3 = [Yi ,Y 2 } = - sec 9 sec 2 <j>— , Y i = [Y x , Y 3 ] = sec 2 9 sec 2 0— , 

we see that {Y\, Y 2 , Ys, Y4} genérate the full tangent space to points of the (restricted) config- 
uration space M 2 x / x /, so that the system is controllable there. However, (7.1 10) is not a Lie 
system, since the iterated Lie brackets 

[Y 2 , [Y 2 , . . . [Y 2 , Y,}--- }} or [Y u [Y u ... [Y u Y 2 ] ■ ■ ■ ]] 

genérate at each step vector fields linearly independent from those obtained at the previous stage, 
therefore they do not cióse a finite-dimensional Lie algebra. 

Notwithstanding, it can be transformed into a nilpotent Lie system as follows. Several 
authors [209,255,258] propose the following state space feedback transformation (however, it 
seems that in [255,258] there are some minor misprints, for their expressions do not do the work) 

ci(t) = b^t) c 2 (í) = -3 sin 2 sec 2 6» sin 6» 61 (í) + eos 3 6» eos 2 6 2 (í) , (7.112) 

and then the change of coordinates 

Xi=x, x 2 — sec 3 9 tan 4> , X3=tan#, x 4 = y , (7.113) 

with inverse 

x = x\ , y = x 4 , 9 = arctan x 3 , <f> = — arctan [ — — X2 ) , (7.114) 



(l + X 2 )3/2 

which transforms (7.110) into the control system in R 4 with coordinates (xi, x 2 , x 3 , X4) given 
by 

±i=b\{t), x 2 =b 2 {t), x 3 = b 1 (t)x 2 , X4 = h(t)x 3 , (7.115) 

where the control functions are now &i(í) and b 2 (í). 

We would like to remark that the approximation of the trigonometric functions appearing in 
the system (7.110) to zero order around (0, 0) £ I x / gives a system of type (7.115), simply 
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identifying x\ — x, x 2 — <fi, x 3 = 8, x 4 = y, b\(t) = Ci(í) and b 2 (t) = c 2 (t). However, with 
other choice of coordinates of the original system we might obtain other results, as it was the 
case for the unicycle, cf. Subsection 7.3.1.2. 

And as it happened as well in the example of the robot unicycle, the feedback transformation 
(7.1 12) can be understood as a point-wise change of the input vector fields, from Y\ and Y 2 given 
by (7. 1 1 1), to the new input vector fields 

X 1 =Y 1 -S sin 2 <¡> sec 2 8 sin 8 Y 2 

= — — h tañí? — — h sec 8 tan <¡> — — 3 sec 8 tan 9 sin 2 (¡> — — (7.116) 

ox ay 08 o(j> 

d 

X 2 = eos 3 8 eos 2 óY 2 = eos 3 8 eos 2 <¡> — , 

and accordingly, one should consider the control system whose solutions are the integral curves 
of the time-dependent vector field bi(t) X\ + b 2 (t) X 2 , &i(í) and b 2 (t) being the new control 
functions. If we write it in the new coordinates (x\, x 2l x 3 , x 4 ), using (7.113) and (7.114), the 
result is just the system (7.115). 

The system (7.115) is usually said to be in chained form, see [255,258]. Another example 
of such kind of systems is (7.109) or (7.9), and we will see other systems of this type along this 
section. 

Let us show that (7.115) is thus a Lie system. Its solutions are the integral curves, as 
indicated before, of the time-dependent vector field b\{t) X\ + b 2 (t) X 2 , where now 

d d d d 
X 1 = — +x 2 —+x 3 —, X 2 = —. (7.117) 

ax\ ox¡ 0x4 ax 2 

The Lie brackets 

d d 

X3 = [Xi, X 2 ] = —-5 — , X 4 = [Xi, X 3 ] — — — , 

0x3 0x4 

are linearly independent from X\ and X 2 , and {X\, X 2 , X3, X4} genérate the full tangent 
space at every point of the configuration space M 4 , so the system is controllable. On the other 
hand, the same set closes on the nilpotent Lie algebra defined by the Lie brackets 

[X 1 ,X 2 ]=X 3 , [X 1 ,X 3 ]=X A , (7.118) 

all other Lie brackets being zero. This Lie algebra is isomorphic to a four dimensional nilpotent 
Lie algebra, denoted by g 4 , which can be viewed as a central extensión of the Lie algebra f)(3) 
by R. Indeed, if Q 4 has a basis {ai, a 2 , 03, 04} with non-vanishing defining relations 

[ai, o 2 ] =03, [ai,a 3 ]=a 4 , (7.119) 

then the center 3 of the algebra is generated by {04}, and the factor Lie algebra g 4 /3 is isomor- 
phic to f)(3), see (7.5). However, this extensión is not equivalent to the extensión appearing in 
the case of the planar rigid body with two oscillators, cf. Subsection 7.2.2 and compare (7.1 19) 
with (7.43). 

Let G4 be the connected and simply connected nilpotent Lie group whose Lie algebra is £¡ 4 . 
The right-invariant Lie system of type (2.10) on G4 corresponding to the control system (7.1 15) 
is 

R g (t)-i* g (t)(9(t)) = -h(t) ai - 62(4)02 • (7.120) 
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where g(t) is the solution curve in G4 starting from the identity, and {ai, a 2 , 0,3, 04} is the 
previous basis of Q 4 . We will treat this equation by the Wei-Norman method. The adjoint 
representation of the Lie algebra takes the form 

/O \ 




ad(ai) 



ad(a 3 ) = 



/ o \ 

10 

\ o o 1 o ) 
/o o o o \ 



\ -1 J 



ad(a 2 ) 



-10 

\ o o o o y 



ad(o4) = , 



(7.121) 



and therefore 



v 

cxp(— vi ad(ai)) = Id — v\ ad(ai) + — ad(ai) o ad(ai) , 
exp(— V2 ad(a 2 )) = Id— «2 ad(a 2 ) , 

exp(— w 3 ad(a 3 )) = Id— v 3 ad(a 3 ) , exp(— V4 ad(a,i)) = Id . 
If we write the solution of (7. 120) as the product 

g(t) = exp(-«i(í)ai) exp(-v 2 (í)a 2 ) exp(-u 3 (í)a 3 ) exp(-w 4 (í)a 4 ) , 
and applying (2.28), we obtain the system 

v 2 

vi=b 1 (t), v 2 = b 2 (t), v 3 =b 2 (t)vi, ú 4 = 6 2 (í)y, 

with initial conditions vi(0) = f 2 (0) = w 3 (0) = «4(0) = 0, which is easily integrable by 
quadratures. Denoting B¿(í) = J * 6¿(s) ds, i = 1,2, the solution reads 

wi(t)=Bi(í), v 2 (t)=B 2 (t), ws(í)= / b 2 (s)B 1 (s)ds, 

Jo 

Mt) = \ í b 2 {s)B¡{ S )ds. 
¿ Jo 



(7.122) 



(7.123) 



(7.124) 



The results for other possible factorizations are similar. 

Now we follow analogous steps to those of Subsection 7.2.1 and of previous examples in 
order to express the action $ of G4 on K 4 corresponding to the infinitesimal generators {Xi}, 
and the composition law of G4, using canonical coordinates of the first and second kind for G4. 

If we parametrize the elements g e G4 as g = cxp(aai + ba 2 + ca 3 + da 4 ), the action reads 



$ : G 4 x 1 
((a, 6, c, d), (xi, X2, x 3 , Xi)) 



(Xi, X 2 , X3, Xi) , 



where 



xi = x\ — a , x 2 = x 2 - b , 

X3 =X3 — ax 2 + ab/2 + c , 

X4 — X4 — ax 3 + a 2 x 2 /2 — a 2 b/6 — ac/2 — d , 
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and the composition law is 

{a, b, c, d)(a', b', c', d!) = (a + a', b + b', c + d + (ab' - ba')/2, 

d + d' + (ac' - ca')/2 + (ab' - ba')(a - a')/12) , (7.125) 

the neutral element being represented by (0, 0, 0, 0). 

If, instead, we parametrize the group elements g € G4 by the coordinates defined by g = 

exp(aai) exp(6a2) exp(cas) exp(da4), the action becomes 

$ : G 4 x l 4 — > R 4 
((a, b, c, d), (xi, x 2 , x 3 , x 4 )) 1 — > (xi, x 2 , x 3 , x 4 ) , 

where 

X\ = X\ — a , x 2 — x 2 — b , 

X3 — X3 — ax 2 + ab + c, (7.126) 
X4 = x 4 — ax 3 + a 2 x 2 /2 — a 2 b/2 — ac — d , 

and the composition law is 

(a, b, c, d)(a! ', 6', c , d') = (a + a' , b + 6', c + c — ba , d + d! — ca + ba 2 ¡2) , (7.127) 

the neutral element being represented by (0, 0, 0, 0) as well. If a concrete g <G G4 is represented 
by the first kind canonical coordinates (ai , bi , ci , di) and the second kind canonical coordinates 
(a 2 , b 2 , c 2 , d 2 ), therelation amongst them is 



1 11. 

ai = «2, h=b 2 , ci=c 2 + -a 2 b 2 , di = d 2 + -a 2 c 2 + — a 2 b 2 . (7.128) 



The general solution of (7.115) is readily calculated by means of the solution of the Wei- 
Norman system (7.123) as 

$((-«!, -v 2 , -V3, -Vi), (xio, x 20 , x 30 , X 40 )) = (Xio + Vi, x 2a + v 2 , 
X30 + V1X20 + viv 2 - v 3 , x 40 + vix 3Q + v\x 2Q /2 + v\v 2 ¡2 - v x v 3 + v 4 ) , 

where vi = vi(t), v 2 — v 2 (t), v 3 — v 3 (t) and V4 = V4(t) are given by (7.124), the initial 
conditions are [x w , x 2n , x 30 , X40) € M 4 and $ is that of (7.126). 

Due to the Lie algebra structure of Q 4 , we can reduce the solution of (7. 120) (and henee of 
(7.1 15)) to two other problems: one, a Lie system in H (3) which is of Brockett type (7.1), and 
then we have to intégrate a Lie system in K. The procedure is analogous to those of previous 
examples, and is specially cióse to that in Subsection 7.2.2.1. Using the canonical coordinates of 
first kind defined above, we have the following results. The adjoint representation of the group is 



Ad(a, b, c, d) 
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ab 
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a 2 
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(7.129) 
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If g(t) — (a(t), b(t), c(í), d(t)) is a curve in G4 expressed in the previous coordinates, we 
obtain 



Á9) 



\ 



c + ¿ {ba — ab) 
\ d + ¿(3c - ab)a + \a 2 b - \ac j 



(7.130) 



Rg- 1 *g{9) — 



O, 

b 



\ 



c — j{ba — ab) 
\ d-\{2,c + ab)a+\a 2 b+\ac J 



To perform the reduction we select the subgroup H of G4 whose Lie algebra is the center 
3 of g 4 generated by {04}. Then, Q 4 /$ = f)(3) and G4/H = H(3). Taking into account the 
factorization 

(a, 6, c, d) = (a, 6, c, 0, )(0, 0, 0, d) , 



the projection reads 



tt l : G 4 



Gi/H 
(a, &, c, d) 1 — ^ (a, 6, c) . 

We take coordinates (y\, y 2l 2/3) in G4/H so that the left action of G4 on G4/H reads 

A : G 4 x G4/H — > G 4 /íf 
((a, 6, c, d), (yi, j/ 2 , 2/3)) 1 — ► ^((a, &, c, d)(j/i, 2/2, 2/3, <0) 

= (2/1 + a, 2/2 + 2/3 + c + (ay 2 - by 1 )/2) , 

where d' is a real number parametrizing the lift of (t/i , y 2 , 2/3 ) to . The associated infinitesimal 
generators can be calculated according to (2.2), and they are 



a V" 2 a 



2 "V3 1 ^2 — u vi 2 V3 ' 



xf = -a, 



V3 I 



x? = o : 



which span the tangent space at each point of G4/H = H(3), and in addition satisfy the com- 
mutation relations of the Heisenberg Lie algebra, see (7.3). If we factorize the solution of (7. 120) 
starting from g n e G4 as the product g\(t)h(t), where 

gi(t) = (2/1 (t), 2/2 (í), 2/3 (í), 0) 

projects onto the solution of the Lie system on G4/H associated to (7.120) (which again coin- 
cides with (7.70) and (7.77)), that is, Tr L (gi(t)) = (yi(t), 7/2 (¿) , 2/3(0) with initial conditions 

(yi(0), 2/2(0), 2/3(0)) =^ L (. 90 ),and 



h(t) = (0, 0, 0, d(t)) . 
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then, by Theorem 2.5.1, we reduce to a Lie system in H = R for /i(í), with initial conditions 
h(0) = gi (0)go, which takes the form 

d = ^ (^iW^W - i/ 3 (í)) - ¿&2(t)y?(*) , (7.131) 

and is solvable by one quadrature. 



7.3.2.1 Case ofMartinet sphere as a Lie system with Lie algebra fj 4 

Within the context of sub-Riemannian geometry there exists a control system which can be re- 
garded as well as a Lie system, and its associated Lie algebra turns out to be isomorphic to the Lie 
algebra Q 4 defined above. It appears when studying the abnormal extremáis, in the framework 
of optimal control, corresponding to the system known as Martinet sphere [48]. These authors 
specifically identify the problem as a right-invariant control system on a Lie group which they 
term as Engel group. They claim that the "Heisenberg case" and the "fíat case" are contained in 
this problem. It could be the case that the reduction theory of Lie systems can account for these 
facts: we have seen how to reduce any Lie problem with Lie algebra £¡ 4 to one in f)(3), and the 
reduction to a problem in R 2 is achieved in a similar way just quotienting by the maximal proper 
ideal of Q 4 . 

We describe briefly the system and the way to intégrate it by using the information above. 
The control system of interest is the system in R 4 , with coordinates (x, y, z, w) (we use a 
slightly different notation from that of [48, p. 242]) 

y 2 

x = b 2 (t), y = h(t), z = b 2 (t)y, w = 6 2 (í)y. (7.132) 

Its solutions are the integral curves of the time-dependent vector field b\ (t) X\ + b 2 (i) X 2 , where 
now 

d d d y 2 d 

ay ox oz 2 ow 



The Lie brackets 



x 3 = [x u x 2] = §- + y ±., X 4 = [X 1 ,X 3 ] = ±. 



are linearly independent from X\ and X 2 , and {X\, X 2 , X3, X4} genérate the full tangent 
space at every point of the configuration space R 4 . Moreover, these vector fields cióse on the Lie 
algebra defined by the Lie brackets (7. 118), and therefore (7.132) is a Lie system with associated 
Lie algebra £¡ 4 , defined by (7.1 19). The corresponding right-invariant Lie system in G4 is again 
(7.120). Note that in [48] it has been taken a 4 x 4 matrix representation of this group. Although 
it can be useful for calculations, it is not necessary. 

Incidentally, note that the system (7.132) can be identified with the Wei-Norman system 
(7.123), with other initial conditions if necessary, by the simple changes x = v 2 , y = v\, z = v¡ 
and w — V4,. 

Using the second kind canonical coordinates defined by the factorization in exponentials 
g = cxp(aai) exp(6a2) exp(ca 3 ) exp((¿a4) for g € G4, the action corresponding to the previous 
vector fields, seen as infinitesimal generators, is $ : G4 x R 4 — > R 4 , 



<¡>((a, 6, c, d), (x, y, z, w)) = (x — 6, y — a, z — c — by, w — d — cy — by 2 /2) . (7.134) 
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-v 2 , -v 3 , -Vi), (x , y , z , w j) 
= {x + v 2 , Vo + vi, z + v 3 + v 2 y , w + v 4 + v 3 y + v 2 yl/2) , 

where v\ — v\(t), v 2 = v 2 (t), v 3 = v 3 (t) and V4 = Vi{t) are given by (7.124) and the initial 
conditions are (x , yo, zq, w ) G M 4 . 



7.3.3 Front-wheel driven kinematic car pulling a trailer 



The case to be studied in this subsection is the system obtained by the addition of a pulled trailer 
to the front wheel driven car of the previous one. This system is considered by a number of 
authors as well from the point of view of the nonholonomic motion planning, see, e.g., [37, 209, 
2 1 0, 2 1 6] and references therein. We will follow mainly the treatment and notation given in [209] . 

With regard to this system, we will treat the following questions. First, we will check the 
controllability properties and that it is not a Lie system as proposed therein. Then, after two state 
space feedback transformations, it is obtained in [209] a control system which is a Lie system 
with an associated Ave-dimensional nilpotent Lie algebra, identifiable with a central extensión 
of the Lie algebra g 4 of Subsection 7.3.2 by R. We will see that this Lie system has, however, a 
peculiarity, which is that the associated action cannot be expressed in a simple way. The Wei- 
Norman problem for this system is stated, and the reduction of systems with the same underlying 
Lie algebra as the Lie system obtained, to systems of Brockett type, is explained briefly. 

We denote now by (xi, x 2 ) the Cartesian coordinates of the rear wheels of the car, x 3 € 
I = (— 7r/2, 7t/2) is the steering angle of the car's front wheels, and X4, x 5 , are respectively 
the angles the main axes of the car and trailer make with the x\ axis. The distance between the 
front and rear wheels of the car is l, and the distance between the rear wheels of the car and the 
wheels of the trailer is d. Thus, the configuration manifold is R 2 x I x S 1 x S 1 with coordinates 
(xi, x 2 , x 3 , x±, x 5 ), and the control system reads [209] 



x\ = c\ (t) eos X3 eos X4 , x 2 — a (t) eos X3 sin xa , X3 = c 2 (t) , 

Ci(í) 



ci(í) • 
X4 = — - — sin X3 , X5 



d 



■ sin(x4 — £5) eos £3 , 



(7.135) 



The solutions of this system are the integral curves of the time-dependent vector field ci(t)Y\ + 
c 2 (t)Y 2 , where now 



d .01.01.. 

Y\ = eos £3 eos X4 — h eos x 3 sin X4 — h - sin x 3 — h — sm 14 

0x1 ox 2 l 0x4 d 

d 



x 5 )cosx 3 —- , 
dx 5 
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and Ci(í), c 2 (t) are the control functions. Taking the Lie brackets 

d d 

Y 3 = [Yi, Y 2 ] = sinx 3 COSX4- h sin x 3 sin 24 — — 

0x1 0x2 

1 di., . . d 

- - eos £3- h - sm(x 4 - 15 sini 3 - — , 

l 0x4 a 0x5 

14 = íi, Y 3 \ = --S11114- h 7 COSX4- h — cos(x 4 - x 5 )- — , 

/ 0x1 i 0x2 di 0x5 

1 dí d 
Y 5 = [Yi, Y 4 ] = -—smx 3 COSX4— 7¿-sina;3 sinx 4 ^— 

1 d 
+ -7Tñ( lcosx 3 ~ á sin x 3 sin(a;4 - x 5 ))- — , 
d ¿ L ¿ 8x5 

we see that {Yí, Y¿, Y 3 , Y4, Y 5 } genérate the full tangent space at points of the configuration 
space R 2 x I x S 1 x S 1 , so that the system is controllable. Nevertheless, (7.135) is not a Lie 
system, since the iterated Lie brackets 

[Y U [Yi, ... [Yi, Y 2 ] - ■ ■ ]] 

genérate at each step vector fields linearly independent from those obtained at the previous stage 
and therefore they do not cióse a finite-dimensional Lie algebra. 

Notwithstanding, it can be transformed into a nilpotent control system. That is achieved 
after two consecutive state space feedback transformations and changes of variables, see [209] 
for the details. The final control system that is obtained there is the control system in M 5 , with 
coordinates denoted again as (xi, x 2 , x 3 , x 4 , x 5 ), 

xi=h(t), x 2 =b 2 (t), x 3 = b 1 (t)x 2 , 

x 4 = b 1 (t)x 3 , x 5 = bi (í) (x 3 yjl + x\ + x^j , (7.137) 

where the control functions are denoted by 61 (í) and b 2 (t). We will focus now on the study of 
this system. Their solutions are the integral curves of the time-dependent vector field bi (t) X x + 
b 2 {t)X 2 , with 

X 1 = — +x 2 ^— + x 3 —+(x 3 Jl + xl + X4) 7 —, X 2 = t—. (7.138) 

dx\ dx 3 dx 4 V / 0x5 dx 2 



Now we take the Lie brackets 



d 

X5 = [X\ , X 4 ] = - — — , 

dx 5 

in order to obtain a set of vector fields which span the tangent space at each point of R 5 , and as 
a consequence, (7.137) is controllable. Moreover, the set {Xi, X 2 , X 3 , X 4 , X 5 } closes on the 
nilpotent Lie algebra defined by the non-vanishing Lie brackets 

[X U X 2 ]=X 3 , [X 1 ,X 3 ]=X 4 , [X 1 ,X4=X 5 . (7.139) 
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This Lie algebra is isomorphic to a nilpotent Lie algebra, denoted as g 5 , which can be regarded 
as a central extensión of the Lie algebra g 4 , defined in Subsection 7.3.2 through the relations 
(7.119), by R. In fact, Q 5 has a basis {ai, a 2 , a 3 , 04, a 5 } with respect to which the non- 
vanishing Lie products are 

[ai, a 2 ]=a 3 , [ai, a 3 ]=a 4 , [ai,a 4 ]=a 5 , (7.140) 

then the center 3 of Q 5 is generated by {a 5 }. The factor Lie algebra Q 5 /$ is isomorphic to £¡ 4 , 
see (7.119). 

Let us treat now the system (7. 137) by the Wei-Norman method. We will denote by G5 the 
connected and simply connected nilpotent Lie group whose Lie algebra is Q 5 . The right-invariant 
Lie system of type (2.10) on G 5 corresponding to the control system (7.137) is 



R g(.t)-u g (t)(g(t)) = -&i(t)ai - h(t)a 2 . 



(7.141) 



where g(t) is the solution curve in G5 starting from the identity, and {ai, 02, a 3 , 04, 05} is the 
basis of 5 defined above. We have 



ad(ai) 



ad(a 3 ) = 

ad(a 5 ) = 
and therefore 
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, ad(a4) = 







0000 




-1 


0000 
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V - 1 


y 



o, 



cxp(— vi ad(ai)) 

cxp(-w 2 ad(a 2 )) 
exp(— V4 ad(a4)) 



Id —vi ad(ai) + ad (ai) — ^- ad (ai) , 
2 6 

Id —v 2 ad(a2) , exp(— w 3 ad(a 3 )) = Id — w 3 ad(a 3 ) . 
Id — V4 ad(a4) , exp(— «5 ad(a5)) = Id , 



where the notation ad fc (a¿) means the composition of ad(a¿) with itself k times. 
Writing the solution starting from the identity, of (7.141), as the product 



g(t) = exp(-vi(t)ai) cxp(-w 2 (í)a 2 ) exp(-w 3 (í)a 3 ) cxp(-u 4 (í)a 4 ) exp(-í; 5 (í)a 5 ) (7.142) 
and applying (2.28), we will find the system of differential equations 

wi=6i(í), v 2 =b 2 {t), v 3 = b 2 {t)vi, v 4 = h 2 (t)v¡, v 5 = ^b 2 {t)vf, (7.143) 
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with initial conditions i>i(0) = t>2(0) = t>3(0) = t>4(0) = v§(ti) = 0. The solution can be found 
by quadratures; if we denote B¿(í) = J * 6¿(s) ds, i = 1,2, the solution reads 



v 1 (t)=B 1 (t), v 2 (t) = B 2 {t), v 3 {t) = / b 2 (s)B 1 {s)ds, 

Jo 

Mt) = \ í b 2 (s)B¡(s)ds, v 5 (t) = \ f b 2 {s)Bl{s)ds. (7.144) 

Now, in order to use this solution of the Wei-Norman system (7. 143) for solving the system 
(7.137), we should find the expression of the action of G5 on M 5 such that X¿ be the infinitesimal 
generator associated to a¿ for each i e {1, . . . , 5}, and also the expression of the composition 
law of G5. 

The simplest option, in principie, could be to try to write such an action in terms of a set 
of second kind canonical coordinates for G5, by composing the flows of the vector fields Xi, as 
explained in Subsection 7.2.1. But there is a substantial difficulty to do this, for it is not easy 
to write the expression of the flow of X\. In fact, take X\ as given in (7.138). The differential 
equations of the flow are 

dx\ dx 2 dx 3 dx4 dx$ f T 

—r- = 1 , —r- = , — = x 2 , — = x 3 , — = x 3 J 1 + x\ + x¿ , 
de de de de de v 

all of which can be integrated easily but the last one: we have 

x\(e) = xi(0) + e, x 2 (e) = x 2 (0) , x 3 (e) = x 2 (0)e + x 3 (0) , 
Xi{e) = ix 2 (0)e 2 + X3(0)e + ¡c 4 (0) , 

and then, substituting into the last equation, 



1 



= {x 2 (Q)e + x 3 (Q)) ] ll+ í -.T 2 (0)e 2 +a; 3 (0)e + a; 4 (0) 



2 



+ ^x 2 (0)e 2 + x 3 (0)e + ¡c 4 (0) . 

The integration of this equation involves the evaluation of integráis of the type 

j e^JP{e) de, and j P{e) de , 

where P{e) is a fourth degree polynomial in e. According to [146, p. 904], every integral of 
these types can be reduced to a linear combination of integráis providing elementary functions 
and elliptic integráis of first, second and third kind. It follows that the expression of the flow of 
X\ cannot be given in a simple way, the expression being so complicated that it could not be 
very useful for practical purposes. Remark that this difficulty comes solely from the realization 
of the Lie system (7.137) and has nothing to do with the Lie algebra associated to it. 

To see this, consider again the Wei-Norman system (7.143), with other initial conditions if 
necessary. Itis as well a Lie system with associated Lie algebra £¡ 5 , Le., the same associated Lie 
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algebra as that of (7.137). In fact, the solutions of the system (7.143) are the integral curves of 
the time-dependent vector field bi (t) X\ + b 2 (t) X 2 , where now 

9 v 9 9 1 2 9 1 3 d 

avi ov 2 ov 3 2 ¿w 4 6 ov 5 

These vector fields, jointly with those appearing as the Lie brackets 

X 3 = [X u X 2 ] = — +v 1 — + -v¡ — , X 4 = [Xt, X 3 ] = —+vi—, 

OV 3 OV4 2 OV 5 OVA OV5 

d 

X<¡ = [X\ , X4] = - — , 
dv 5 

genérate the tangent space at each point of the configuration manifold, identified with (an open 
set of) R 5 and cióse on the Lie algebra defined by (7.139), as claimed. This time, however, 
the flows of these vector fields are easily integrable, and then the corresponding action in terms 
of the canonical coordinates of second kind defined by the product exponential representation 

g = cxp(aai) exp(6a2) exp(ca3) exp(da4) exp(eas), if g € G5, reads 

$ : G 5 x R 5 — > R 5 
((a, b, c, d, e), (v\, v 2 , v 3 , v 4 , v 5 )) 1 — > (v 1} v 2 , v 3 , v 4 , v 5 ) , 

where 

vi = vi — a, v 2 = v 2 - b , v 3 — v 3 - bvi - c , 

v~i = V4 — bv\/2 — cvi , 

V5 — v 5 — bv 1 /6 — cv\/2 — dvi — e , 

meanwhile the composition law (a, 6, c, d, e)(a', b' , c' , d' , e') = (a", b" , c" , d" , e") is given 
by 

a" = a + a' , b" = b + b' , c" = c + c' - ba! , 

d" = d + d' -ca' + ba' 2 /2, (7.146) 
e" = e + é - da' + ca' 2 /2 - ba' 3 /6 , 

and the neutral element is represented by (0, 0, 0, 0, 0). With the expression for $ given by 
(7.146), we have that the solution of (7.143), with initial conditions (0, 0, 0, 0, 0), is just 

${{-Vi, -v 2 , -v 3 , -Vi, -v 5 ), (0, 0, 0, 0, 0)) = (ví, v 2 , v 3 , Vi, v 5 ) , 

where vi = vi(t), v 2 = v 2 (t), v 3 = v 3 (t), Vi = Vi(t) and v 5 = v 5 (t) are given by (7.144), as 
expected. Analogously it can be found the composition law in terms of the first kind canonical 
coordinates defined by g — exp(aai + ba 2 + ca 3 + da^ + ea 5 ), when g G G 5 , that is, 

(a, b, c, d, e)(a', b', c', d', e') = (a", 6", c", d", e") 

where 

a" = a + a , b" = b + b , c" = c + c + (ab — ba)/2 , 

d" = d + d' + {acl - ca')/2 + (a - a')(ab' - ba')/ 12 , (7.147) 
e" = e + é + (ad' - da')/2 + (a - a')(ac' - ca')/í2 - aa'(ab' - ba')/2A , 
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with the neutral element being represented by (O, O, O, O, 0). 

This form of the composition law will be used to perform the reduction of the right-invariant 
system (7.137) to one of Brockett's type and another on R 2 . Other reduction possibilities can 
be treated analogously. Amongst them, the reduction associated to the center of the Lie group 
G5 will lead to a Lie system with associated Lie algebra Q 4 . We will focus just on the firstly 
mentioned reduction possibility. 

Using (7.147), we obtain the expression of the adjoint representation of the group 



Ad(a, b, c, d, e) 



V 



— 2¿L — r 
2 C 

a 2 b ac 

6 2 



o o o \ 

1 
a 1 

^ a 1 

a 3 a 2 



(7.148) 



a 1 / 



If g(t) = (a(í), b(t), c(í), d(t), e(t)) is a curve in G5 expressed in the previous coordinates, we 
obtain 



Á9) 



Rg- 1 *g(g) 



a 
b 



\ 



c + \ (bá — ab) 
d + ^(3c — ab)á + \a 2 b — ^ac 
V é + ±r(a 2 b-4ac+12d)á- ^b + £c- fd / 



c — 5 iba — ab) 
d - |(3c + ab)a + \a 2 b + \ac 
\ é - ±(a 2 b + Aac + 12d)á + éb+4-c+M J 



(7.149) 



Take now the subgroup H of G5 whose Lie algebra is the ideal i of g 5 generated by 
{a 4 , a 5 }. We have that Q 5 /i = f)(3) and G5/H = H(3). Using the factorization 

(a, b, c, d, e) = (a, 6, c, 0, 0)(0, 0, 0, d, e) , 

the associated projection is 

7r L : G5 — ► G5/H 
(a, b, c, d, e) 1 — > (a, b, c) . 

We take coordinates (yi, y 2 , y 3) in G5/H. The left action of G5 on G5/H is then 

A : G 5 x G 5 /ií — -> G 5 /ií 
((a, 6, c, d, e), (t/i, y 2 , 2/3)) 1 — ► 7r L ((a, 6, c, d, e)(t/i, y 2 , 2/3, d', e')) 

= (2/1 + a, 2/2 + b, 2/3 + c + (ay 2 - fy/1)/ 2 ) . 
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where di and e! are real numbers parametrizing the lift of (y\, y 2 , y 3) to G5. The corresponding 
fundamental vector fields can be calculated again according to (2.2), 

Xi = —d yi — ^- d V3 , Xf = —d y2 + L 2'dy 3 , 
X% = —d y¡¡ , Xf = , X¡* = , 

which span the tangent space at each point of G5/H, and in addition satisfy [X^ , X^ \ = X¡, 
[X?, Xf ] = Xf and [X? , Xf ] = Xg , that is, again the commutation relations of the 
Heisenberg Lie algebra (7.3). 

If we factorize now the solution starting from g of (7.137) as the product 



gi(t)h(t) = ( Vl (t), y 2 (t), y 3 (t), 0, 0)(0, 0, 0, d(t), e(í)) , 

where gi(t) projects onto the solution of the Lie system on G5/H associated to (7.137), namely 
the system (7.70) or (7.77)), Le., n L (gi(t)) — (yi(t), y2(t), J/3(í))> w i tn initial conditions 
(yi(O), 2/2(0), 3/3(0)) = n L (go), then, by Theorem 2.5.1 we reduce to a Lie system in H = R 2 
for h(t), with initial conditions h(0) = g± 1 (0)go- It takes the form 

á = ^ (ly^yzW 2/ 3 (t)) - ¿&2(*)y?(t) , 

é = ¿6i(í)yi(í)(8i/ 3 (í) - yi{t)y 2 {t)) + ±b 2 (t)y¡(t) , (7.150) 
and is solvable by quadratures. 



7.3.4 Chained and power forms of the kinematics of a trailer with a flnite number of axles 

We have treated the examples of a front-wheel kinematic car in Subsection 7.3.2 and the addition 
to this system of a trailer in Subsection 7.3.3. One can consider as well a nonholonomic control 
system with more degrees of freedom consisting of a finite number of trailers, and treat to convert 
as well the arising kinematic problem into chained form, in order to apply control schemes for 
this class of systems. 

This has been one of the objectives of the theory of nilpotentization of systems with two 
input vector fields developed in [255,257,258]. However, it seems that S0rdalen [308] was the 
first to obtain a chained form of the kinematic control equations of the car with an arbitrary 
number of trailers through a state space feedback transformation. A very related approach is 
taken by Tilbury [322], who shows that the previous problem can be put into the so-called Goursat 
normal form, and that the Goursat normal form is the dual versión of the mentioned chained form. 

This chained form has been related as well with other concepts. In [220] it is treated as a 
left-invariant control system on a certain nilpotent matrix Lie group, and the versión of the Wei- 
Norman method for matrix Lie groups is used, see also [281]. In [199,255] it is put into relation 
with another system termed as power form, and a global coordínate transformation relating both 
systems is suggested, the origin of the relation and the transformation being however not ex- 
plained. An example of a system related to such power form has been used in [269, Example 4], 
with regard to the design of piecewise constant controls. In addition, the optimal control, stability 
and numerical integration problems for the chained form system have been treated in [281], and 
questions of stabilization and tracking control in [255]. 
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In this subsection we will restrict our interest to the study of the chained form corresponding 
to the kinematic control system of a concatenation of rolling axles, linked by their middle points. 
Each axle, by itself, is similar to the very simplified model for an automobile treated in [268, 
Examples 2.35, 3.5], cf. Subsection 7.3.1. The chained form for this concatenation of axles has 
been obtained by S0rdalen in [308], after certain appropriate coordinates for the system and a 
specific state space feedback transformation had been used. We will focus on the system already 
written in chained form, and will analyze the following points. 

It will be recovered the fact that the previous chained form is a Lie system with an associated 
nilpotent Lie algebra of certain kind. Then, we will study two Wei-Norman systems associated 
to the chained form system, by choosing two different orderings of the elements of a certain basis 
of the mentioned Lie algebra. The resulting systems are the chained form system itself and the 
power form system. 

Therefore, the relation between the Wei-Norman method and the chained and power form 
systems is made clear. Moreover, as a byproduct we can see that the change of coordinates 
proposed in the literature for relating both kind of systems is nothing but the change between the 
two associated sets of second kind canonical coordinates. As an example, we will identify the 
system presented in [269, Example 4] as a Lie system with the same Lie algebra structure, of 
appropriate dimensión, as that of the chained or power form systems. 

We point out as well the algebraic structure of the Lie algebra involved, and a scheme of 
reduction of Lie systems with the same Lie algebra as the chained form system is suggested. 
Eventually, and after a finite number of reductions, the chained and power form systems can be 
related as well with a Lie system with the same associated Lie algebra as the Brockett system, 
i.e., f)(3), cf. Subsection 7.2.1. 

We think that our analysis clarines the distinction between a Lie system, the associated 
Wei-Norman problems, and right-invariant Lie systems with the same Lie algebra as that of the 
chained and power form systems. 

The system in chained form of interest is the control system in M", where we take the 
coordinates (x\, . . . , x n ), givenby (see, e.g., [255,258,281,308]) 

±i = 6i(t), ±2 = hit), x 3 = b 1 (t)x 2 , x n = 6i(í)a; n _i , (7.151) 

where b\{t) and hit) are the control functions. Its solutions are the integral curves of the time- 
dependent vector field bx{t)Xx + h{t)X2, where 

d d d d 

X 1 = — +x 2 — + ---+x n _ 1 —, X 2 = —. (7.152) 

OXi OX3 OX n OX2 

Taking now the Lie brackets 

d 

X 3 = [Xi, X 2 ] = — , 
ax 3 

d 

X4 = [Xi, X 3 ] = - — , 
0x4 

d 

X n = [Xi, X n -i] = (— 1)™- , 

dx n 

we see that {X\, . . . , X n } genérate the full tangent space at all points of the configuration 
space R™, and therefore the system is controllable. Moreover, these vector fields cióse on an 
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n-dimensional nilpotent Lie algebra defined by the non-vanishing Lie brackets 

[Xi, X 2 ] = X 3 , [Xi, X 3 ] = X4 , . . . , [Xi, X n _i] = X n . (7.153) 

This Lie algebra is isomorphic to a nilpotent Lie algebra, which we will denote as Q n , with the 
non-vanishing defining Lie products 

[a 1 ,a 2 ]=a 3 , [ai,a 3 ] = a 4 , [ai, a„_i] = a n , (7.154) 

with respect to a certain basis {ai, . . . , a n }. Note that Q 3 is just the Heisenberg Lie algebra 
f)(3), used, e.g., in Subsection 7.2.1. Likewise, we have used already the cases Q 4 and Q 5 when 
studying the front-wheel driven car in Subsection 7.3.2, and the same system but pulling a trailer 
in Subsection 7.3.3, respectively. We define g 2 as the Lie algebra IR 2 . 

The structure of the nilpotent Lie algebra Q n is rather special: For a fixed n > 3, the maxi- 
mal proper ideal 3 n of Q n is Abelian, (n — 2)-dimensional, and such that Q n /3 n is isomorphic 
to M 2 . The center 3 n is one-dimensional, such that Q n /$ n — 0„_i, and therefore g n can be 
regarded as a central extensión of Q n _ 1 by the Lie algebra K. There exists as well (when n > 3) 
a chain of nested /¿-dimensional Abelian ideáis i n ,k> for fc e {2, . . . , n — 3}, such that 

C l n C Í„, 2 C Í„, 3 C • • • C í„,„-3 C 3 n C 0„ , (7.155) 

which is the form that the central descending sequence takes in this case. Moreover, we have 
that Q n /i n ,k = Q n -k for k e {2, . . . , n - 3}. In particular, 0„/Í„,„_3 = 3 = f)(3). In the 
notation above, the center of Q n is generated by a n , the maximal proper ideal 3 n by the elements 
{a 3 , a n }, and the ideáis i„, fe by {a n _ fe+ i, a„_ fc+2 , . . . , a n }, when k e {2, . . . , n - 3}. 

We will treat now the system (7. 15 1) by the Wei-Norman method. Let us denote by G n the 
connected and simply connected nilpotent Lie group whose Lie algebra is Q n . The right-invariant 
Lie system of type (2.10) on G n corresponding to the control system (7.151) is 

Rg(t)-i* g (t)(g(t)) = -6i(í)ai - b 2 (t)a 2 , (7.156) 

where g(t) is the solution curve in G n starting from the identity, and {ai, . . . , a n } is the basis 
of Q n defined above. We will use the following notations: [A]ij denotes the entry in the i-Úi row 
and j-th column of the matrix A, and ¿¿j is the Kronecker delta symbol, defined by <5¿j = 1 when 
i = j and zero otherwise. 

The matrix elements of the adjoint representation of the Lie algebra Q n in the above basis 

are 

[ad(oi)]jfc = 5j-i t k - Oj-i,i¿i,fe , 
[&d(a r )]jk = -S r+ ij6k,i , 2 < r < n . 

It can be easily checked that 

[ad (ai)]jk = 6j-i t k - 5 3 -i,i5i,k , n - 1 > l > 1 , 

ad" _1 (ai) = 0, (7.157) 

ad 2 (a r )=0, 2<r<n, 

where the notation ad'(a¿) means the composition of ad(a¿) with itself l times, as usual. There- 
fore, we have that 

exp(— v r (t) ad(a r )) = Id — v r (t) ad(a r ) , 2<r<n. (7.158) 
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We write in first instance the solution of (7.156) starting from the identity, as the product 

g(t) =exp(-u n (í)a„)exp(-t; n _i(í)a n _i)---exp(-' üi(í)oi). (7.159) 

Now the application of (2.28) requires some algebra. Let us carry out the calculation of its left 
hand side on this case. We have 

v n a n + ¿Vi-i exp(--y„ ad(a„))a„_i + ¿„_ 2 exp(-w„ ad(a„)) exp(-t; n _i ad(a„_i))a„_ 2 

H \-vi cxp(-u„ ad(a„)) • • • cxp(-v 2 ad(a 2 ))ai 

= v„a n + v n -ia n -i H h v 2 a 2 

+ vi(lá-v n ad(a n ))(Id-ü„_i ad(a n _i)) • • • (Id-v 2 ad(a 2 ))ai 

= v n a n + Vn-ia-n-i H + v 2 a 2 + vi(ai + v 2 a 3 H + v n -ia n ) 

= ¿iai + v 2 a 2 + {v\v 2 + v 3 )a 3 H h (*iw„-i + v n )a n , 

where it has been used, successively, (7.158), that ad(afc)aj = [ak 1 aj] = if k, j ^ 1, and that 

(Id -v 2 ad(a 2 ))ai = a\+ v 2 a 3 , 

(Id -v 3 ad(a 3 ))(a! + v 2 a 3 ) = a x + v 2 a 3 + v 3 a 4 , 

(Id -v n ad(a„))(ai + v 2 a 3 H h v„_ia„) = ai + w 2 a 3 H h w„-ia„ . 

Equating with the right hand side of (2.28) for this case, we obtain the system of differential 
equations 

vi=h(i), v 2 = b 2 (t), viv 2 +v 3 =0 7 i)iv n -i + v n = , 

which in normal form is the Wei-Norman system 

vi=h(i), v 2 =b 2 (t), v 3 = -h(t)v 2 , i> n = -bi(t)v n -i , (7.160) 

with initial conditions v\(0) = ■ ■ ■ = v n (0) = 0. The solution of this system can be found by 
quadratures. 

Note, moreover, that the previous system can be identified, taking other initial conditions 
if needed, with the original system in chained form (7.151), simply by changing the sign to all 
variables and to the control functions in (7. 160). 

Therefore, we have obtained the result that the chained form system (7.151) is essentially 
the Wei-Norman system associated to the equation (7.156) in the Lie group G n , with Lie algebra 
Q n , when one takes the basis {ai, . . . , a n } such that (7.154) holds, and the factorization (7.159) 
for expressing the solution of (7.156). Compare with [281, p. 148]. 

Now we take another factorization in order to write the solution of (7. 156) starting from the 
identity, Le., 

g(t) = exp(-üi(í)ai) exp(— v 2 (t)a 2 ) ■ ■ ■ exp(-u n (í)a„) . (7.161) 

Let us apply (2.28) in this case. Using again (7.158) and ad(a / t)a :) = [a^, aj] = if fc, j ^ 1, it 
reduces to 

n 

viai + ^]¿ Q exp(-«i ad(ai))a Q = 6i(t)ai + b 2 (t)a 2 . 

a=2 
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Multiplying both sides on the left by exp(ui ad(ai)), we obtain 

n 

^ v a a a = bi(t)ai + b 2 {t) exp(«i ad(ai))a 2 . 

a=l 

The calculation of cxp(«i a,á(a 1 ))a 2 is not difficult. We have 

OO 

cxp(vx ad(ai))a 2 = ^ -jjj adfc ( fl i) a 2 

fc=0 

v 2 v n ~ 2 
Id +ví ad(ai) + y ad 2 ( ai ) + • • • + T^-yyyr ad"" 2 ( ai ) ) a 2 



..n-2 



a 2 + via 3 + — a 4 + • • • + 



2 * ' (n-2)! 

due to the second equation of (7.157) and the commutation rules of the Lie algebra themselves. 
Therefore, we have 

V v a a a = 6i(í)oi + b 2 (t) a 2 + «ia 3 + -^"«4 + ■ 
a=i V ^ 

which leads to the system of differential equations 



(n-2)! 



v n-2 

úi=6i(í), V2 = b 2 (t), V3 = b 2 (t)vi, ú„ = 6 2 (¿) , ^ 9 x, , (7.162) 

(n /j. 

with initial conditions v\(0) = ■ ■ ■ = v n (0) = 0. The solution of this system can be found by 
quadratures as well. 

The system (7.162) is, taking other initial conditions if needed, the power form system 
mentioned sometimes in the literature, see, e.g, [255, Example 7], [199] and references therein. 
Therefore, we have shown that the power form system is essentially the Wei-Norman system 
associated to (7.156), when we take the factorization (7.161) with respect to the basis of Q n 
defined above. This fact seems to have not been pointed out before. 

In addition, the coordínate transformation given in [255, Eq. (16)], which relates the 
power form and chained form systems, acquires the meaning of the change between two dif- 
ferent sets of second kind canonical coordinates of the Lie group with Lie algebra Q n involved, 
defined, respectively, by the factorizations g = exp(v„a„) exp(v„_ia rl _i) • • -exp(uiai) and 
g = cxp(— V\ai) exp(— v 2 a 2 ) ■ ■ ■ exp(—v n a n ). Needless to say, the change between two sets of 
second kind canonical coordinates for a general Lie group is defined only in the intersection of 
the open neighbourhoods of the identity in which such coordinates are defined. 

We remark that in previous examples we have obtained several particular cases of the 
chained and power forms. In Subsection 7.2.1, the factorization (7.8) leads to the power form 
(7.9), and the factorization (7.11) to the chained form (7.12), both with n = 3. In Subsec- 
tion 7.3.2, it is obtained the chained form (7.1 15) with n = 4 after a state space feedback trans- 
formation, and the factorization (7.122) leads to the power form (7.123) with n = 4, which in 
turn can be identified with the sphere Martinet system (7.132). In Subsection 7.3.3 we have 
treated the power form system (7. 143) with n = 5 when taking the factorization (7. 142). 
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As it has been mentioned before, there exists in the literature a control system which is a 
realization of a Lie system with the same underlying Lie algebra, of appropriate dimensión, as 
that of the chained or power form systems. Let us show this briefly. Using a slightly different 
notation, the Example 4 of [269] is the control system in R 7 , with coordinates {x\, . . . , x 7 ), 
given by 

±i=b\{t), x 2 =b 2 {t), xz = b 2 {t)x\, ±i = b2{t)x\, 

x 5 = b 2 {t)x\, x 6 = b 2 {t)x\ , x 7 = b 2 {t)xl, (7.163) 

where, as usual, the control functions are b\{t) and b 2 (t). Its solutions are the integral curves of 
the í-dependent vector field bi(t)Xi + b 2 (t)X 2 , where 

v d d 4 d r d fi <9 7 d 8 d 

X 1 = — , X 2 = — +x\—+x\—+x\—+x\—+x\—. 

axi ox 2 ox 3 0x4 ox 5 oxq 0x7 

Note that the system (7.163) is, in certain sense, in power form, but not of the same kind as 
(7. 162). Now, it is not difficult to prove that the new vector fields obtained by taking Lie brackets 

-^3 = [Xi, X 2 ] , X4 = [X 1 , X 3 ] , . . . , X w = [Xi, X g ] , 

span the full tangent space at each point of M 7 , therefore the system is controllable, and cióse on 
a nilpotent Lie algebra isomorphic to 1O . Thus (7.163) is a Lie system with that underlying Lie 
algebra. We can solve it, for example, by means of any of the associated Wei-Norman systems, 
e.g., the systems (7.160) and (7.162) with n = 10. 

Finally, we point out some possible schemes of reduction of the right-invariant control sys- 
tem (7.156), and henee of the chained and power form systems, according to the theory of re- 
duction of Lie systems. Due to the structure of the Lie algebra g n , discussed above, we have a 
number of possibilities to perform it. It is assumed that n > 3. We could follow, for example, a 
pattern of successive reductions from Q n to Q n _ 1 , then to Q n _ 2 and so on, based on the property 
Q n /} n = At each step, we leave to be solved a Lie system in the Lie algebra K, which 

is solved by one quadrature, and we can stop this procedure at any suitably chosen step. For 
example, we can always stop when we reach the Lie system with Lie algebra t)(3). 

Another possibility is to reduce directly by taking the Abelian subgroup generated by any 
of the Abelian ideáis i ní k, when fce{2, — 3}: Then we would obtain a Lie system with 

associated Lie algebra Q n /i n ,k — Q n -k m ^ another with i n ¿, which can be identified with R k . 
It is particularly interesting the case k = n — 3, which leads to a Lie system with Lie algebra 
f)(3) and another in R n ~ 3 . 

And of course, we could perform the reduction with respect to the subgroup generated by 
the maximal proper ideal 3 n , obtaining then a Lie system with Lie algebra Q n /3 n = R 2 and 
another inM™- 2 . 

The explicit calculations for any of these reductions can be carried out in an analogous 
way to the cases treated so far; recall, in particular, the explanations in Subsection 7.2.1 and the 
previously treated examples. 



7.4 Lie systems of the generalized elastic problem of Euler 



In a recent series of articles [182-184, 186, 187], and in the book [185], Jurdjevic has investigated 
a number of examples of control systems on Lie groups, tipically in semisimple and sometimes 
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solvable Lie groups. Generally, these problems consist of a set of kinematic equations, Le., 
a right-invariant control Lie system on the Lie group of interest, and a dynamic part, which 
appears from the problem of minimizing the cost functional given by the integral of the sum of 
the squares of the control functions, according to the Pontryagin Máximum Principie [279], and 
the associated Hamiltonian formalism. Similar techniques have been used, e.g., in [243-245] 
in order to generalize Dubin's problem [112, 113] to non-Euclidean manifolds with constant 
curvature. 

Amongst these problems, we are interested now in the generalization of the so-called elastic 
problem of Euler to homogeneous spaces of constant curvature embedded in a three-dimensional 
Euclidean space [183-185, 187], and more specifically, on the kinematic part of such problem. 
This is described, as it has been mentioned, by a right-invariant control system, formulated on 
the Lie group of symmetry of these homogeneous spaces. 

The cases of interest are three: Apart from the original problem of Euler, formulated on the 
plañe and therefore with SE{2) as associated Lie group, it is considered the case of the sphere, 
with associated Lie group 50(3), and the case of either one-sheeted or two-sheeted hyperboloid, 
or the double cone, with associated Lie group SO(2, 1). Thus, we are led to the study of right- 
invariant control systems on these Lie groups. 

The case of SE (2) has been studied already in Subsection 7.3.1, using a parametrization 
of the group by second kind canonical coordinates. The study of the case of SO (3) will be of 
use in any (control) Lie system with this group as a configuration space, as the orientation of 
a rigid body [55, 183], a model for DC to DC conversión [55], the Frenet equations in three- 
dimensional space [69,242], spacecraft attitude control [26,99,206,221,268], models of self- 
propulsed bodies [299, 300], and others. 

However, as it has been pointed out in [184], the three cases can be dealt with at the same 
time, by using a parameter e which takes the three valúes and ±1 such that the Lie group of 
interest is G £ , with G = SE(2), G\ = 50(3) and G_i = 50(2, 1). Accordingly, the relevant 
Lie algebra will be Q e , with Q =St(2),Q 1 =50(3) and Q_ 1 =50(2, 1). We will study in this 
fashion the application of the Wei-Norman and reduction methods for these problems. 

In these examples new features will appear. In contrast to some of the previous examples, 
the composition law of G e , when e = ±1, cannot be expressed in a simple way in terms of a set 
of second kind canonical coordinates. In addition, the change of coordinates between first and 
second kind canonical coordinates cannot be written in a simple way either, see, e.g., [10, 316]. 
Notwithstanding, given a right-invariant Lie system, we can regard it as formulated in any Lie 
group whose Lie algebra is the given one. Amongst these, there exists a unique connected and 
simply connected Lie group which is the universal covering of all the others with the same Lie 
algebra. In the case of the Lie algebra 50(3), such a group is SU (2), which covers 50(3) 
twice. It is known that SU (2) is identifiable with the set of unit quaternions, and that it admits a 
very simple representation with respect to which the composition law is expressed easily. Thus, 
when dealing with the reduction, we will work in SU (2) rather than in 50(3). From our unified 
treatment, we will take then the universal covering G € of G € in the three cases of interest. 

We will start with a slightly more general system than that appearing in [183-185]; in 
particular, the case posed therein is recovered taking (with our notation) b\ (t) = 1, b 2 (i) = k(t) 
and 63 (t) — for all t. The system of interest is thus the control system with configuration space 
K 3 , and coordinates (xi, x 2 , £3), given by 



¿1 = b 2 (t)x 3 - bi(t)x 2 , x 2 = h(i)xi - b 3 (t)x3 , ± 3 = e(b 3 (t)x 2 - b 2 (t)x 1 ) , (7.164) 
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±2 




V ¿3 y 





where e = ±1, O, and &i(í), &2(í) and b 3 (t) are the control functions. Note that this system can 
be written as well in matrix form as 

-h(t) b 2 (t) \ ( Xl \ 
h(t) -b 3 (t) \ \ x 2 . (7.165) 
-eb 2 {t) eb 3 (t) J \x 3 J 

The solutions of (7.164) or (7.165) are the integral curves of the time-dependent vector field 

6i(t) X 1 + fe (i) X 2 + 63 (í) X 3 , where 

d d d d d d 

Xx = xi x 2 tí — , ^2 = £3 7; e xi q — , X 3 = e x 2 x 3 7^ — . (7. 166) 

aa; 2 axi raí 0x3 ox 3 0x2 

The Lie brackets of these vector fields are 

[Xi,X 2 ]=X 3 , [Xi,X 3 ] = -X 2 , [X 2 ,X 3 ]=eXi, (7.167) 

and henee they genérate a Lie algebra isomorphic to Q € , where £) = St(2), g x = SO (3) and 
£)_i = S0(2, 1). This Lie algebra has a basis {ai, a 2 , a 3 } with respect to which the defining 
Lie produets are 

[01,02]= «3) [oi,a 3 ] = -a 2 , [a 2 , a 3 ]=eai. (7.168) 

(Compare the case e = with (7.88)). 

The right-invariant Lie system of type (2. 10) corresponding to (7. 164), on a Lie group with 
Lie algebra Q e , takes the form 

-R g (t)-i* g (t)(.g(i)) = — 6i(í)o-i - b 2 (t)a 2 - b 3 (t)a 3 , (7.169) 

where g(t) is the solution curve starting, say, from the identity, and {ai, a 2 , a 3 } is the previous 
basis of £ . In other words, this equation is, at least formally, the same if we take the Lie group 
G e defined above, or for example its universal covering G £ . Let us study now the Wei-Norman 
systems which can be associated to the Lie system (7.169). The adjoint representation of Q e 
reads in the basis {ai, a 2 , a 3 } 



ad(ai) = | -1 ) , ad(a 2 ) = | | , ad(a 3 ) 
1 

In order to express in a compact way the exponentials of these matrices, we define the signature- 
dependent trigonometric functions (see, e.g., [28]) C e (x), S € (x) and T e (x) by 

e = 1 ( s'mx e = 1 Q ( ) 

C(.D = <¡ 1 e = S e (x) = l x e = T e (x) = g^g , 

e = — 1 [ sinhx e = — 1 e ^ ' 

where x € K. These functions, amongst other properties, satisfy 

C e (x + y) = C e (x)C £ (y) -eS e (x)S e (y) , 

S e (x + y) = C e (x)S e (y) + S e (x)C e (y) , (7.170) 
C*(x) + eS 2 e (x) = 1, 
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and 



-««,<„), ^W.ftW, 5M = 1 + e T ÍW = '.(7.171, 
dx da; dx w(a;) 

Then, we have 

exp(— vi ad(ai)) = 
exp(— 1> 2 ad(a 2 )) = 
exp(-i> 3 ad(a 3 )) = 

Writing the solution which starts from the identity of (7.169) as the product of exponentials 

g(t) = exp(-ui(í)oi) cxp(-u 2 (í)a 2 ) exp(-7j 3 (í)a 3 ) (7.172) 

and using the Wei-Norman formula (2.28), we obtain the system of differential equations for 

íji(í), v 2 (t) and?j 3 (í): 

v\ = b\(t) + eT e (v 2 )(b 3 (t) cosw! + b 2 {t) smv\) , 
v 2 = b 2 (t) cosw! — 63 (í) sin vi , (7.173) 
63 (í) COS7J! + 6 2 (í) sinw! 




C £ (V2) 



with initial conditions i>i(0) = «2(0) = 1*3(0) = 0. We can choose other five orderings in 
the product (7.172), leading to different systems of differential equations for the corresponding 
second kind canonical coordinates. The results are summarized in Table 7.5. It can be checked 
that all of these Wei-Norman systems can be regarded as well as Lie systems with associated Lie 
algebra fj e . For e = ±1 the group G t is not solvable and none of the Wei-Norman systems can 
be integrated by quadratures in a general case. Note that the system (7. 164) is linear, meanwhile 
all the systems in Table 7.5 are not. Note as well that if in these Wei-Norman systems we put 
e = and 6 3 (í) = 0, for all t, we recover the Wei-Norman systems forSe(2) given in Table 7.3. 

If one is able to solve, by some means, one of the Wei-Norman systems of Table 7.5, then 
the general solution of (7. 164) can be obtained directly. For doing that, we need to obtain as well 
the expression of the action on the configuration manifold such that the infinitesimal generators 
associated to the basis {ai, a 2 , a 3 } be the given vector fields {X\, X 2 , X 3 }. 

But it is not difficult to realize that the vector fields {Xi, X 2 , X¡} can be regarded as 
fundamental vector fields with respect to the linear action of the group G e , given by Gq = 
SE(2), Gi = S*0(3) and G_i = 5*0(2, 1), on M 3 (in the case of SE (2) the action is on planes 
X3 = Const.). Indeed, take the 3 x 3 matrix representation of the Lie algebra Q e given by 



01 = -1 , 02= , a 3 = 1 , (7.174) 
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Table 7.5. Wei-Norman systems of differential equations for the solution of (7. 1 69), where {ai , 02 , 03 } is 
the basis of the Lie algebra e defined by (7.168). The initial conditions are «i(0) = «2(0) = «3(0) = 0. 



Factorization of g(t) 



Wei-Norman system 



exp(— v\a\) exp(— 1^202) exp(— «303) 



exp(— V2C12) exp(— 1)3(13) exp(— v\a\) 



¿>i = í>i (i) + e (&3 (í ) eos vi + 62 (í ) sin v\ ) T e (v2 ) 
¿2 = te(í) cosui — b3 (í) sinui 



«3 



Di 



E*3 (t) cos^i+b2(í) sini?i 
bl(t)C e (v 2 ) + tb 3 (t)S e (v 2 ) 



V2 = 62 (*) + (61 (*) C e («2) + e&sW&M)^^) 
Ú3 = 63(í)C e (t;2)-6i(í)S e («2) 



exp(— «303) exp(— Diai) exp(— V2a,2) 



vi = b!(t)C e (v 3 ) -eb 2 (t)Se(v 3 ) 

v 2 = (b2(t)C e (v 3 ) + bi(t)S e (v3))secvi 

v 3 = 63 (í) + (62 (t) C e (D 3 ) + 61 (t) 5,(1)3)) tan vi 



exp(— viai) exp(— v 3 a 3 ) exp(— D2d2) 



¿1 = 61 (í) + e (63 (i) sin í)i - b 2 (í) eos i>i ) T e (t; 3 ) 

^2(*) eos vi— b^(t) sinui 

^2 " C^) 

v 3 = 63 (t) cosui + t>2 (í) sin di 



exp(— 1)202) exp(— Diai) exp(— 1)303) 



¿1 = 61 (t) C e (V2 ) + e 63 (*) S e (V2 ) 

v 2 = 62 (í) + (61 (t) ^(1)2) - 63 (*) C e (D2)) tan di 

1>3 = (fe 3 (í)C £ (D2) -fcl(t)5 e (D 2 ))sCCDl 



exp(— «303) exp(— D2d2) exp(— v\a\) 



Di 



ii(')c,('¡)-'tiMi.(»¡) 



V2 = b 2 (t)C e (v 3 )+b 1 (t)S € (v 3 ) 

v 3 = 63 (t) + (ete(í) S e (D3) - fei(í) C e (D 3 ))T £ (D 2 ) 



which satisfy the relations (7.168) under the commutator of matrices. Then, if x denotes the 
column vector 

x = I x 2 J , (7.175) 
it is easy to check, according to (2.2), that 

-^/(expí-soO*) =(Xif)(x), /eC°°(K 3 ), ¿ = 1,2,3. 
as s=a 

Therefore, the action can be written as 

$:G e xl 3 — ► M 3 

(5, 1 — >gx, (7.176) 



224 



Lie systems in control theory 



Chap. 7 



where g acts on x by matrix multiplication. Thus, if g(t) is the solution starting from the identity 
of (7.169), which is assumed to be formulated on G e , then the general solution of (7.164) can be 
expressed as x(t) = &(g(t), x ) = g(t)x , where x is a column vector of initial conditions in 
R 3 . For example, let us write the mentioned solution of (7.169) as the factorization (7.172). The 
explicit expression of 

g(t) = cxp(-wioi) exp(-t;2a2) cxp(-v 3 a 3 ) , 
with respect to the matrix representation of the Lie algebra Q e given by (7.174), is 

C e (v2 ) eos vi eS e (v2) S e (v:¡) eos vi — C e (v:¡) sin vi S e (v2) C € (v:¡) eos vi + S € (v:¡) sin vi \ 
C' € (v 2 ) sin vi C' € (v s ) cosui + e S e (v 2 ) S e (v :i ) sin^i -S c (v 3 ) eos v 1 + S e (v 2 ) C € (vz) sin vi , 
-eS e (v 2 ) eC e {v2)S e (v 3 ) C f \v 2 ) C f \vz) ) 

where w¿ = w¿(í), i = 1, 2, 3. If Xo = (xio, %20, x 3o) T denotes the vector of initial conditions, 
it is not difficult to check, although the computation is slightly cumbersome, that x(t) — g(t)x^ 
indeed satisfies (7.164), provided that (7.173) holds. For the other factorizations we have similar 
results. 



7.4.1 Reduction of Lie systems on G e 

We turn our attention now to the application of the theory of reduction of Lie systems to the 
kinematics describedby the control system (7.164). More specifically, we will apply it to reduce 
the problem of solving the right-invariant system (7.169) to two other problems. If we are able 
to solve them, the solution of (7.169) can be reconstructed, and then, the solution of (7.164) can 
be calculated as indicated in the previous subsection. 

A difficulty of topological origin appears when we try to solve (7.169) in G e : For the case 
Gi = 50(3), it is known that it does not admit a global three-dimensional parametrization 
without singular points [ 1 0, 3 1 6] . Moreover, in order to perform the reduction in an explicit way, 
we need a suitable parametrization of the Lie group and the expression of the composition law 
with respect to it. The usual parametrization of 5*0(3) by means of the Euler angles, or by means 
of canonical coordinates of first or second kind, do not serve properly for this aim. 

In contrast, the universal covering of 5*0(3), Le., the Lie group of unitary matrices 2x2 with 
complex entries SU (2), which can be identified in turn with the set of unit quaternions, admits a 
simple parametrization in terms of four real numbers (subject to the determinant condition). The 
composition law in terms of these parameters is very simple to write. This representation seems 
to be very appropriate as well in applications and in the numerical integration of the equations 
of motion of a rigid body [55,316]. Therefore, this suggests us the possibility of posing the 
problem (7.169) in the universal covering group G e rather than in G e , and then apply the theory 
of reduction. 

However, with this way of proceeding, the solution so obtained cannot be used directly to 
solve (7.164) by using the action (7.176), but a modification should be made on account of the 
fact that SU (2) covers 50(3) twice. 

Putting aside this last problem, we will concéntrate on the application of the reduction 
theory to solve (7. 169), when formulated as a right-invariant Lie system on the universal covering 
G e of G e . Note that G = SE(2), Gi = SU (2) and G_i = SU(1, 1). 

We proceed now to the parametrization of the group G e . It is well -known that we can 
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identify the Lie group SU (2) with the set of 2 x 2 matrices with complex entries of the form 



a_ ¡3 
-¡3 á 

where a, (3 e C and the bar means complex conjugation. These matrices have determinant equal 
to one, Le., \a\ 2 + \¡3\ 2 = 1. The two complex numbers a and (3 are known as Cayley-Klein 
parameters. 

Analogously, the Lie group SU(1, 1) can be identified with the set of 2 x 2 matrices with 
complex entries of the form 

' a ¡3 ' 
¡3 á _ 

where a, ¡3 € C, with determinant equal to one, i.e., \a\ 2 — \(3\ 2 = 1. 

Both cases can be studied at the same time by using the notation depending on e, that is, by 
now we can identify 



a _ ¡3 
—e/3 á 



a, ¡3 e C, \a\ 



1 



±1. 



with the matrix product as the composition. We prefer, however, to parametrize the group by 
using real parameters, and express the composition law with respect to them. If we write a = 

a + ib,f3 = c + id, and a' = a' + ib', ¡3' = c' + id', a" = a" + ib", ¡3" = c" + id", we have that 



a + ib c + id 

-e(c-id) a — ib 



a' + ib' d + id! 
-e (c' - id!) a! - ib' 



a!' + ib" c" + id" 
-e(c"-id") a" -ib" 



with 



a" = aa' - bb' - e (ce' + dd!) , b" = ba' + ab' - e (de' - cd') . 
c" = ca' + db' + ac' - bd' , d" = da' - cb' + be' + ad! . 



(7.177) 



Therefore, we identify G e , when e = ±1, with the set of four real numbers (a, b, c, d) such that 
a 2 +b 2 +e(c 2 +d 2 ) = 1, and composition law (a, b, c, d)(a', b' , c', d') = (a", b" , c" , d")given 
by (7.177). Notwithstanding, if we put e = in these expressions we will obtain a parametriza- 
tion of the Euclidean group in the plañe, so the previous definitions can be extended to cover this 
case and we have Go — SE (2): 

G e = {(a, b, c, d) | a 2 + b 2 + e(c 2 + d 2 ) = l} , e = 0, ±1 , 

with the composition law given by (7.177). We can find very easily a 4 x 4 matrix representation 
of this group. If g = (a, b, c, d) G G e , we can represent it by 



( a -b 

b a 

c d 

\ d -c 



-ec 
-ed 

a 

b 



-ed \ 

e c 



) 



It is easy to check that the parameters of matrices of this kind compose according to (7.177) 
when taking the matrix product. Choosing e = 1 we recover the usual way of representing the 
group of unit quaternions, see, e.g., [10, 316] and [55, p. 279]. 
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We can distinguish easily three uniparametric subgroups of G £ , taking into account the 
properties (7.170). They are made up, respectively, by matrices of the type 



and 



/ eos s 


— sin s 


o 


\ 




sin s 


eos s 
















eos s - 


- sins 




V o 





sins 


coss J 






n 
u 


— t Je[S) 





\ 





C e (s) 







S e (s) 





C e (a) 










-S e {8) 





C e {8) 


/ 


C £ (s) 








-eS e (s) \ 





C e (s) 


-eS e (s) 










Se(s) 


Ce(s) 







S e (a) 








C e (a) 


/ 



where s e fin the three cases. Accordingly, we can find a 4 x 4 matrix representation of the 
Lie algebra Q e , with the basis 



Oí = 



/ 


-i 
















( 





— e 


\ 


1 

















1 











e 











-1 




1 


a 2 


~ 2 


1 











V o 





1 





) 










-1 













( o 










-e > 














1 










— e 















«3 = 


2 







1 






















V 1 










o J 











(7.178) 



satisfying the relations (7.168) under the commutator of matrices. 

We have to calcúlate now the adjoint representation of the Lie group G £ and ¿¡(tyg^)^ 1 for 
any smooth curve g(t) in this Lie group, with respect to the basis (7.178). We can use in this case 
the expression Ad(g)a — gag^ 1 , for all a in the Lie algebra and g in the Lie group, because of 
the matrix representations obtained above. 

If we denote g = (a, 6, c, d) € G e , we obtain 



2e (be — ad) 
i 2 -b 2 + e (c 2 - d 2 ) 



/ a 2 + b 2 -e(c 2 + d 2 ) 
Ad(g) = 2 (be + ad) 

\ 2 (bd- ac) 2(ab + e cd) 

(7.179) 

In the particular case e = 1, we recover the expression of the adjoint representation of SU (2) 
given in [316, p. 423]. On the other hand, if 



2e (ac + bd) 
2 (e cd — ab) 
a 2 -b 2 -e(c 2 -d 2 ) 



9(t) 



I a(t) -b(t) -ec(í) -ed(t) \ 

b(t) a(t) -ed(t) ec(í) 

c(t) d(t) a(t) -b(t) 

\ d(t) -c(t) b(t) a(t) J 



€ G e , for all t , 
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we have 



g(t)g(t) 1 = 2 (ab — bá + e (cd — de)) ai + 2 (ac — ca + db — bd) a 2 
+ 2 (ad — da + bc — cb) a 3 , 

where {ai, a 2 , a 3 } are given by (7.178), and use has been made of ad + bb + e (ce + dd) = 0, 
which is a consequence of a 2 + b 2 + e (c 2 + d 2 ) = 1. Thus, we can write, with a slight abuse of 
notation, 

(ab — bü + e (cd — dé) \ 
ac- cá + db-bd . (7.180) 
ad — da + bc — cb j 

Now, in order to perform the reduction, we choose the compact subgroup H generated by 
the element {ai} of fj e , which can be identified with 50(2). We would like to remark that in 
the original generalization of the elastic problem of Euler, the homogeneous spaces of constant 
curvature considered are identified, using our notation, as the quotient G e /H, see [184, p. 97]. 

The relevant factorization of g e G e reads 



/ Va 2 + b 2 



( a 
b 

c 



a 
d 



-ec 
-ed 
a 



-ed \ 
ec 
-b 
a 










Va 2 + b 2 


ac— bd 


bc+ad 


Va 2 +b 2 


Va 2 +b 2 


ad+bc 


bd—ac 


s/a ¿ +b 2 


s/a 2 +b 2 


a 


b 


s/a 2 +b ¿ 
b 


s/a 2 +b 2 
a 


Va 2 +b 2 


Va 2 +b 2 















e(bd— ac) 
Va 2 +b 2 

e(ad+bc) 
~ Va 2 +b 2 

Va 2 + b 2 

o 






Va 2 +b 2 
b 

Va 2 +b 2 



e(ad+bc) \ 
" Va 2 +b 2 

e(ac—bd) 
Va 2 +b 2 



o 
o 



b 2 



Va 2 +b 2 
a 

Va 2 +b 2 / 



where the second factor of the right hand side belongs to H. We parametrize (locally) the homo- 
geneous space M — G e /H by the coordinates (zi, z 2 ), defined such that the projection reads 



tt l : G e 
(a, b, c, d) 



G e /H 

(zi, z 2 ) 



ac — bd bc + ad 



b 2 ' 



b 2 



Then, the left action of G e on M is given by 

A : G £ x M — > M 
((a, b, c, d), (zi, z 2 )) i — > tt l (a, b, c, d) 



Ni N2 
D ' D 



(a', b', a'z\ + b'z 2 , —b'z\ + a'z 2 ) 
^(a> 2 + b> 2 )(l + e(z 2 + z 2 )) ( 
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N x = (a 2 -b 2 -e(c 2 - d 2 )) Zl - 2(ab + ecd)z 2 + (ac-bd)(í -e(z 2 + z¡)) , 
N 2 = 2(ab-ecd) Zl + (a 2 - b 2 + e(c 2 - d 2 ))z 2 + (ad+bc)(l -e(z 2 + z¡)) , 
D = a 2 + b 2 - 2e((ac+bd) Zl + (ad-bc)z 2 ) + e 2 (c 2 + d 2 ){zf + z\) , 

and the real numbers a' and b' parametrize the lift of (z 1; z 2 ) to G £ . Note that the isotopy 
subgroup of (0, 0) with respect to A is H and tt l (H) = (0, 0), as expected. The fundamental 
vector fields with respect to this action, calculated according to (2.2), are 



vH ® ® vH 

X l = Z 2ñ 217 — i X 2 

OZ\ OZ 2 



\ [x +^- Z2)) í- íz ^h 



X? = -ez lZ2 ±--\ { l-e{zl-zl))^-, 



(7.181) 



which satisfy 



[Xf,*f]=Xf, [X»,X»]=eX», [X^X»]=-X 2 H . 

Forthe case e = 1, the vector fields (7.181) are essentially the same as that of [143, Table 1,1.3], 
which provide a realization of the Lie algebra 50 (3) in terms of vector fields in the real plañe. 
Now, we factorize the solution which starts from the identity of (7.169) as the product 

d{t) = 9i(t)h(t), where 



.91 (*) = 



^l + e(z 2 (t)+z 2 (t)) 



1 

1 

zi(t) z 2 (t) 

\ z 2 (t) - Zl (t) 



-ezi(t) 
-ez 2 (t) 

1 





-€Z 2 {t) \ 
£2l(í) 



projects onto the solution n L (gi(t)) = (zi(t), z 2 (t)), with (zi(0), z 2 (0)) = (0, 0), of the Lie 
system associated to (7.169) on the homogeneous space M: 



¿i = h(t)z 2 - -b 2 (t)(l + e (z¡ - z 2 )) - b 3 (t) e z x z 2 , 
¿2 = - b 2 (t)ez 1 z 2 - ^b 3 (t)(l -e(z 2 - z 2 )) 



(7.182) 



and h{t) is a curve in H, with h(0) = (1,0, 0, 0). This curve satisfies, according to the reduction 
Theorem 2.5.1, the equation 

ft(t)/i(t) _1 = - Ad( ffl - 1 (í))(fei(í)ai + b 2 (t)a 2 + b 3 (t)a 3 + si(t)si(t) _1 ) . 

Let us parametrize the curve in H as h(t) = cxp(u(í)ai), Le., 

h(t) = 

V 





-sin(^) 








\ 




eos m 
















cos(^) 


-sin(^) 












cos(^) 


/ 
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Then the previous equation yields the differential equation for v 

v = -b^t) + e (b 3 (t) Zl (t) - b 2 (t)z 2 (t)) . (7.183) 

Note that the infinitesimal generators (7.181), the equations in the homogeneous space (7.182) 
and the final equation in the subgroup (7.183) reduce, essentially, to those of the first case of 
reduction for SE (2) in Table 7.4 when e = 0. 

7.4.2 Kinematics in 50(3, R) as a Lie system 

We have treated in a unified fashion the kinematic equations of the generalized elastic problem 
of Euler from the perspective of the theory of Lie systems. As a particular case, we obtain the 
analysis of the kinematic equations on the Lie group of rotations 50(3) (or on SU(2)) when in 
all formulas we choose e = 1. 

However, the kinematic control equations in the group 50(3) appear in many applications 
of practical interest, so they deserve a special attention on their own. Equations of this kind 
appear, for example, as the rotational kinematic part of the plate-ball problem, already mentioned 
in Subsection 7.2.3.1, see [182, 183,200], or the kinematic control equations of a rigid body 
moving about one fixed point [55, 183], which appear mainly when considering the spacecraft 
attitude control problem [26,97,99,206,221,268]. Equations of this type are also intimately 
related with the Frenet equations in three-dimensional space [69,242]. Even there exists models 
for DC to DC conversión [55], or models of self-propulsed bodies at low Reynolds number 
[299, 300] whose evolution equation is an equation of motion in 50(3) of the type mentioned. 

Moreover, some of these problems, jointly with other motivations, have inspired subsequent 
developments, as the generalization of some of the results of [99] to connected (or compact 
semisimple) Lie groups of dimensión n, see [42,47], or are related with other questions as the 
uniform generation of the rotation group in n dimensions 50 (n) [101], and the development of 
the dynamic interpolation problem and the De Casteljau algorithm on Lie groups and symmetric 
spaces [9,102,103,305]. 

Therefore, we will particularize the expressions of the previous subsection for the case 
e = 1, in order to have a quick reference with regard to the kinematic control problem in 50(3) 
from the perspective of Lie systems. For more details on the derivation of the following formulas 
we refer to the general case treated along this section. 

We start with the control system with configuration space M 3 , and coordinates (ari, x 2 , x 3 ), 
given by 

x\ = b 2 (t)x 3 - h(t)x 2 , x 2 = bi(t)xi - b 3 (t)x 3 , x 3 = b 3 (t)x 2 - b 2 (t)xi , (7.184) 

where b 2 (t) and b 3 (t) are the control functions. The system can be written in matrix form 
as 

/ ¿i \ / -h(t) b 2 (t) \ ( Xl \ 

x 2 = 6i(t) -6s(í) \ i x 2 , (7.185) 

\ ¿ 3 / V - & 2W 6s(t) J \X 3 J 

and its solutions are the integral curves of the time-dependent vector field &i (í) X\ + b 2 {t) X 2 + 
b 3 (t) X 3 , where now 
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These vector fields satisfy the Lie brackets 

[X 1 ,X 2 }=X 3 , [X 1 ,X 3 ] = -X 2 , [X 2 ,X 3 }=X 1 , (7.187) 

and henee they genérate a Lie algebra isomorphic to 50(3), which has a basis {ai, a 2 , a 3 } with 
defining Lie produets 

[ai, a 2 ]=a 3 , [ai,a 3 ] = -a 2 , [a 2 , a 3 ] = ai . (7.188) 

The vector fields {Xi, X 2 , X 3 } are fundamental vector fields corresponding to the linear action 
of 50(3) on R 3 : If x denotes a column vector as in (7.175), consider the action 

$ : 50(3) x R 3 — ► K 3 

(g,x)^->gx, (7.189) 

where g acts on a; by matrix multiplication. The Lie algebra SO (3) is identified in a natural way 
with the set of 3 x 3 antisymmetric matrices. A basis of this set is given by 

-1 \ / o o o 

ai = | -1 | , a 2 = | O O O , a 3 = O O 1 | , (7.190) 

10 0/ \ -1 

which moreover satisfy the relations (7.188) under the commutator of matrices. Then, we have 

-^/(expí-soi)*) =(Xif)(x), /eO°°(R 3 ), ¿ = 1,2,3, 
as s=q 

and therefore, according to (2.2), the vector fields are as claimed. 

The right-invariant Lie system of type (2.10) corresponding to (7.184) or (7.185) on the Lie 
group 50(3) can be written, regarding it as a matrix Lie group, as 




99 



1 = -&i(t)ai - b 2 (t)a 2 - b 3 {t)a 3 , (7.191) 



where {ai, a 2 , a 3 } is the basis ofS0(3) given by (7.188). 

If we take the previous representation of the Lie algebra (7.190) then we can write gg _1 = 
fí(6(í)), or 

g = Cl(b(t))g, (7.192) 

where 

/ -h(t) b 2 (t) 
Q(b(t)) = h(t) -b 3 (t) 
V -h(t) b 3 (t) 

The equation (7.192) is the usual way of writing the kinematic control equation on the Lie group 
50(3), which as we see is a right-invariant Lie system on that group. 

Let us find now the Wei-Norman systems which can be associated to the right-invariant 
system (7.191) or (7.192). Writing the solution of these equations which starts from the identity 
as the product of exponentials 

g(t) = exp(-ui(í)oi) exp(-u 2 (í)a 2 ) exp(-v 3 (í)a 3 ) (7.193) 
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Table 7.6. Wei-Norman systems of differential equations for the solution of (7.191), where 
{ai, a,2, as} is the basis of the Lie algebra £0(3) defined by (7.188). The initial conditions are 

vi (0) = v 2 (0) = « 3 (0) = 0. 



Factorization of g(t) 



Wei-Norman system 



exp(— Di ai) exp(— ^212) exp(— 1)303) 



vi = bi(t) + (63(4) cosui +&2(í) sin v\ ) tan D2 

V2 = b 2 (t) cosdi — 63 (í) sin Di 

v 3 = (í>3 (t) cosdi + f>2 (í) sin«i)secD2 



exp(— V2C12) exp(— 1)303) exp(— Diai) 



vi = (bi(t) eos v 2 + bg(t) sint)2)seci)3 

V2 = 62 (í) + (61 (t) COSD2 +&3(í) sint)2)tani)3 

¿3 = 63 (í) eos 1)2 — 61 (t) sini)2 



exp(-D 3 a 3 ) exp(— v\a\) cxp(— V2C12) 



vi = bi(t) eos 1)3 — 62 (í) sint)3 

¿>2 = (í>2 (t) eos «3 +fei(í) sin D3) sec Di 

¿>3 = í>3 (í) + (í>2 (*) eos 1)3 +6i(í) sin «3 ) tan Di 



exp(— Di ai) exp(— 1)3013) exp(— D202) 



di = bi (í) + (63 (í) sin di — 02 (í) eos di ) tan D3 
V2 = (»2(í) eos Di —63(4) sin di) sec D3 
V3 = 63 (í) eos Di + 62 (í) sin Di 



exp(— D2ü2) exp(— Diai) exp(— D303) 



Di = 61 (í) COSD2 + &3(í) SU1D2 

V2 = b 2 (í) + (61 (i) sin D2 — 63 (í) eos D2 ) tan di 
V3 = (í>3 (t) C0SD2 — fei(í) sinD2)secDi 



exp(— D3a3) exp(— D2C12) exp(— Diai) 



Di = (bi(t) COSD3 — 62 (í) sinD3)secD2 

D2 = &2(í) COSD3 + 61 (í) SUID3 

V3 = í>3 (í) + (b2 (t) sin D3 — 61 (í) eos D3 ) tan D2 



and using the Wei-Norman formula (2.28), we obtain the system of differential equations for 

vi(t), v 2 (t) and v 3 (t): 

Vi = 61 (i) + (63 (í) eos v\ + b 2 (i) sin vi ) tan v 2 , 

v 2 = b 2 (t) eos vi — bs(t) sinui , (7.194) 
i>3 = (63 (i) eos «i + 6 2 (í ) sin «i ) sec v 2 , 

with initial conditions i>i(0) = ^(0) = v¡(0) = 0. We can choose other five orderings in the 
product (7. 193), yielding five different systems of differential equations for the associated second 
kind canonical coordinates. The results are summarized in Table 7.6. It can be checked that all of 
these Wei-Norman systems can be regarded as well as Lie systems with associated Lie algebra 
50(3). This Lie algebra is simple and none of the Wei-Norman systems can be integrated by 
quadratures in a general case. We would like to remark that the system (7. 194) is the same as that 
of [99, Eq. (3)], obtained from a slightly different approach for the specific example of 5*0(3). 
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Now, as far as the reduction theory of Lie systems is concerned, we will give the relevant 
expressions. As explained in the preceding subsections, it is convenient to treat the reduction of 
the right-invariant Lie system (7.191) formulated on SU {2), rather than on 5*0(3). The former 
is the universal covering of the latter, as it is well-known, and can be identified with the set of 
unit quaternions. They admit a 4 x 4 matrix representation, with matrix elements [55] 

(a —b —c —d \ 

b a —d c 

c d a —b 

y d —c b a 



such that the real numbers a, b, c and d satisfy a 2 



1. The Lie algebra S0(3) or 



SU(2) is represented by 4 x 4 matrices as well, a basis of it being given by 
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(7.195) 



which satisfy the defining relations (7.188) under the matrix commutator. Then, we can reduce 
the problem of solving (7.191) to that of solving a Lie system on the subgroup generated by ai: 
If we factorize the solution of the first problem as g(t) — g\{t)h{t), where 



9i(t) 



y/1 + z'Í(t) + 4(t) 



( 1 O - Zl (t) -z 2 (t) \ 

O 1 -z 2 (t) Zl (t) 

zi(t) z 2 (t) 1 O 

V z 2 (t) - Zl (t) O 1 



/ 



is such that (z\ (í), z 2 {t)) is a solution of the system of differential equations 

¿i = h(t)z 2 - Ío 2 (í)(l + z\- z\) - b 3 (t) Zl z 2 , 

1, 



¿2 = -bi(t) Zl - b 2 {t) Zl z 2 - -b 3 (t)(l -zf + Z ¿ 2 ) 



(7.196) 



then h(t), given by 





cos(^) 


-sin(ti) 








\ 




S in(^i) 


cos(^l) 


















eos 


-sin(^)) 




V 








sin(^) 


eos (^) ) 


/ 



h(t) = cxp(w(í)ai) 



is such that v(t) is a solution, with appropriate initial conditions, of the differential equation 

v = -6i(í) + b 3 (t) Zl (t) - b 2 (t)z 2 (t) . (7.197) 
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7.5 Lie control systems on SE (3) 

There appear in the control literature some problems where the Lie group SE (3) of rigid motions 
in the Euclidean space play a relevant role. Usually, these problems correspond to the motion 
control of a rigid body in such a space, as the motion of an autonomous underwater vehicle 
[220,221], the plate-ball problem [182, 183,200], see also Subsection 7.2.3. 1, and other problems. 
There exists, moreover, a recent interest in the generation of trajectories on SE(3), see [9, 102, 
103, 305] and references therein, which is also related to the previous problems. We will focus 
on the kinematic part of these systems, which as in previous examples, can be understood as a 
Lie system on the Lie group SE (3) itself or related ones. 

Recall that the Lie group SE(3) can be regarded as the semidirect product SE(3) = R 3 
SO(3) of the Abelian Lie group of translations in the space W 3 with the rotation group SO(3), 
relative to the natural action of the latter on the former. Thus, the Lie group SE (3) admits a 
natural 4x4 matrix representation with elements 



(7.198) 




A c 
1 



where A € SO(3) and c is the real column vector 



c = 



The composition law can be obtained easily through matrix multiplication: 

A c\ ( A 1 d \ ( AM Ac' + c 

o i ) \ o i ) ~\ o i 

For the sake of ease in the notation, we will denote sometimes elements of type (7.198) as pairs 
(c, A) with the composition law 

(c, A){d, A') = (c + Ad, AA') . (7.199) 

It is clear that the identity element is (0, Id) and that (c, A)^ 1 = (— A^ 1 c, A~ r ). Clearly, 
the set of elements of type (0, A) make up a subgroup, identified with SO(3), and the set of 
elements of type (c, Id), identified with R 3 , make up a normal subgroup: 

(c, A)(d, Id)(c, A)- 1 = (c, A){d, Id)(-A- 1 c, A- 1 ) 

= (c + Ad, A)(-A- 1 c, A- 1 ) = (Ad, Id) . 

In addition, each element (c, A) e SE (3) can be factorized in a unique way as (c, A) = 
(c, ld)(0, A) or (c, A) = (0, A)(A~ 1 c, Id). Compare with the definition of semidirect prod- 
ucts at the end of Section 2.5. 

According to the representation of the Lie group SE (3) above, we can easily find a 4 x 4 
matrix representation of the Lie algebra se(3), using the matrix representation already found for 
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the Lie algebra SO (3), see (7.190). Indeed, the six matrices 
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genérate the Lie algebra se(3) under the matrix commutator, with non-vanishing defining rela- 
tions 



[ai,a 2 ]=a 3 , [a 1 ,a 3 ] = -a 2 , [ai, cu] = -a 5 . 
[ai,a 5 ]=a 4 , [a 2 , a 3 ] = ai , [a 2 , a 4 ] = a 6 , 
[a 2 , a e ] = -ai , [a 3 , a 5 ] = -a 6 , [a 3 , a 6 ] = a 5 . 



(7.201) 



Note that {ai, a 2 , a 3 } genérate a Lie subalgebra isomorphic to 50(3), (compare with (7.188)) 
as expected. In addition, {04, a$, a^} genérate an Abelian ideal. 

In terms of the matrix representations of SE (3) and 5C(3) described above, a general right- 
invariant Lie system of type (2.10) for this Lie group can be written as 



99 



1 = - b a (t)a a , 



(7.202) 



a=l 



where g(t) is the solution starting form the identity and {ai, . . . , a$} are given by (7.200). The 
functions 61 (í), . . . , b & (t), can be considered as the control functions. 

In examples of practical interest, however, it is not always possible to act directly on the 
motions generated by all the elements of the Lie algebra, so the corresponding controls are taken 
as zero, or the controls may be related amongst themselves. For example, in the case of the plate- 
ball problem one should take (in our notation) b 3 (t) = 0, 64 (í) = pb 2 (t), b 5 (t) = —pbi(t) and 
b 6 (t) = for all t, where p is the radius of the ball, cf. [182, 183,200] and Subsection 7.2.3.1. 

We will analyze now the right-invariant Lie system (7.202) by means of the generalized 
Wei-Norman method. The adjoint representation of se(3) reads in terms of the basis (7.200) as 
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and as a consequence 



exp(— vi ad(ai)) = 



















eos vi 


sin v\ 














— sin di 


eos ^1 




















eos vi 


— sin vi 
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exp(— D2 ad(<22)) 
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exp(— 1¡3 ad(<23)) 
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and 



cxp(— V4 ad(a4)) = Id — V4 ad(a4) , exp(— w 5 ad(a4)) = Id — V5 ad(as) , 
exp(— vq ad(a4)) = Id — v e ad(a 6 ) . 

Writing the solution which starts from the identity of (7.202) as the product of exponentials 

g(t) = Oípi-vxitfai) cxp(-v 2 (t)a 2 ) enp(-v 3 (t)a 3 ) 

x exp(— V4(t)ai) exp(— «5(^05) exp(— ve(t)ciQ) , (7.203) 

and using the Wei-Norman formula (2.28), we obtain the system of differential equations for 
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t)i(í), . . . , v 6 (t): 

vi = bi(t) + (bs(t) eos vi + b 2 (t ) sin «i ) tan w 2 , 

¿2 = &2(í) cos^i — 63 (í) sinwi , 

V3 = (&3(í) cosui+&2(í) sinui) secw2 , 

¿4 = (64 (t) cosw 2 + 65 (í) sin «i) eos ^2 ^ be(t) sinv 2 , (7.204) 
¿5 = (&5(í) coswi — 64 (í) sin«i)cosi;3 + &6(í) cosi>2 sini; 3 

+ (64 (i) coswi + 65 (í) sin i>i ) sin v 2 sinw 3 , 
ú 6 = (&4(í) sin^! — & 5 (í) cos«i) sin u 3 + b 6 (t) cosv 2 cosv 3 

+ (64 (i) cosui + b 5 (t) sin Vi ) sin i> 2 cosi> 3 , 

with initial conditions vi(0) = ■ ■ ■ = ue(0) = 0. Note that the subsystem made up by the first 
three equations is the same as (7.194), and once it has been solved, the three last equations are 
directly integrable by quadratures. If, for example, we take instead the factorization 

g{t) = cxp(-v 6 (í)a 6 ) exp(-v 5 (í)a 5 ) exp(-v 4 (í)a 4 ) 

x exp(-u 3 (í)a 3 ) exp(-v 2 (í)a 2 ) exp(-vi(í)ai) , (7.205) 

we will arrive to the system of differential equations for vi(t), . . . , ve(t): 

vi = {bi(t) eos w 3 — 62 (t) sini> 3 )secu2 , 

ú 2 = b 2 (t) eos v 3 + bi (í) sin v 3 , 

V3 = b 3 (t) + (b 2 (t) sin u 3 - bi(t) cosw 3 )tanw 2 , 

¿4 - & 4 (í) + HtH - bi(t)v 5 , (7.206) 
¿5 = h(t) + bi(t)v4 - b 3 (t)v e , 
V6 = h(t) + b 3 (t)v 5 - b 2 (t)v 4 , 

with initial conditions vi(0) = • • • — vq (0) = 0. Note as well that the subsystem which consists 
of the first three of these equations is the same as that corresponding to the last factorization in 
Table 7.6, and that the subsystem made up by the last three equations can be written in matrix 
form as 

Vi \ ( b 4 (t) \ / -61 (t) 62(t) \ / Vi \ 
V5 = h(t) + bi{t) -6 3 (í) \ [ v 5 , (7.207) 
ve ) V & e(í) J V - fe 2(í) h(t) J \v 6 J 

which can be regarded as well as a Lie system with associated Lie algebra St(3) as we will show 
below. We remark that a similar system to (7.206) is obtained in [220, Eq. (3.17)]. 

7.5.1 Reduction of Lie systems on SE (3) 

We will apply in this subsection the theory of reduction of Lie systems to right-invariant Lie 
systems on SE(3) of type (7.202). Due to the structure of this Lie group as a semidirect product 
SE(3) = M 3 SO(3), it is natural to perform the reduction with respect to the subgroups R 3 
and 50(3), in order to reduce the mentioned problems in SE (3) to others in these subgroups. 
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We start taking the normal subgroup H = R 3 to carry out the reduction with respect to it. 
For more details about the procedure that we will follow, see the end of Section 2.5. It is clear 
that 5£(3)/R 3 = 50(3), the projection being 

tt l : SE(3) — -> 50(3) 
(c, A)^A. 

Thus, the corresponding left action of SE(3) on 50(3) is given by 

A : SE(3) x 50(3) — > 50(3) 

((c, A),S)^7r L ((c, A)(c', B))=AB, 

where c' parametrizes the lift of B e 50(3) to SE{3), and we have used the composition law 
(7.199). Now, let gi (t) be a lift to SE (3) of a curve A(t) in 50(3), solution of 

ÁA- 1 = -6i(t)5i - 6 2 (í)a 2 - & 3 (í)«3 , (7.208) 

where {ai, 02, 03} is the basis of the factor Lie algebra Se(3)/M 3 =50(3) induced from the ba- 
sis {ai , . . . , a 6 } with respect to which the equation (7.202) is written. In particular, the elements 
of {01, a 2 , 03} satisfy the Lie products (7.188). 

If we factorize the solution g(t) of (7.202) as the product g(t) — g\(t)h(t), then, by Theo- 
rem 2.5.1, the curve h(t) € R 3 for all t, and satisfies 



hbr í =- Ad(g^(t)) J2 M*)* + 9Át)g^\t) 
\»=i j 

The simplest choice for the mentioned lift g\ (i) is just 

„«, !)• 

With this choice, we have 

5i(í)5f 1 (í) = -6i(í)ai - 6 2 (í)a2 - &3(*) a 3 , 
and then, substituting into the previous equation for h(t), we obtain 



hh- 1 = -Aá(g^(t)) (j2b t (t)a)j . (7.209) 



If now h(t) is of the form 

m - ( : d *> 

with 

d(t) = 
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it is not difficult to prove that (7.209) becomes 

3 

* = £&¿+3(*Mf)]¿i, ¿ = 1,2,3, 
i=i 

taking into account that A(t) is an orthogonal matrix for all t and therefore its inverse is equal to 
its transpose matrix. This last system is clearly a Lie system with associated Lie algebra K 3 . 

Take now the subgroup H = SO (3) to carry out the reduction procedure. In this case, we 
have that SE(3)/SO(3) = R 3 , seen as a homogeneous space of SE(3), the action being the 
natural affine action on the three-dimensional Euclidean space. Indeed, the projection is just 

tt l : SE(3) — ► K 3 
(c, A) i — > c, 

and then, the corresponding left action is given by 

A : SE(3) x R 3 — > M 3 

((c, A), d)^ir L ((c, A){d, A')) = c + Ad, 

where A' parametrizes the lift of d G K 3 to SE(3), and we have used the composition law 
(7.199). Let us take coordinates (xi, X2, xs) in the homogeneous space R 3 . The fundamental 
vector fields corresponding to the previous action can be calculated with the help of (2.2) and 
taking into account the matrix representation (7.200) of St(3). They turn out to be 



X" = xi x 2 -7— , X? = x 3 x x —— , X^ = x 2 x 3 — , 

OX2 OX\ OXi OX3 OX3 OX2 

*f = j£-> = Xf = A, (7 . 210 ) 

ax\ 0x2 0x3 

for which we have the non-vanishing Lie brackets 

[ A l 1 A 2 J - A 3 , l A l ) A 3 J - ~ A 2 , [ A l > A 4 J — ~ A 5 > 

[X?,X?]=X?, [X»,X»]=X*, [Xf,Xf]=Xf, (7.211) 

l A 2 i A 6 J - ~ A 4 , [ A 3 i A 5 J - ~ A 6 i [ A 3 , A 6 J — A 5 ■ 

The Lie system in the homogeneous space M 3 of SE '(3) associated to the right-invariant sys- 
tem (7.202) is that whose solutions are the integral curves of the time-dependent vector field 
EliM^thatis, 

x\ = 64 (*) + b 2 {t)x 3 - h(t)x 2 , 

X2 = h(t) + b 1 (t)x 1 - b 3 (t)x 3 , (7.212) 
¿3 = b e (t) + b 3 (t)x 2 - b 2 (t)x 1 , 



or, written in matrix form, 





-b^t) 
61 (t) 

-b 2 (t) 63 (í) 



62W \ 






-6a(í) j 


(:)■ 


(7.213) 
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Incidentally, recall that the system (7.207) is of this type. Now, let 

x(t) = 

be a particular solution of (7.212) or (7.213). Take a lift gi(t) of this curve to SE(3). 

If we factorize now the desired solution g{t) of (7.202) as the product g{t) = gi(t)h(t), 
then, by Theorem 2.5.1, the curve h(t) takes valúes in the subgroup 5*0(3) for all t, and satisfies 




vi=l 



hh- 1 =-Ad( 9 i 1 (t)) [ J2 b i(t)ai +gi(t)gi 1 (t) 
For example, take the lift gi (t) given by 

91 (í) 



Id a:(í) 
1 



With this choice, we have 



x(t) 




Id 




-x(t) \ 



x(t) 




and as a result, in terms of the Lie algebra representation (7.200) 

hh- 1 = -Ad(g^ 1 (t)) 
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o 
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-6 4 (í) +ii \ 
-Mí) + ¿2 

-&6(í) + ¿3 
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XI 
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X2 
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X3 











1 



-6 4 (í) +ii +bi(t)x2 -b 2 (t)x 3 \ 

-65 (í) + X 2 + 63 (í)^3 - Í>1 (í)xi 
-66 (í) + ¿3 + MíM - &3(*)X2 



where we have used that x{t) is a particular solution of (7.212). If h{t) is of the form 



h(t) 



A{t) 
1 



for all t, then the previous equation can be written as 

ÁA- 1 = -6i(í)ai - b 2 (t)a 2 - b 3 (t)a 3 , 
that is, a right-invariant Lie system in SO (3) like (7.191) or (7.192). 
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7.6 Conclusions and directions for further work 

We have illustrated with detail the use of the theory of Lie systems in specific examples of control 
theory. In particular, we have shown how some of these systems can be studied in an unified way. 
Many of the arising results seem to be previously unknown. 

Along the study of the examples, we have seen how some systems of Lie type, which are 
originally considered in relation to optimal control problems, can be reduced to other problems 
of Lie type which are the kinematic part of some other optimal control problems but with the 
same controls and the same integral functional to be minimized, see, e.g., the examples in Sub- 
sections 7.2.1, 7.2.2.1, 7.2.3 and subsequent examples in Section 7.3. Likewise, the examples of 
Section 7.4 are considered originally in relation with optimal control problems, where the cost 
functional to be minimized is the integral of the sum of the squares of the control functions. We 
have obtained the corresponding Lie systems on certain homogeneous spaces by means of our 
reduction theory. In view of all this, it is natural to wonder about the relation of the reduction 
theory of Lie systems and the optimal control problems. 

Another question which is highlighted by using the theory of Lie systems concerns the def- 
inition of kinematic nonholonomic control systems through nonholonomic constraints, Le., the 
input vector fields appearing in the kinematic control system of interest belong to the kernel of 
a set of non-exact constraint one-forms in phase space, which make up a non-integrable distri- 
bution, see, e.g., [42-44]. In addition, in some cases these non-integrable distributions can be 
regarded as those defining the horizontal distribution with respect to a connection of different 
kinds (principal, linear, Ereshman, etc.) [31-33,46,63-66, 105, 121, 122, 193, 198,200-202,219, 
222, 223, 233, 234, 250, 275, 294, 307] . 

As far as the theory of control systems is concerned, and more specifically, with regard to 
the theory of Lie systems, to start from the constraint distribution presents two problems. The 
first is that if we start from the distribution, the input vector fields in the kernel are not uniquely 
defined (if no extra information is provided), and the choice of one or other set of input vector 
fields may lead to very different systems from the algebraic point of view. We illustrate this point 
by the following two examples. 

In [256], it is considered the model of a vertical rolling coin, taking into account the rolling 
angle (we have studied this model, without such rolling angle, in Subsection 7.3.1). There are 
two constraint one-forms arising from the requirement that the coin roll in the direction it is 
pointing, with no slipping. Taking a certain chart in K 4 , with coordinates (x\, x 2 , x 3 , X4), they 
read as 

lü\ = eos X3 dx\ + sin X3 dxi — dx^ , U2 = sin x 3 dx\ — eos x 3 dx-i . 

In order to consider the system as a control system, and following the mentioned reference, we 
can choose the two input vector fields belonging to the kernel of these one-forms: 

d . d d „ d 

X 1 =COSX 3 - hSUlí3a I" o — i X 2=x — • 

oxi 0x2 0x4 ox 3 



Taking the Lie brackets 



d d 

X 3 = [Xl, X 2 \ = sin £3- COSX3- — 

0x1 0x2 

— _ r — _ , d . d 

X 4 = A 2 , X 3 \ = eos £3- h smi 3 - — 

0x1 0x2 
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it is easy to check that {X\, X 2 , X3, X 4 } cióse on the solvable Lie algebra, with respect to the 
Lie bracket, defined by 

[X\, X2] — X3 , [X2, X3} = X4 , [X2, X4] = — X3 , 

all other Lie brackets being zero. The three vector fields {X2, X3, X4} make up a Lie subalgebra 
isomorphic to 8t(2), compare with (7.88). Using the theory of Goursat normal forms, two new 
input vector fields are taken in [256], in order to trasform the system into chained form. Indeed, 
the new vector fields 

Y\ = X 2 — (x2 eos a; 3 - xi sinx 3 )Xi , Y 2 = —X\ , 
cióse on the Lie algebra defined by the non-vanishing Lie brackets 

[Y 1 ,Y 2 ]=Y 3 , [Y 1 ,Y 3 ]=Y 4 , 

where 

v . d d d 

= sirias- cosa^-— , Y 4 = --— . 

oxi ax 2 0x3 

That is, with this new choice of input vector fields {Y\ , Y 2 } in the kernel of the above one-forms, 
we obtain a control system which can be regarded as a Lie system with associated nilpotent Lie 
algebra 4 , in the notation of Subsection 7.3.4, see in particular (7.154). We note in passing that 
this Lie algebra also appears in the nilpotentized versión of the front-wheel driven kinematic car, 
cf. Subsection 7.3.2. 

Another example is given by the so-called Chaplygin skate, see for example [31]. The 
constraint one-form is defined in some open subset of K 3 , with coordinates (xi, x 2 , x¡), as 

lj = sin £3 dx\ — eos X3 dx 2 + dx 3 . 

We take first the simple choice of the vector fields in the kernel 

d . d v d d 
Al = smi 3 — , X 2 = hcosa;3-— . 

OXi OX3 OX 2 OX3 

These vector fields cióse on the Lie algebra defined by the non-vanishing Lie brackets 

[Xi, X 2 ] = X3 , [X\, X3] = X4 , [Xi, X4} = X3 , [X 2 , X3] = X5 , 
[X 2 , X 5 ] = X3 , [X3, X4] = — X 5 , [X 3} X 5 ] = X4 , [X4, X 5 ] = X3 , 



where 



d d d 

X 3 = - — , A 4 = cosa;3- — , A 5 =sina;3- — 
0x3 0x3 0x3 



The three vector fields {X 3} X 4 , X 5 } make up an ideal which is in turn isomorphic to SO (2, 1), 
already used in Section 7.4, compare with (7.168) for the case e = —1, establishing the corre- 
spondences X 3 — > a\, X4 — > — a 2 and X 5 — > a 3 . If, instead, one takes the vector fields in the 
kernel 
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as it is suggested in [198], they cióse on a Lie algebra isomorphic to that of the Euclidean group 
in the plañe: 

[Y U Y 2 ]=Y 3 , [Y u Y 3 }=0, [Y 2 ,Y 3 ]=Y 1 , 

where 

v . d d 

Y 3 = smi3- COSX3- — . 

0x1 0x2 

Indeed, with the correspondences Y\ — > 03, Y 2 — > ai, and Y3 — > a 2 , the above Lie brackets 
become the commutation relations (7.88) considered in Subsection 7.3.1. The relation between 
both pairs of input vector fields is 

Y\ = eos x 3 X\ + sin 13I2, Y 2 = — sin x 3 X\ + eos x 3 X 2 ■ 

As we have seen in Subsections 7.3.1.2, 7.3.2 and the first of these two examples, the indeter- 
minacy of the input vector fields to be taken out of the kernel of a set of one-forms, is related 
with the techniques of state space feedback transformations, for example to obtain a nilpotent 
system from another which is not. One might wonder, from our perspective, whether it would 
be possible to develop other criteria in order to select other input vector fields such that the final 
system would have other types of associated Lie algebras, for example solvable Lie algebras not 
necessarily nilpotent, or other prescribed Lie algebra structures. 

The second problem, in our opinión, is to make more precise to what extent we are allowed 
to take Lie brackets of the input vector fields chosen out of the kernel of a set of one-forms 
defining a non-integrable distribution. Since it is non-integrable, the Lie brackets will not belong 
in general to the mentioned kernel, so the vector fields so obtained are in some sense of different 
nature of the chosen ones. However, to take Lie brackets of the input vector fields is important in 
control theory, for example to test controllability according to Chow's theorem [90,203,312] and 
with respect to the theory of Lie systems, where we have to find the minimal finite-dimensional 
Lie algebra (if it exists) which contains the given input vector fields. 

Another possible line for future research is related with the description of Lie systems as 
connections in principal bundles and associated bundles, cf. Section 2.6. In some articles (see, 
e.g., [122, 193]), nonholonomic control systems are treated from the point of view of principal 
connections in principal bundles, where the base manifold has to do with the configuration space. 
In addition, this principal connection approach is also applicable to systems which are not of 
Lie type. However, it would be an interesting problem to treat to relate both types of bundle 
structures, in cases both exist. 

We leave these and other problems for future research. 
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Connections in fibre bundles 



We give in this appendix a brief review of the theory of connections in principal fibre bundles 
and associated ones, which is the basis for the understanding of our development of the theory of 
Sections 2.6 and 2.7. The following material is adapted from the treatment given in [62], which 
in turn is mainly based on standard textbooks as [40, 148, 197,330], and other references. We will 
refer to any of them for the facts not explicitly proved here. We hope this Appendix will serve as 
a fast reference guide for the understanding of the relation between Lie systems and connections 
in principal and associated fibre bundles. We will assume basic knowledge of manifold theory, 
Lie group theory, and the theory of actions of Lie groups on manifolds, in what follows. 

A.l Fibre bundles 
A.l.l Smooth fibre bundles 

Definition A.l.l. A smooth fibre bundle is a quadruple (E, ir, B, F), where E, B, F, are 
manifolds and ir is a smooth map of E onto B, such that there is an open covering {U a } of B 
and a family {ip a } of diffeomorphisms 



such that (ir o ip a )(x, y) — x, \fx e U a , Vy € F. We cali {(U a , ip a )} a coordínate represen- 
tation for the bundle (it can be taken to be finite). E is the total space or bundle space, B is the 
base space and F is the typical fibre. For x e B, F x = n~ 1 (x) will be called the fibre over x. 
Clearly, E is the disjoint unión of all the fibres F x , x e B. 

Note that we have diffeomorphisms 

y 1 — > ip a {x, y) , x <ElJ a . 

Definition A. 1.2. A (smooth) cross-section of a fibre bundle (E, ir, B, F) isa smooth 
map a : B — > E such that tt o o = ids- 




íp a :U a x F 

O, y) 



i> a (x, y) 
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Definition A. 1.3. Let (£" ', tt', B', F') be another bundle. Then a smooth map <j> : 
E — > E' isfibre-preserving if n(zi) = tt(z 2 ) implies ir'((¡)(zi)) = tt' {4>(z2)), for all z\, z<¿ in 
E. In that case, <f) clearly determines a smooth map 4>b ■ B — > B' by means of tt' o (f> = 4>b°tt. 

The following result [148] is very important if we want to determine when we have a fibre 
bundle. 

Proposition A. 1.1. Let B, F be manifolds, and E a set. Suppose that tt : E — > B is 
onto, and 

(1) There is an open covering {U a } of B anda family {t¡J a } ofbijections 

V> a : ü a xF^^tí/o). 

(2) For all x £ U a , y € F, (n o ip a )(x, y) = x . 

(3) The maps t¡j/3 a : U a p x F — > U a ¡3 x F defined by ip/3a(x, y) — (ipp 1 ° ip a ){x, y) are 
diffeomorphisms, where U a ¡3 — U a fl Up. 

Then, there is exactly one manifold structure on E such that (E, n, B, F) is a fibre bundle with 
coordínate representation {(U a , ip a )}. 



A. 1.2 Vector bundles 

Definition A. 1.4. A vector bundle is a smooth fibre bundle £ = (E, tt, B, F) such that 

(1) F and the fibres F x = tt^ 1 (x), x e B, are vector spaces. 

(2) There exists a coordinate representation {(U a , "4> a )} such that the maps i¡> a , x : F — > F x 
are linear isomorphisms (again this can be taken to be finite). 

The rank of £ is defined as dim F. A neighbourhood U in B is a trivialising neighbourhood for 
£ if there is a diffeomorphism ipu : U x F — > 7r _1 (C/) such that (tt o tp¡j)(x, y) = x, with 
x e U, y € F, and such that the induced maps ipu, x '■ F — > F x are linear isomorphisms. The 
map tpu is called a trivialising map. 

Definition A. 1.5. Let£ = (E, tt, B, F) and^' = (E' , tt' , B' , F') be vector bundles. 
Then, a bundle map (or morphism) <¡> : £ — > £' is a smooth fibre-preserving map such that the 
restrictions <f> x : F x — > ^ B (x)' w ^ tn x e ^, are linear. The map <f> is called an isomorphism if it 
is a diffeomorphism; we write £ = The map <fi is called a strong bundle map (or B -morphism) 
if B = B' and (f>B = ids- If, further, for any x e B, <f> x is injective, we will say that £ is a 
subbundle of 



A.1.3 Principal bundles 

Definition A. 1.6. Let G be a Lie group. A principal bundle with structure group G is a 
smooth fibre bundle V = (P, tt, B, G) with a right action $ : Px G — > P satisfying the 
following conditions: 
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(1) The right action ^ is free. 

(2) The base manifold B is the quotient space of P by the equivalence relation induced by G, 
B = P/G. 

(3) The fibre bundle V admits a coordínate representation {(U a , ip a )} with diffeomorphisms 

ip a : U a x G — > 7T — 1 (Í7 Q ) satisfying 

il> a {x,gtf) = *(%¡> a (x,g),tf), VxeU a , \/g,g'eG. 
Such a coordínate representation is called principal. 

The following properties are immediate consequences of the definition. Take a arbitrary 
but fixed. Then, the map when restricted to 7r _1 (£7 a ), defines a right action as well. Indeed, 
since any elementp G 7r _1 (£7 a ) can be written as i¡) a (x, g), where x € U a , and g G G, we have 

tf (p, .g') = * (fez, 5), flO = fez, 99) G fe(^«) , 

and the defining properties of an action are inherited from the action \I> of G on the whole P. For 
each diffeomorphism ip a , consider the maps i¡) ax , with x G Í7 a , defined by 

fe : G — > 7r _1 (C/ a ) 

3 1 — >• fe (3) = fecc, 5) . 

Thus, we have that ^ aa: is equivariant with respect to the right actions of G on itself, and the 
previous right action of G on 7r _1 (£7 a ), Le., 

feo-ñg = ^g\^_ Hu ) °fe, Vsef/ Q , V.geG. 

Moreover, we have that 7r(^(p, .g)) = 7r(p), V g G G, p G P. Indeed: any p G P belongs 
to 7r _1 (i7 a ) for certain a. As ^ a is a diffeomorphism, we have p — ip a (x, g'), with g' G G and 
x = ir(p) € U a . Then, 

t(*(p, .?)) = 7r(tf(fea;, .g'), .g)) = 7r(fea;, g'g)) =x = n(p) . 

Finally, it is immediate to see that the orbit O p of G through p G P is the fibre containing p. 
We write G x for 7r _1 (a;). (No confusión should arise with the notation for isotropy subgroups, 
since the action is free). 

Definition A. 1.7. LetP = (P, %, P, G) be another principal bundle with action A 
morphism (resp. isomorphism) <f> : V — > V consists of a smooth map <f>p : P — ► P and a ho- 
momorphism (resp. isomorphism) <¡>g '■ G — > G such that 0p(\I>(p, g)) = ^(<j>p(p), (fidg)), 
for all p G P, g G G. Clearly, <j>p preserves fibres and so induces a map <¡>b B — ► B. If 
B = B and G = G with (/># = id^, (¡>q = idc, then we cali a strong morphism (resp. strong 
isomorphism). 

We show next simple examples of principal bundles. 

Example A. 1.1. Trivial or product bundles. Consider (B x G, ir, P, G), where B 
is a manifold, G a Lie group and tt the projection of B x G onto P. Consider the right action 
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&((x, g), g') — (x, gg'), where (x, g) € B x G. Then we have a principal bundle, called 
trivial. If a principal bundle V is strongly isomorphic to a trivial bundle, is called trivialisable. 

Example A. 1.2. Homogeneous spaces. Let H be a closed subgroup of G. Consider 
the natural projection ir : G — ► G/H given by ir(g) = gH. Since H acts on G by right 
translations, we obtain a principal bundle (G, 7r, G/ií, ií). 

We will discuss now the existence of cross-sections of principal bundles. The following 
result is of key importance. 

Proposition A. 1.2. Let V = (P, ti, B, G) be a principal bundle and let U C B be 
open. Then V admits a local cross-section a : U — ► P if, andonly if, V\ v is trivialisable. 

Proof. Let a : U — > P be a section. Define the strong isomorphism <fi : U x G — > 
7T _1 (C7) by (x, g) i — > *(cr(x), g). Conversely, given <j> : U x G — > 7r _1 (í7) we define 

a : U — > P by x i — > (p(x, e). Then, (ir o a)(x) = x and therefore a € Sec(7 : '| [/ ). ¡ 

Therefore, we have the result that, by the local triviality of V, many local cross-sections 
exist. However, V can have a global cross-section if and only if V is trivialisable. 

We will discuss now the local properties and transition functions of principal fibre bundles. 
Suppose {(U a , "0a)} is a coordínate representation for V. By Proposition A. 1.2, we have a 
family of (local) cross-sections a a : U a — > P, x i — > ip a (x, e). Now, in U a f¡ = U a P\ Up, we 
have <Tp(x) = ^(a a (x), 7 Q ^(x)), where 7 Q( g : U a p — ► G. The functions j a ¡¡¡ are called the 
transition functions for P corresponding to the open covering {U a } of B. Notice that 

Í><xp{x, g) = (V^a 1 o i>p)(x, g) = ^(^(tp^x, e), g)) = ^(^(apix), g)) , 

but 

tp a (x, laf}{x)g) = ^(ip a {x, e),7 Q(3 (x) 5 ) = ^(a a {x),~{ af} {x)g) = V(ap(x),g), 
therefore, introducing the latter equation into the former one, we have 

il>af}{x, g) = (x, i a p(x)g) . 
We could have used this last expression to define the transition functions. Notice as well that 

00/3 O IppS = V'aá gíves 

Ja/3(x)ji3s(x) — J a s(x) , V X € U a H Ufj H U¿ ■ (A.l) 

Corversely, we have the following result [197, Prop. 5.2]: 

Proposition A. 1.3. Let B be a manifold, {U a } an open covering of B, and G a Lie 
group. Given maps j a p : U a p — > G satisfying (A.l), we can construct a principal bundle 
V = (P, 7T, B, G) with transition functions -f a/ 3. 
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A.1.4 Associated bundles 

In this subsection V = (P, ir, B, G) will denote a fixed principal bundle with action Suppose 
$ : G x M — > M is a fixed left action of G on a manifold M. Consider the right action of G 
onFxM given by 

(p, y)g = (*(p, g), SQr 1 , y)) , V P eP,y£ M, geG. 

This is called the jo/nf action of G. This action defines an equivalence relation, the equivalence 
classes being its orbits. Let E = P Xq M denote the set of orbits of the joint action, and let 

[ ■ }:Px M — > E 

(p, y) 1 — > \p, y] , 

be the natural projection on the set of orbits of the joint action, where \p, y] denotes the equiva- 
lence class of (p, y). Then, this projection determines a map tte ■ E — ► B via the commutative 
diagram 



P x M - 


-¡^ E 


Pri l 




P - 


B 



Le., 7Te([p, y]) = n(p), for all p £ P, y £ M. We will denote M x — tt e 1 (x), for x £ B. We 
have the following result. 

Theorem A. 1.1. There is a unique smooth structure on E such that £ = (E, tte, B, M) 
is a smooth fibre bundle. 

Proof. Let {(U a , tp a )} be a coordinate representation of V, with local cross-sections 
<j a : U a — > P satisfying ap(x) = $?(a a (x), "f a fj{x)), for any x £ U a p. Define the maps 

<f> a : U a x M y TT^(U a ) 
(x, y) i — > [<J a {x), y] . 

Then, 

n E (<fi a {x, y)) = n E ([o- a (x), y}) = ir(a a (x)) = x , 

since a a is a local cross-section, the restrictions of (f> a to the fibers, (p a ,x ■ M — > n E 1 (x), are 
bijections. Now, 

<j> a p(x, y) = ^{faix, y)) = (^{[(Tfjix), y}) , 
for all x £ U a ¡3, y £ M. On the other hand, 

4> a {x, <$>{~t a f){x), y)) = [u a (x), $(7^(2;), y)} 

= [*(^(a;), l~l{x)), ${j a p(x), y)} = [ap{x), y] , 

by definition of [ • ] . Therefore, we obtain 

<t> a p(x, y) = (x, $(7^(2;), y)) , 
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and then Q( g are diffeomorphisms. By Proposition A. 1 . 1 there exists a unique manifold structure 
on E = P x<3 M such that £ is a smooth bundle with coordínate representation {(U a , (f> a )}- \ 

Definition A . 1 . 8 . The fibre bundle £ of the previous Theorem is called the fibre bundle 
withfibre M and structure group G associated with V . 

Moreover, it can be proved as well that [ • ] : P x M — > E is a smooth fibre-preserving 
map, restricting to diffeomorphisms [ • ] p : M — > M v / p ) on each fibre; that the quadruple 
(P x M, [ ■ ], E, G) is a principal bundle with the joint action and that pr x is a morphism of 
principal bundles [148, 197]. 

Note that if the action of G on M is trivial, then £ = (E, tt e , B, M) is trivial. Also, if V 
is trivial, so is £. And that if G acts on itself by left translations, then P Xq G is just P again. 

Example A. 1.3. Associated vector bundles. If M is a fini te-dimensional vector space, 
and $ defines a linear representation of G in M, then £ = (E, tt e , B, M) is a vector bundle. 
In fact, if x G B, p e n^ 1 (x), there is a unique vector space structure in M x such that the 
maps [ • ] p are linear isomorphisms; X = \p, 0] G M x . Then, each 4> a ^ x in the proof of 
Theorem A. 1 . 1 is a linear isomorphism. 



A.2 Connections in fibre bundles 
A.2.1 Preliminary concepts 

Take a principal bundle V = (P, ir, B, G), where dimB = ra, dimG = r, and the right action 
is * : P x G — > P. We will denote by the Lie algebra of G. 

First of all, recall the map f Fe : Q = T e G -> T p P. The map Y : g -> X(P) given by 
a !-> Ya(p) = ^p*e(a) defines the fundamental vector field associated to the element a of Q, i.e., 

(n/)(p) = ^/(*(P. cxp(ía)))| t=o , / G C°°(P) . 

The vector field Y a is complete with flow <f>(t,p) = ^(p, exp(ía)). Moreover, the map y is a 
Lie algebra homomorphism, Yj a ,b] = [Y a , Yf,]. 

Definition A. 2.1. A vector field X on P is invariant if g * p (X p ) = X^,( p g y We will 
denote by X 1 (P) the Lie subalgebra of invariant vector fields. 



Proposition A. 2.1. We have that \I> g *(Y a ) = Y Ad ( g -i) a , for all g G G, a G Q. 

Proof. We must prove ^ g * p {Y a ) p = (ÍAd(g- 1 )o)*(p,s)- ^ ms ' s i mme diate once one real- 
izes that ^gO^p = "ífpoRg = í , *( p , s ) oz ff , where i? g and i g denote the right translation and con- 

jugation by g on G, respectively. [ 



A.2 

Now, from tt : P 
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P — ^ B 

Definition A. 2. 2. The space V P (P) = Kcr 7r* p , p e P, is called the vertical subspace 
of T p P. Clearly, dimVp(P) = dim G. We can think of V P (P) as the space of vectors tangent to 
the fibre through p. 

We define Vp = U pe pV p (P), which is a subbundle of t p : TP — ► P, i.e., the map 
p i — > V p (P) is an r-dimensional distribution on P. Vp is called the vertical subbundle of 
t p . We have dimVp = n + 2r. A vector field X € £(P) is vertical if X p is vertical, i.e., if 
tt* p (X p ) = for all p e P. Clearly, the set of all vertical vector fields forms a Lie subalgebra 
Xv(P) ofX(P), since ir.[X u X 2 ] = [tt.^i), ir,(X 2 )] = if Xi, AT 2 are vertical. 



Proposition A.2.2. The mapping 

V p * e : T e G — > T P P 

a i — ► * p * e = (y a ) p , 

z's a /mear isomorphism ofQ onto V P (P). 

Proof. Take an arbitrary but fixed p E P. Since (tt o í'p) (5) = n(p), for all g e G, 
we have 7r* p (Y ) p = (?r*p ^p* e )(a) = (tt o í , p )* e (a) = 0, so Y a is vertical. Since ^ is a 
free action, Y a never vanishes on P if a ^ 0. Since dim Vp(P) = dim G, the result follows. | 

Corollary A. 2.1. The map 

PxQ^Vp 

(p, a) i — > (Y a ) p , 

is a strong bundle isomorphism. 



Proposition A. 2. 3. If Z e X 1 (P), then there exist a unique vector field X e X(B) 
such that n^p(Z p ) = X^t p y Vp G P. 77ze map 7T*, define d by 

7f. : 3e 7 (P) — )• X(P) 
Zi — >■ X 

z'í a surjective Lie algebra homomorphism, with Ker7r* = Xy(P). 



Proo/ If Z e X\P), we have that Z*(p ifl) = * ffstp (Z p ), Vp e P, g e G. Then, 

7r **(p, g)Zv(p,g) — ( 7r **(p, g) ° ^g*p)(^ P ) = (tt o \]> g )* p (Z p ) = TT* p (Z p ), since 7T o = tt, for 
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all g E G. If x E B, there is a unique tangent vector X x E T X B such that ir* p (Z p ) = X x , p E 
7T _1 (x). The map 7T* is obviously a homomorphism, and ñ^Z = if and only if ir* p (Z p ) = for 
allp E P, Le., Zis also vertical. Henee, KerTr* = Xy(P). For the restof the proof, see [148]. | 

Proposition A. 2. 4. //Z e £ 7 (P) and Y E X V (P), then [Z, Y] E X V (P). 

Proof. tt* p [Z, Y] p = [n*p(Z p ), n* p (Y p )] = [Tr* p (Z p ), 0] = 0, for all p E P. | 

We will denote the set of differential forms on a manifold by A(A r ). 

Definition A. 2. 3. A differential form 9 on P is called invariant if ^* g {9) — 9, y g E G. 
The algebra of invariant forms is denoted by A 7 (P). A differential form 9 such that it vanish 
when we satúrate any of its entries with any Y E Xy(P) is called horizontal. We will denote 
the set of horizontal forms by Ajj(P). 



Proposition A. 2. 5. The algebra homomorphism n* : A(B) — > A(P) is injective and 
n*(A(B))=A I H (P). 

Proof. ir* is clearly injective. If 9 E A(B), ir* (9) is horizontal and invariant: 

i(Y a )n*(6) = ir*(9)(Y a ) - 0(n.(Y a )) - 0, Va E Q, 

since Y a E Xy(P) for all a in fj. As the map of Corollary A. 2.1 is a strong bundle isomorphism, 
ir* (9) is horizontal. Moreover, 

*;(7r*(fl)) = (7ro* fl )*((9)=7r*(fl), 

since 7r o ¡¡f g = 7r for all g E G, so ir* (9) is invariant. ¡ 

We will need as well the concept of vector-valued differential forms. Let W be a finite 
dimensional vector space. Then, we denote by 

A(P;W) = ®°° =0 AÍ(P; W) 

the space of W-valued differential forms on P. So, if O e A j (P; W), then Q p : T P (P) x • • • x 
Tp(P) — > W, with p E P, is a skew-symmetric j-linear map. Clearly, there is a C°°(P)- 
module isomorphism 

A{P)®W A{P-W) 
9®w i — > O, 

givenby fl x (X-¡_, ...,X P ) = 9 X (X 1 , X p )w. 

Now, if W is a Lie algebra [), say, we can define the Lie bracket of Qi E A ] (P; t)) and 
ü 2 E A fe (P;f))by 

[ííi, íí 2 ] = (fliAfl 2 )®[tüi, 1«2], 
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where Oj = 0¿ <g> ¿ = 1, 2. In particular, if X , Q 2 € A X (P; f)), and X,Y£ X(P), 

[ííi, n 2 ](x, y) = (0! A 2 )(X, F) ® [wi, w 2 ] 

= (9 1 (X)9 2 (Y) - 6 1 (Y)9 2 (X)) ® [«;!, «fe] - [OxpO, Q 2 (F)] - [íl^Y), 2 (X)] , 

where we have taken the convention 2 (Y)] = #i(X)0 2 (F) ® [iüi, w 2 ], when 0¿ e 

A*(P; f)) are givenby Í2¿ = 0¿ ® iü¿, i = 1, 2. 

If, further, = Í7 2 = O, we have §[fi, Y) = [O(X), fi(Y)]. 

A.2.2 Principal connections 

Definition A. 2. 4. Let V — (P, ir, B, G) be a principal bundle. A principal connection in 
V is a horizontal subbundle Hp of rp : TP — ► P, defined such that 

TP = H P (S)Vp, 

and which is G-stable in the sense that 

x f g *p(H P ) = #*(,,, ¡o > VpeP, jgG, 

where P p = H P {P) denotes the fibre of Hp at p £ P. These are called horizontal subspaces. 
Vectors in H p are called horizontal. 

Remark that the vertical subbundle Vp is already G-stable by construction: If Y p £ V^,(P), 
wehave '¡'^(Yp) € V*(p,g)(-P)> since 

7r **(p,g)(*9*p(^p)) = (71" ° *g)*p(^p) = ^p^p) =0, 

because 7rof 9 = tt for all jeG. Since all vertical fibers Vp(P) have equal dimensión r, the 
G-stability follows. 

Example A. 2.1. If V is trivial, i.e., V = (B x G, 7r, P, G), then the tangent bundle 
T(B x G) is just TB © TG, since 

T( X;9 )(P x G) = T X (B) © T 9 G , ieS,jeG. 

Clearly, the vertical subbundle is P x TG. A (canonical) principal connection is given by 
HbxG = TB x G. This is the Maurer-Cartan connection on B x G. 

Definition A. 2. 5. We cali a vector field X £ X(P) horizontal if AT p e P p for all 
p £ P. We denote the G°° (P)-module of horizontal vector fields by X# (P), which need not be 
a Lie subalgebra of 3£(P). Clearly, 

£(P) = £ fí (P)ffi£y(P), 

so we can write, uniquely, X £ 3£(P) as X = hor(X) + ver(X), where 

hor : X(P) — > Xíí(P) ver : X(P) — > £y(P) 
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are defined through the maps 

hor p : T p {P) — ► H p (P) ver p : T p {P) — ► V P (P) 

such that í» g>t p o hor p = hor^( Pi g ) oí» gstp and ^ g * p o vcr p = ver^( Pi g ) o^ 9 » p , for all p e P and 
.g G G. We will cali hor and ver the horizontal and vertical projectors, respectively. 

In particular, if a vector field A" e X(P) is invariant, then hor(A") and ver(A") are invariant: 

* g * p (hor p (X p )) = hor í ( g:P )(í' gstp (X p )) = hor^( giP) (X^ (g:P) ) , 

and 

* g * p (ver p (X p )) = ver^(g iP )(* s * p (Xp)) = ver í(giP )(A^( giP )) . 

Henee, X 1 (P) = Xh-(P) ©£y(P). Thus, the homomorphism ff* of Proposition A.2.3 restriets 
to an isomorphism ff * : 3t H (P) — ► 3í(B), since Ker7f* = X V (P). 

Definition A. 2. 6. The inverse map ~: X(P) — ► £¿(P) of 7f* : X^(P) — > 3C(B) 
is called the horizontal lifting isomorphism. If X £ 3í(B) we cali X the horizontal lift of X. 

Proposition A. 2. 6. We /zave hor([X, Y]) = \X^Y], for all X, Y e X(B). 
Proof. Clearly, 

^([xTy]) = [x, y] = %{x), = 7f*([x, ?]) , 

therefore, 7f*([ÁV?1 - [X, ?]) = 0, henee [X^Y] - [X, Y] is vertical. Then, hor([x7r]) = 
[Xy] = hov([X, Y}). | 

Definition A. 2. 7. Let Hp be a principal connection in P. The connection form of Hp 
is the fj-valued 1-form uj on P defined as follows: For X € 3£(P), w p (X p ) is the unique a £ Q 
such that (Y a ) p = ver p (X p ), where F a is the fundamental vector field associated to a. Clearly, 
ui(X) = if and only if X £ X#(P), i-e-, w is a vertical form. 

Proposition A. 2. 7. The connection form u> has the properties 

(1) üj(Y a ) = a,Va£Q. 

(2) w(lvpO) = Adig-^iüiX), VIe X(P), V.g e G. 

Conversely, if lo £ A X (P; g) satisfi.es (1) and (2) f/¡en f/zere ¿s a unique principal connection in 
V whose connection form is lü. 
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Proof. (1) is immediate from the definition of u>. Let us prove (2). If X p £ H p , we have 
that ^ g¡fp {X p ) e #*(p, fl )> and then w í ( Pig )(í' s *p(Xp)) = 0, as well as uj p (X p ) = 0, so the 
equality holds. If X p ¡G V p , we can choose X p = (Y a ) p for some aeg. Then, 

^*(p,g)(*g*p(^p)) = ^*(p,g)(*g*p((í / a)p)) = w *(p, g) (( i Ad( 9 - 1 )a)*(p, g)) 

- Ad^-^a - AdGr 1 )^^) = AdG;- 1 ^^) , 

where it has been used Proposition A. 2. 1 and (1). 

For the converse, we define the horizontal subspaces to be 

H p = {X p G Tp(P) | ujp(Xp) = 0} . 

For the rest of the proof see [ 1 97] . | 

Because of this result, the connection form serves as an alternative description of a connec- 
tion. We shall often refer to it as "the connection u>." 

Proposition A. 2. 8. Any principal bundle V = (P, ir, B, G), with B paracompact, 
admits a connection. 

Proof. Let {U a } be an open covering of B such that (7r _1 (C/ Q ), ir, U a , G) is trivial, and 
choose Maurer-Cartan connections uj a in each 7r _1 ([/ a ). If {p a } is a partition of unity subor- 
dínate to {U a } (see, e.g., [330] for the definition and properties of this concept), then we put lo = 

J2 a (P a ° 7T )* 0J a, which is a connection form in P. ¡ 

We will consider now the local behaviour of connections in terms of the transition functions 
described in Subsection A. 1.3. Suppose that {(U a , ip a )} is a coordínate representation for V, 
with corresponding family of transition functions 7 Q/ 3 : U a ¡j — > G and local cross-sections 

a a : U a — > P. 

Proposition A. 2. 9. Let lú be a connection form on V. For each a, we define the Q- 
valued 1-form on U a given by 0J a = (T a (uj). Then, we have 

(w^) x = Ad(7^ 1 (j:))(w a ) I + ¿ 7 -i (l)noM;i;) o 7a/5« , Vie U a nU , (A.2) 

where L g denotes the left translation in the Lie group G by g € G. Conversely, for every family 
of Q-valued 1-forms {uj a } each defined on U a and satisfying (A.2), there is a unique connection 
form uj on P which gives rise to {üJ a } in the described manner. 

Proof. If U a ¡3 — U a n Up is non empty, we have 

ap(x) = V((T a (x), l a p{xj) , \/xeU a p. 

Take x G U a p and X e T x (U a p) arbitrary but fixed. Taking the differential on the previous 
equation, and evaluating on X we obtain 

<Jp*x(X) = * 7a/3 ( x )*a a (x)(o-a*x(^)) + * ' <j a (x)* lafl (x){l a ¡3*x{X)) . 
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Evaluating oj on this expression gives 

(x)*(7 Q (x) (<T a *x(X))) +^ <70 (x)(^<7 a (x)* 7af3 (x)(-Yap*x(X))) . 

The left-hand side is equal to [(cr^) I td^( I )](l) = [a^(oj)] x (X) = {ojp) x {X). Let us work out 
each of the terms on the right-hand side separately. Consider the first term. We have 

U* l3 (x)( Í &y af¡ (x)*v ,(x){<T a *x(X))) = Ad(^(x))(u} aci(x) (cT a ^(X))) 

= Ad(^(x))[(a* a ) x u; aa{x) }(X) = Ad(^(x))K(oj)] x (X) , 

where it has been used (2) of Proposition A. 2. 7. 

For the second term, it is useful to recall that a a (x) = ty(ap(x), 1~p(x)) and that since 
is a right action, we have í , *( Pl g ) — L g for all p e P and jeG. Then, we have 

W^( x )(* CTa ( x )* 7a3 ( x )(7a/3*xP0)) = ^(x)(**( CT/3 ( x ), 7 -i( x ))* 7a(3 ( x )(7a/3*x(^))) 
= S(^)( f "í(^»í(\- í 1 (x)nc, í (x)(V» ; i( 1 )))) • 

Letusrenamea = L^-i^^^ (■y a p* x (X)) e T e (G). It follows 

W< T(3 (x)(*<T Q (x)* 7cv/3 (x)(7a/3*x(^))) = ^ p (x){^a fi (x)*e(a)) 

= W <T3 ( x )((F a )^(x)) = a = i 7 - /3 1 (x)*7 C( 3(x)(7a/3*x(^)) , 

where it has been used the definition of fundamental vector fields for the right action ^> and (1) 
of Proposition A. 2. 7. As a result, we obtain 

(ujp) x (X) = M(^{x))[a* a (u)] x (X) + L^ {x>w{x) (^ x (X)) . 

Since this holds for all X e T x (U a p), (A.2) follows. 

The converse property can be verified by following back the process of obtaining {uj a } from 

lj, see, e.g., [197]. | 

By this result we see that a connection can also be defined by means of a family of g-valued 

1- forms with the described features. 

Definition A. 2. 8. The curvature form of the connection 1-form lj is the 0-valued 

2- form ü, defined by 

Cl(X, Y) = duj{hor{X), hor(y)), VX,YeX(P). (A.3) 

Proposition A. 2. 10. The curvature form íl has the properties 

(1) Cl £ A 2 H (P;$), Le., ü is horizontal. 

(2) iÍ!*Q = Ad(g~ 1 )Ct, Vg e G. 
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Proof. To see (1), take Y G £y(P). Then, for all X G £(P), we have 

(i(y)íí)(A") = Í2(y, X) = do;(hor(y), hor(A)) = dw(0, hor(A)) = . 

We can prove (2) very easily as well: 

^>*n = *!>* o hor* oduj = hor* o$*o da; = hor* o ¿(í'gU;) 

= hor* o d(Ad(ff -1 )w) = Ad(ff _1 ) hor* o = Ad(0 _1 )fi , 

where it has been used that ^> gt o hor = hor ov&g* for all g G G, that the exterior derivative com- 
mutes with pull-backs and (2) of Proposition A. 2. 7. ¡ 

Definition A. 2. 9. We will cali a principal connection flat if its curvature form íl 
vanishes identically. As a consequence, a principal connection is flat if and only if dcü(X, Y) = 
0, for all X, y G X H (P). 

Proposition A. 2.11. The principal connection H P is an integrable distribution if and 
only ifit is flat. 

Proof. By (1) of Proposition A.2.10, we have that íl(X, Y) ^ if and only if both X and 
y belong to 3¿ H (P)- In such case, íl(X, Y) = duj(hor(X), hor(y)) = duj(X, Y). From the 
formula d9(X u X 2 ) = X 1 (9(X 2 )) - X 2 (9{X 1 )) - 9([X U X 2 }), valid for all 6 G A 1 (P) and 
X u X 2 e we have 

ft(X, Y) = X(u>(Y)) - Y(cj(X)) - u([X, Y}) = - U ([X, Y}) , VA, Y G X H (P) , 

because lo vanishes on the horizontal vector fields. Then, the curvature vanishes identically, 
Le., the connection is flat, if and only if the horizontal distribution Hp is involutive, since 

kcr lü = H P . According to Frobenius Theorem, (see, e.g., [177, 268]), the claim follows. ¡ 

Therefore, the curvature is a measure of the lack of integrability of the horizontal distribution 
defining a principal connection. 

Proposition A. 2. 12. Let V = (P, ir, B, G) be a principal bundle where the base B 
has dimensión 1. Then, every principal connection on V is flat. 

Proof. We have that dimiíp = 1 for allp G P, so H p = RX p , say. Since dtv(X p , X p ) = 
0, the connection is flat. | 

Proposition A. 2. 13. Let V = (P, ir, B, G) and V = (P, ñ, B, G) be principal bun- 
dles with the same structure group G. Let <j) : V — > V be a morphism. Then a principal 
connection Hp on V with connection form ui and curvature form íl induces a unique connection 
Hp on V such that <p* p : H p — ► ^(p) f or all p £ P, lü = (f>* (¿o) and fl = (¡)* (Ú). 



Proof. Define lo to be <p* {lo). For the rest of the proof, see [197]. | 
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A.2.3 Connections in associated bundles 

We will see in this Subsection how to define a connection in an associated bundle to a principal 
bundle. Let V — (P, ir, B, G) be a principal bundle, and £ = (E, tte, B, M) be an associated 
bundle to V . 

We have a vertical subspace W z of T Z (E), z e E = P Xq M, consisting of all vectors 
tangent to the fibre at x = tte(z). To construct a horizontal subspace K z we proceed as follows. 
Fix p e tt^ 1 {x). Then, there exists a unique y G M such that [p, y] = z. Therefore, for fixed 
y e M, we have a map 

4> y :P^E 

p< — ><t> y {p) = [p, y]- 

This map is well defined since 4><b{g- 1 ,y) ° ^g — 4>g> f° r au 9 S G: 

(^*(fl-i, W ) o * fl )(p) - [*(p, 3), $(íT\ y)] - [p, 5] = 0»(p) , VpeF. 

Note as well that tt^ o 4> y — 7!", for all y e M, and as a consequence, 7Tb*[ Pi ¿,] ° <j) y * p = 7r* p for 
all p e -P. Therefore, t^j, maps vectors of the vertical subspace V^, into vectors of the vertical 
subspace y ] . The required horizontal subspace K\ [p¡ y ] in T[ p ^ (P) is ií[ p y ] = cf) y¡fp {H p ). 
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Along the previous chapters we have developed the geometric theory of Lie systems describing 
the common geometric structure they share. As a result of this unified geometric point of view 
we have been able to apply the theory in different fields, amongst what we have chosen some 
problems of physics and control theory. We have thus obtained important new results: On the one 
hand we have obtained a geometric understanding of previously known results, but on the other 
hand the same geometric theory has allowed us to generalize them and to obtain new, previously 
unsuspected ones. 

We will give a summary of the main results obtained in the previous chapters, and then a 
brief account of the questions deserving further research, in which the theory of Lie systems 
could have a fundamental role. 

Conclusions 

We describe briefly in this section the main contributions of this Thesis. 

In Chapter 1 we have formulated the Lie Theorem characterizing the systems of first or- 
der differential equations which admit a superposition formula for their general solution. After 
showing some examples, we have focused our attention on the case of the Riccati equation. We 
have found an affine action on the set of Riccati equations and with means of it we have given a 
group-theoretical foundation to the integrability properties of the Riccati equation. 

Chapter 2 is a natural continuation of the preceding one. There, we develop the theory of Lie 
systems formulated on Lie groups and their homogeneous spaces, establishing the cióse relation 
existing between them. We generalize the affine action we found in the case of the Riccati 
equation to the case of an arbitrary Lie system. Using it, we generalize the Wei-Norman method 
for not necessarily linear systems, but for arbitrary (right-invariant) Lie systems. Moreover, we 
develop a reduction property of Lie systems to simpler ones, provided that a particular solution 
of an associated Lie system on a homogeneous space is known. It turns out that the knowledge 
of any solution of a Lie system may be useful for solving or reducing any other Lie system with 
the same associated Lie algebra. We develop next the relation of Lie systems with connections 
in principal and associated fibre bundles. This relation allows us to generalize the concept of Lie 
systems to a class of systems of first orderpartial differential equations. 

We illustrate in Chapter 3 the use of the geometric theory of Lie systems in some specific 
situations. We analyze Lie systems with the following associated Lie algebras: The Lie algebra 
of the affine group in one dimensión Oí, the Lie algebras SÍ(2, IR) and SÍ(3, R), and another 
Lie algebra which can be regarded as the semidirect sum K 2 x 5Í(2, E). Interesting results are 
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the consideration of Lie systems in homogeneous spaces of the corresponding Lie groups, their 
associated affine action, and their reduction properties. 

With Chapter 4 we begin our application of Lie systems to physics. We consider the prob- 
lems in one dimensional quantum mechanics known as intertwined operators, Darboux transfor- 
mations, supersymmetric quantum mechanics, shape invariance and factorization method. We 
establish the relation between the first three of them and the factorization problem of Hamiltoni- 
ans. Then we formúlate the concepts concerning shape invariance and (a slight generalization of) 
the factorization method, and we establish that they are equivalent. We review the results of the 
classical factorization method, and thanks to the properties of the Riccati equation, we are able 
to obtain more general solutions than those known before, and moreover, we can classify them 
according to a geometric criterion. We generalize afterwards these results to the class of shape 
invariant potentials with an arbitrary, but finite, number of parameters subject to translation, solv- 
ing therefore a main problem of the theory of shape invariance. The results are classified in the 
same way as in the case of only one parameter. Afterwards, we propose a proper reformulation 
of the concept of partnership of potentials, using in an essential way properties of the Riccati 
equation. For the subclass of shape invariant potentials this analysis shows that shape invariance 
is essentially incompatible with taking different partners of a given potential. We analyze then 
the existence of alternative factorizations if there is a kind of parameter invariance of a given 
potential. 

We establish in Chapter 5 a group theoretical explanation of the so-called finite-difference 
algorithm and the problem of intertwined Hamiltonians, in an unified way, using the affine action 
on the set of Riccati equations. In addition, using the same techniques, we are able to generalize 
the classical Darboux transformation method for linear second order differential equations to a 
completely new situation. Using the new theorems so obtained, we are able to find certain (non- 
trivial) potentials for which one eigenfunction and its associated eigenvalue is exactly known by 
construction. 

Chapter 6 deals with Hamiltonian systems in the classical and quantum frameworks which 
at the same time can be regarded as Lie systems. Specifically, we turn our attention to time- 
dependent quadratic Hamiltonians and some of its subcases: The classical and quantum time- 
dependent linear potential and the quantum harmonic oscillator with a time-dependent perturba- 
tion linear in the positions. Using the theory of Lie systems we are able to solve them exactly, 
generating at the same time new results. 

Finally, Chapter 7 conforms the application of the theory of Lie systems to (geometric) 
control theory. The application of the former to the latter has been shown to be very useful 
for relating previously unrelated systems, in two ways. The first, is to identify the common 
geometric structure of certain systems which can be regarded as Lie systems with the same 
associated Lie algebra. To this respect, we identify several well-known systems as Lie systems 
on a homogeneous space, and we relate them with a right-invariant control system defined on 
a properly chosen Lie group. The second is to relate, and obtain new, control systems via the 
reduction theory of Lie systems: The solution of some of them can be reduced to solving other 
related Lie system with the same Lie algebra (if the reduction is performed with respect to a 
subalgebra which is not an ideal) or an associated factor Lie algebra (if we reduce with respect 
to an ideal). In addition, the theory of Lie systems allow us to interpret the meaning of important 
classes of control systems, as for example the well-known chained and power form systems. 
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Directions for future research 

The research presented in this Thesis suggests new possibilities for future research, some of 
which we detail next. 

We have seen in Chapter 2 the relation of Lie systems with the theory of connections in 
principal and associated fibre bundles. It would be interesting to develop this aspect further, and 
also in relation with the generalization of the concept of Lie systems to systems of first order 
partial differential equations. The applications in this last field of the corresponding versión of 
the Wei-Norman method and the reduction method seem to be very promising. In addition, the 
relation of Lie systems with nonlinear evolution equations possessing solitonic solutions deserve 
further investigation. 

In Chapter 4 we have generalized the results of the classical factorization method and we 
have found some previously unknown families of shape invariant potentials. Since all of them 
are exactly solvable in an algebraic way, it is natural to think about what are the exact eigenvalues 
and corresponding (square-integrable) eigenfunctions of these problems. 

In a similar way, it would be interesting to try to find new examples of application of the 
new theorems found on Chapter 5 generalizing the classical Darboux transformation. For this 
purpose, it could be of use the results of the previous paragraph. Likewise, the group elements 
which are used to perform the transformation could be constructed with non square-integrable 
eigenfunctions, but without zeros, of the intermedíate potential. The relation of our group the- 
oretical approach with generalizations of the Darboux transformation to spaces with dimensión 
greater than one and to n-dimensional oriented Riemannian manifolds is also worth studying. 

The results of Chapter 6 suggest that a whole family of new results could be obtained in the 
field of time-dependent classical and quantum (quadratic) Hamiltonians by means of the theory 
of Lie systems, specially making use of their transformation and reduction properties. 

As far as the application of Lie systems to control theory is concerned, the results obtained 
suggest new interesting questions. The most obvious one is what is the relation of the reduction 
theory of Lie systems with the optimal control problems corresponding to the original and re- 
duced systems. A second interesting problem is to derive, possibly new, criteria such that upon 
a state space feedback transformation (a new choice of the input vector fields) a given system 
transforms into another with a prescribed Lie algebra structure. A third aspect, related to the 
previous one, is the further research of the criteria one should follow when choosing input vec- 
tor fields out of the kernel of a set of non-exact constraint one-forms in phase space defining a 
non-integrable distribution. Finally, the relation of the principal bundle structures arising in the 
geometric formulation of Lie systems and those of certain approaches to nonholonomic (control) 
systems seem to be an interesting question. 

We hope to give some answers to these and other problems in the future. 
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Conclusiones 

En esta sección describimos brevemente las principales contribuciones originales contenidas en 
la presente memoria de Tesis doctoral. 

1. En el Capítulo 1, tras la presentación del Teorema de Lie, hemos demostrado la existencia 
de una acción afín del grupo de curvas con valores en SL(2, R) sobre el conjunto de ecua- 
ciones de Riccati, lo que nos ha permitido entender, desde un punto de vista grupo-teórico, 
las condiciones de integrabilidad de dichas ecuaciones. 

2. En el Capítulo 2 hemos formulado la teoría de sistemas de Lie en grupos de Lie y espacios 
homogéneos. Hemos generalizado la acción afín anterior al caso de un sistema de Lie 
arbitrario. Por medio de la misma, hemos generalizado el método de Wei-Norman y hemos 
desarrollado una técnica de reducción de sistemas de Lie a otros más sencillos. También 
hemos desarrollado la relación de los sistemas de Lie con conexiones en fibrados principales 
y asociados, generalizando el concepto de sistemas de Lie a sistemas de ecuaciones en 
derivadas parciales de primer orden. 

3. En el Capítulo 3 hemos estudiado, con esta teoría geométrica, varios sistemas de Lie con las 
siguientes álgebras de Lie asociadas: la del grupo afín en una dimensión, sl(2, K), s((3, R) 
y la suma semidirecta R 2 x sl(2, M). 

4. En el Capítulo 4 hemos aplicado la teoría de los sistemas de Lie a problemas de mecánica 
cuántica unidimensional. Hemos relacionado los conceptos de operadores entrelazados, 
transformaciones de Darboux y mecánica cuántica supersimétrica. Después de formular 
la teoría de invariancia de forma y del método de factorización, hemos probado que son 
esencialmente equivalentes. Hemos obtenido soluciones más generales del método de fac- 
torización que las conocidas anteriormente, y las hemos clasificado de acuerdo a un criterio 
geométrico. Hemos generalizado estos resultados para potenciales invariantes de forma con 
un número arbitrario, aunque finito, de parámetros transformados por traslación. Hemos 
establecido la adecuada formulación del concepto de potenciales compañeros, en especial 
para la subclase de potenciales invariantes de forma. Hemos analizado la existencia de fac- 
torizaciones alternativas si el potencial dado posee invariancia respecto a transformaciones 
de sus parámetros. 

5. En el Capítulo 5 hemos usado la acción afín sobre el conjunto de ecuaciones de Riccati 
para explicar, de una manera unificada, el algoritmo de diferencias finitas y el problema 
de los Hamiltonianos entrelazados. Hemos generalizado las transformaciones de Darboux 
de ecuaciones diferenciales lineales de segundo orden a una situación nueva, usando las 
mismas técnicas. Hemos encontrado así potenciales no triviales con un autoestado y su 
correspondiente autovalor conocidos exactamente. 

6. En el Capítulo 6 hemos estudiado sistemas Hamiltonianos, que además pueden considerarse 
como sistemas de Lie, en los formalismos clásico y cuántico. Hemos desarrollado el caso 
de Hamiltonianos cuadráticos dependientes del tiempo y algunos subcasos particulares: el 
potencial lineal dependiente del tiempo y el oscilador armónico con una perturbación de- 
pendiente del tiempo, lineal en las posiciones. Hemos resuelto exactamente estos sistemas 
con la teoría de los sistemas de Lie, con ventaja frente a aproximaciones anteriores. 
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7. Finalmente, en el Capítulo 7 hemos mostrado cómo la teoría de los sistemas de Lie se 
aplica a la teoría geométrica de control. Por medio de la primera hemos establecido nuevas 
relaciones entre sistemas de control, identificando la estructura geométrica de sistemas de 
control con la misma álgebra de Lie asociada y usando la técnica de reducción de sistemas 
de Lie. Hemos identificado los sistemas de control en forma encadenada o de potencias 
como sistemas obtenidos por aplicación del método de Wei-Norman. 
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